Google 



This is a digital copy of a book that was preserved for generations on library shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing tliis resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for in forming people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http: //books .google .com/I 





BOUGHT WITH 

THE BEQUEST OF 
HOBAOS APPLBTON HAVEW. !^^4 
Of Portsmouth, N. H. 






(Glass 'of 1842.) | -^ 



%. .. .... .• . .M' 








t.'.v<U?Uw/iK...itf.--,'A'./^*^'' v..'*''^ 






«4* 



' c- 



■7 St 



o 



A TEEATISE 



OS 



CONIC SECTIONS: 



€ONTAlNI!fa 



AN ACCOUNT OF SOME OF THE MOST IMfORTANT MODERN 
ALGEBRAIC AND GEOMETRIC METHODS. 



OEORGE SALMON, D.D., D.C.L., F.R.S., 

Kitanra rBoraasos or Mmnrr nr thi cinvicBsiTT or dvblht. 



itfi^ ebttioti. 



c 

LONDON: 
LONGMANS, GEEEN, EEADER, AND DYEE. 

1869. 



Ma4h %toa,(.=\ 

k 



f 



HARVARD COLLEGE LIBRA||Y 



CAMBRIDGE: 

PBINTED BT WILLIAM METCALFB, QBEEN STREET. 



a 



CONTENTa 



[Junior readers will find all eeeential parts of fhe theory of Analytieal Geometrr included 
in Chapters i.» ii., ▼.» vi., z.» zi.» xn., omitting the articles marked with asterisks.] 



CHAFTfiB I. 

THB FOIBT, 

FAon 

Des Ciirtes' Method of Oo-ordinated • . • . . 1 

Distinction of Signs . • . . . • 3 

Distatice between two Points . • . • • .8 

Its sign ' . ' • • ' • • • • 4 

Co-ordinate of Point cutting that Distance in a giren Ratio . • .5 

Transformation of Ck)-ordinates • . • • • 6 

does not change Degree of an Equation • • . .9 

Polar Co-ordinates ..•••• 10 



CHAPTER n. 

THB RIGHT LINB. 

% * * 

Two Equations represent Points . . • • • • 11 

A single Equation represents a Locus • . • • 12 

I G^metric representation of Equations • . . • • • 13 

Equation of a Right Line parallel to an Axis • • • • 14 

through the Origin • . • • • • 16 

in. any Position •••••• 16 

Meaning of the Constants in Equation of a Right Line • . .17 

Equation of a Right Line in terms of its Literoepts on the Axes . . 18 
in terms of the Perpendicular on it from Origin, and the Angles it makes 

. with Axes •• •■ •■ •• •• • .19 

Expression for the Angles a Line makes with Axes . ■ . . 20 

Angle between two Lines . ■ • . . • •21 

Equation of Line joining two given Points . . . • 23 

Condition that three Points shall be on one Right Line • • .24 

Co-ordinates of Litersection of two Right Lines . . .25 
Middle Points of Diagonals of a Quadrilateral are in a Right Line (see also p. 62) 26 

Equation of Perpendicular on a given Line • • • • 26 

[ of Perpendiculars of Triangle . . • . • .27 

^ of. Perpendiculars at Middle Points of Sides , . , 27 

bf Line making a given angle with a given Line , . .27 



IV 



CONTENTS. 



Length of Perpendicular from a Point on a line 

Equations of Biaectors of Angles between two given Bight lines 

Area of Triangle in terms of Co-ordinates of its Yertices 

Area of any Polygon ...... 

Condition that three lines may meet in a Point (see also p. 34) 

Area of Triangle formed by three given lines 

Equation of line through the Intersection of two given lines 

Test that thre^Equations may represent Bight lines meeting in a point 

Connexion between Batios in which Sides of a Triangle are cut by any Transversal 

by Lines through the Yertices which meet in a point 
Polar Equation of a Bight Line • • . . • 



PAOR 

28 
29 
30 
31 
32 
32 

3a 

3& 
SG 



OHAPTBB m. 



/ 



SXAHPLBS ON THB RIGHT LINE. 

Livestigation of rectilinear Loci . , . . . .89 

of Loci leading to Equations of Higher Degree ... 47 

Problems where it is proved that a Moveable Line always passes through a 

Fixed point . . . . . . .47 

Centre of Mean Position of a series of Points . . . 50 

Bight Line passes through a Fixed Point if Constants in its Equation be 

connected by a Linear Belation . . , • .50 

Loci solved by Polar Co-ordinates . • . • . 61 



CHAPTEB rV. 

THB RIGHT LINE/— ABRIDGED NOTATIOOir, 

Meaning of Constant k m Equation a = £/? 

Bisectors of Angles, Bisectors of Sides, &c. of a Triangle meet in a point 

Equations of a pair of lines equally inclined to a, /3 • . 

Theorem of Anharmonic Section proved . . 

Algebraic Expression for Anharmonic Batio of a Pencil . 

nomographic Systems of Lines . , 

Expression .of Equation of any Bight Line in terms of three given one» 

Harmonic Properties^ of a Quadrilateral proved (see also p. 305) 

Homologous trian^es ; Centre and Axis of Homology 

Condition that two Lines should be mutually perpendicu^ 

Length of Perpendicular on a Line . 

Perpendiculars at middle Points of Sides meet in a Point 

Angle.between two Lines .... 

Trilinear Co-ordinates . . . • 

Tiilinear Equation of Parallel to a given Line • 

of Line joining two Points . , 

Proof that middle Points of Diagonals of Quadrilateral He in a Bight Line 
Intersections of PerpendicoIazB, of Bisectors of Sides, and of Ferpendienlais 

middle points of Sides, He in a Big^t Line (see also pp. 60, 127) 
Equation of Line at infinity . . . • • 

Cartesian Equations a case of Trilinear . . • . 

Tangential Co-ordinates . . . . 

Beciprocal Theorems ...... 



53 
34,54 
55 
55 
56 
57 
57 
57 
59 
59 
60 
34,60 
60 
61 
61 
62 
62 



at 



63 
64 
65 
65 
66 



CONTENTS. V 
CHAPTER V. 

BIGHT LINES. 

MeaniQg of an Equation resolvable. into Factors « . . .67 

of a HomogeneoTis Equation of the n^ Degree ... 68 

Imaginary Right Lines . . . . . .69 

Angle between two lines given hj a single Equation ... 70 

Equation of Bisectors of Angles between these Lines . . .71 
Condition that Equation of second Degree should represent Right Lines (see also « 

pp. 144, 148, 160, 265) ..... 72 

Number of conditions that higher Equations may represent Right Lines . 74 

Number of .terms in Equation of »'^ Degree .... 74 



CHAPTER VI. 

THB OIBCLB. 

Equation c^ Circle ..... 
Conditions that general Equation may represent a Circle . 

Co-ordinates of Centre and Radius 
Condition that two Circles may be concentric . . . 

that a Curve should pass* through the origin 
Co-ordinates of Points where a given Line meets a given Circle 
Imaginary Points ..... 

General definition of Tangents .... 

Condition that Circle should touch dther Axis 
Equation of Tangent to a Circle at a given Point 
Condition that a Line shonld touch a Circle 
Equation of Polar of a Point with regard to a Circle or Conic 
Length of Tangent to a Circle .... 
line cut harmonically by a Circle, Point, and its Polar , 
Equation of pair of Tangents h^m a given Point to a Circle 
Circle thzongli three Points (see also p. 128) 

Condition that four Points should lie on a Circle, and its Greometrical meaning 
Polar Equation of a Circle ... 



CHAPTER VII. ' 

EXAMPLES ON CIRCLE. 

Circular Loci , . . . . . .88 

Condition that intercept by Circle on a given Line may subtend a right Angle at 

a given Point ....•,* 90 

If a Point A lie on the polar of B, B li^ on the polar of A , . .91 

Conjugate and self-conjugate Triangles .... 91 

Conjugate Triangles Homologous . . . . .92 

If two Chords meet in a Point, Lines joining their extremities transversely meet 

on its Polar ...... 92 

Distances of two Points from the centre, proportional to the distance of each 

from Polar of other . . . , . ,93 

Expression of Co-ordinates of Poiot on Circle by auxiliary Angle . 94 

Problems where a variable Line always touches a Circle . . .95 

Examples on Circle solved by Polar Co-ordinates ... 96 





75 


. 


75 




76 


. 


77 




77 


. 


77 




77 


. 


78 




79 


80 


,81 




81 


. 82 


,83 




84 


. 


85 




85 


. 


86 


neaning . 


86 


. 


87 



VI 



CONTENTS. 



CHAPTER VIII. 



PROPERTIES OF TWO OR MORE CIRCLES. 



PAGE 

Equation of radical Axis of two Circles . . . . « 98 

Locus of Points whence Tangents to two Circles have a given Ratio . 99 

Radical Centre of three Circles . ■ . . . .99 

Properties of system. of Circles having common radical Axis . . 100 

The limiting Points of the system ..... 101 

Properties of Circles cutting two Circles at right Angles, or at constant Angles 102 
Common Tangent to two Circles . . . . . 103 

Centres of Similitude ....... 106 

Axis of Similitude . . . . . • 108 

Locus of centre of Circle cutting three given Circles at equal Angles . • 108 

To describe a Circle touching three given Circles (see also pp. 115, 130, 279) 110 

Mr. Casey's Solution of this Problem . . . . ,113 

Relation connecting common Tangents of four Circles touched by same fifth . 113 
Method of Inversion of Curves . . . . ,114 

Quantities unchanged by Inversion . . . , .114 

Equation of Circle cutting three at right Angles (see pp. 128, 347) « 115 



CHAPTER IX. 

THE CIRCLE— ABRIDGED NOTATION. 

Equation of Circle circumscribing a Quadrilateral , . , .116 

Equation of Circle circumscribing Triangle a, /3, y . , . 118 

G^eometrical meaning of the Equation . . . . .118 

Locus of Point such that Area of Triangle formed by feet of Perpendiculars 

from it on sides of Triangle may be given . . . 119 

Equation of Tangent to circumscribing Circle at any vertex . . .119 

Tangential Equation of circumscribing Circle . . . 120 

Conditions that general Equation should represent a Circle . . . 121 

Radical Axis of two Circles in Trilinear Co-ordinates . . . 122 

Equation of Circle inscribed in a Triangle .... 122 

Its Tangential Equation ...... 124 

Equation of inscribed Circle derived from that of circumscribing . . 1 25 

Length of Tangent to a Circle in Trilinear Co-ordinates . . 127 

Eeuerbach's theorem, that the four Circles which touch the sides of a Triangle 

are touched by the same Circle . . . 126, 128, 301, 345 

Tangential equation to Circles whose Centre and Radius are given . . 128 

Distance between two Points expressed in Trilinear Co-ordinates . 128 

Determinant Notation . . . . . .128 

Determinant expressions for Equations of Circles through three Points, or 

cutting three at right Angles . . . .128 

Relation connecting mutual distances of four points in a plane . . 129 

Proof of Mr. Casey's theorems ..... 130 



CHAPTER X. 

GENERAL EQUATION OP SECOND DEGREE. 

Number of conditions which determine a Conic 
Transformation to Parallel Axes of Equation of second Degi'ce 



131 
132 



CONTENTS. 



Vll 



DiBcussio^ of Quadjratic which determines Points where Line meets a Conic 
Equation of Lin^ which meet Conic at infinity- 
Distinction of Ellipse, Hyperbola, and Parabola 
Co-ordinates of centre of Conic , 

Equations of Diameters 
Diameters of parabola meet gurve at infinity 
Conjugate diameters 
Equation of a Tangent 
Equation of a Polar 
Class of a Curve, defined 
Harmonic Property of Polars (see also p. 284) 
Polar properties of inscribed Quadrilateral (see also p. 307) 
Equation of pair of Tangents from given Point to a Conic (see also p. 257) 
Rectangles under segments of parallel chords in constant ratio to each other 
Case where one of the lines meets the Curve at infinity 
Condition that a given Line should touch a Conic (see also pp. 255, 328) 
Locus of centre of Conic through four Points (see also pp. 243, 260, 290, 808) 



PAOK 

133 
134 
135 
138 
139 
140 
141 
141 
142 
142 
143 
148 
144 
145 
146 
147 
148 



CHAPTER XI. 

CENTRAL EQUATIONS. 

Transformiation of general Equation to the centre . . . 149 

Condition that it should represent right Lines .... 150 

Centre, the Pole of the Line at infinity (see also p. 284) . . . 150 

Asymptotes of Curvie ....... 150 

Equation of the Axes, how found . . . . .151 

Functions of the Coefficients which are unaltered by transformation . . 152 

Sum of Squares of Reciprocals of Semi-diameters at right Angles is constant 154 

Sum of Squares of conjugate Semi-diameters is constant . . . 154 

Polar Equation of Ellipse, centre being Pole .... 155 

Figure of Ellipse investigated ..... 156 

Geometrical construction for the Axes (see also p. 168)'" . . . . 156 

Ordinates of Ellipse in given ratio to those of concentric Circle . . 167 

Figure of Hyperbola ....... 158 

Conjugate Hyperbola ...... 159 

Asymptotes defined . • . - . . • . . 150, 159 

Eccentricity of a Conic given by general Equation . . . 159 

Equations of Tangents and Polars .... 100, 161 

Expression for Angle between two Tangents to a Conic . . . 161 

Locus of intersection of tangents at fixed angle .... 

Conjugate Diameters : their Properties («ee also p. 154) 

Equilateral Hyperbola : its Properties ..... 

Length of 'central Perpendicular on Tangent .... 

Angle between Conjugate Diameters ..... 

Locus of intersection of Tangents which cut at right Angles (see also pp. 161, 

258,339) ....... 

Supplemental Chords ....... 

To construct a pair of Conjugate Diameters inclined at a given Angle 

Relation between intercepts made by variable tangent on two parallel tangents 

(see also pp. 275, 287) ...... 

Or on two conjugate diameters ..... 

Given twa conjugate diameters to find the axes . 



161 
162 
163 
164 
164 

166 
166 
166 

167 
167 

168 



viii CONTENTS. '^ 

PAOS 

Normal : its Properties . . . . .168 

To draw a Normal through a given Point (see also p. 823) . . . 169 

Chord subtending a right Angle at any Point on Conic passes through a fixed 

Point on Normal (see also pp. 259, 278) . . .176 

Co-ordinates of intersection of two Normals • . . . 170 

Properties of Foci , , , , . .171 

Sum or difference of Focal Badii constant .... 172 

Property of Focus and Directrix . . ^ . . 178 

Bectangle under Focal Perpendiculars on Tangent is constant . . 174 

Focal Badii equally inclined to Tangent . . . . ' 174 

Confocal Conies cut at right Angles ..... 175 

Tangents at any Point equally inclined to Tangent to Confocal conic through the 

Point . . . . . • . 176 

Locus of foot of Focal Perpendicular on Tangent .... 176 
Angle subtended at the Focus by a Chord, bisected by line joining Focus to its 

Pole (see also pp. 244, 272) ..... 177 

line joining Focus to Pole of a Focal Chord is perpendicular to that Chord . 177 
Polar Equation, Focus being Pole (see p. 809) .... 178 

Segments of Focal Chord have constant Harmonic Mean . . . 179 

Origin of names Parabola, Hyperbola, and Ellipse (see also p. 816) • . 180 

ASTMBf OTES : how found . . . . . .180 

Intercepts on Chord between Curve and Asymptotes are equal . . 181 

Lines joining two fixed to variable Point make constant Litercept on Asymptote 182 
Constant area cut off by tangent ..... 182 

Mechanical method of constructing Ellipse and Hyperbola . 172, 188, 207 

CHAPTEB Xn. 

THE PARABOLA. ^ 

Transformation of the Equation to the form y^=px . . . 184 

Expression for Parameter of Parabola given by general Equation . . 186 

ditto, given lengths of two Tangents and contained Angle (see also 

p. 203) . . . . . . .188 

Parabola the limit of the Ellipse when one Focus passes to infinity . 189 

Intercept on Axis by two lines, equal to projection of distance between their 

Poles . . . . . . .190 

Subnormal Constant . . . . , . 191 

Locus of foot of Perpendicular from Focus on Tangent . . • 193 

Locus of intersection of Tangents which cut at right Angles (see also 278, 889) 194 

Angle between two Tangents half that between corresponding Focal Badii . 194 

Cirole circumscribing Triangle formed by three Tangents passes through Focus 

(see also pp. 203, 263, 273, 308) . . . . .196 

Polar Equation of Parabola , . . . , .196 

CHAPTEB XIII. . 

EXAMPLES ON CONIOS. 

1*001 , . . , . . . .197 

Focal Properties ....... 198 

Locus of Pole with respect to a series of Confocal Conies . , . 198 

If a Chord of a Conic pass through a fixed Point 0, then taji^PFO.tan^P'FO is 

constant (see also p. 319) , , , •. . 199 



CJONTENTS. IX 

Locna of intersection of Normals at extremities of a Focal Chord (see also p. 828) 200 

Expression for angle between tangents to ellipse from any point • • 201 

Badii Yectores thzongh Fod haTe equal diiSeEenee of Bedprocala » 201 

Examples on Parabola • • • ' • » • 201 
Three Perpendiculars of Triangle formed hj three Tangents intersect <m 

Directrix (see also pp. 286, 263, 278, 829) . • » 201 

Area of Triangle formed by three Tangents • • » • 201 

Badins of Qirde drcmnsoribing an inscribed or drcmnscribing Triang^ 202 
Iiociis of intersection of Tangents which cat at a glTen Angle (see also pp. 

2^6,278) . . . • • » ,202 

Ifocos of foot of Perpendicolar from Focus on Normal • » • 202 

Co-ordinates of intersection of two Normals • • » 208 
Locus of intersection of Nonnals at the extremities of Clt>ids passing through 

^ g^ven Point (see also p. 826) • • . • • 208 

Given three Points on Equilateral Hyperbola, a fourth is given (see also pp. 27^ >.^ 

829) • • , • . • • • 204 
CSrcle drcumsciibing any self-conjugate Triangle with respect to an Kqnilateral 

Hyperbola passes through centre (see also p. 810) . • . 204 
Locus of intersection of Tangents which make a given Intercept on a given 

Tangept ...... . . .204 

Locus of centre, given four Tangents (see also pp. 248, 256, 827) . \ 205 

ditto, given three tangents and sum of squares of axes • • 205 

Locus of Fod given four Points ..... 206 

EocBirrBio Angus ••••*• 206 

Construction for Conjugate Diameters • • . • 207 

!Ekidins of Circle drcumsciibing an inscribed Triangle (see also p. 821) • 209 

Area of Triangle formed by three Tangents, or three Normals • • 209 

SiuiLAS Conic SflCfTiONS • • • • • 211 

Condition that Conies should be similar, and similarly placed • , 211 

Properties of similar Conies • • , • • 212 

Condition that Conies should be similar, but not similarly placed • • 218 

Contact OF CoNios •••... 214 

Conies having double contact . . . • • . 215 

Osculating Circle deaned , .... 216 

Expressions and construction for Badius of Curvature (see also pp. 228, 281, 

366) . . . . . . .217 

If a Circle intersect a Conic, chords of iatersection are equally inclined, to 

the Axes (see also p. 223) • . . • » 217 

Condition that four Points of a Conic should lie on a Circle • • 218 
Belation between three Points whose osculating Girdes meet Conic again 

in the same Point . . • • , 218 

Co-ordinates of .centre of Curvature . • • • . 219 

Evolutes of Conies (see also pp. 825, 826) . » • • 22Q 

CHAPTBE XIV. 

▲BBIDaSD NOTATION, 

Keaning of the Equation <8f = £5' » • » • .221 

Three values of k for which it represents right lines • • • 222 

Equ^on of Conic passing through five given Points » » • 222 

Equation of osculating Cude • • • • t 228 

Equations of Conies having double contact with eadi other . • • 2231 

Every Parabola has a Tangent at infinity (see al£K) p. 817) » . 224 

b 



X CONTENTS. 

FAOK 

Similar and similarly placed Gonics have oommon Points at infinity . , 226 

a ooncentiic, touch at infinity ..... 226 

All Circles have imaginary common Points at infinity (see also p. 813) . 227 

Form of Equation referred to a self -conjugate Triangle (see also p. 242) . 227 
Conies haying same Focus have two imaginary oommon tangents (see also pp. 

308,340) . . . . . . .228 

Method of finding Co-ordinates of Foci of given Conic (see also p. 840) • ' 228 
Belation between Perpendiculars from any point of Conic on sides of mscnbed 

quadrilateral . . . . . . 228 

Anharmomc Property of Conies proved (see ako -pp. 240,. 276^ 306) . 229 

Extension of Property ofr Focus and Directrix .... 229 

Eesult of substituting the Co-ordinates of any Pdnt in the Eqiuation of a Conic 230 
Diameter of Circle circumscrilHng Triangle formed by two Tangmts and their 

• Chord- . • . • . . . . . 2M 
Property of Chords of Intersection of two Conies, each having double contact 

with a third . . . . . - . . 231 

Diagonals of ioscribed and dreumscribed Quadrilateral pass through the same 

• Point . . . . . . . 231 

If three Conies have each double contact with a fourth, their Chords of 

Intersection intersect in threes ... . . 232 

Brianchon^s Theorem (see ako pp. 268, 304) . . . . 23S 

If three Cenics have a common Chord, their other Chords intersect in a Point • 233 
Pascal's Theorem (see also pp. 268, 289, 304, 307) . . . 234 

Steiner's Supplement to Pascal's Theorem (see also p. 360) . . . 235 

Circles circumscribing the Triangles formed by four lines meet in a l^oint . 235 

When five- Lines are given, the five Points so found lie on a Circle . , 235 

Given-fiveTangentstofindtheir Points of Contact . . . 236 

KacLauri&'s Method of generating Conies (see also p. 287) . . . 236 

Given five Points on a Conic to construct it, find its centre, and draw Tangent at 

any of the points . .- . . . 236 

Equation referred to two Tangents and their Chord . . . 237 

Corresponding Chords of two Conies intersect on one of their Chords of Intersec- 
tion (see also pp. 232, 234) . . . . .238 
Locus of Yertez of Triangle whose sides touch a given Ccmic, and base Angles 

move on fixed Lines (see also pp. 307, 336) . . . 239 

To inscribe in a Conic a Triangle whose sides pass through fixed Points (see 

alsopp. 261, 269, 289). . , . . • 

Generalizations of MacLaurin's Method of generating Conies (see also p. 288) 
Anharmonic properties of Points and Tangents of a Conic (see pp. 229, 276, 306) 
Anharmonic ratio of four Points on a COnic {abod\ = {a'b'c^d^}, if the Lines €ta% 
&c. meet in a Point ; or if they touch a Conic having double contact 

• with the given one ..... 
Envelope of Chord joining ooiresponding Points of two homographie systems on 

. a Conic (see also p. 291) ..... 

Equation referred to sides of a self-conjugate Triangle . 
Locus of Pole of a given Line with regard to a Conic passing through four fixed 
points (see also pp. 148, 256, 260, 290) .... 
oi^ touching four right lines (iee also pp. 256, 265, 269, 309, 327) . 

Focal properties of Conies ' . 
Locus bf Intersections of Tangents to a Parabola which cut at a given Angle (see 

alto pp. 207, 273) . .' . 

Self-coYijugate Triangle common to two Conies (see also pp. 335, 347) . • 

when feal, wherf imaginary t i • i * 



239 




240 




240 




241 




242 




242 




243 




243 


! 


244 




245 


< 


245 


1 


245 


^ 






. CONTENTS. XI 

PAEn 
Locus of Yertex of a Triangle inscribed in one Conic, and whose tddes touch one 

another (see also p. 336) . . , . . 246 

Envelopes, how found ...... 247 

Examples of Envelopes ...... 248 

Fonnation of Trilinear Equation of a Conic from Temgential, and vice verta 249 

Criterion whether a Point be within or without a Conic • . 250 

Discriminant of Tangential Equation ..... 250 

Given two Points of a Conic having double contact with a third, its Chord of 

contact passes through one or two fixed Points . . .251 

Equation of a Conic having doable contact with two given Conies , 251 

touching four Lines. . . ^ . .. . . . 251 

Locus of a Point whence sum or difSerence of Tangents to two Circles is constant 252 

Malfatti's pioblem ...... 252 

Tangent and Polar of a Point with regard to a Conic given bj the general Equation 254 
DiSGAiHiNAKTS, defined; discriminaat ol a Conic found (see also pp. 72, 144, 

148,150) . . . , . . .255 

Co-ordinates of Pole of a given Line .... 255 

Condition that two Lines should be conjugate , . . . 256 

Condition, that a Line should touch a Conic (see also pp. 147, 828) . 255 

fieam's Methodof finding Locus of Centre of a Conic, four conditions bdng given 256 

Equation of pair of Tangents through a given Point (aee also p. 144) . . 257 

Property of Asgles of a ciicumseribing Hexagon (see also p. 277) . 258 

Test whether three pairs of Lines touch the same Conic . , . 258 

Equations of Lines joining to a giyen point intersections of two Curves . 259 
Chord which subtends a right An^e at a fixed Point on Conic, passes through a 

fixed Point. . . . . • • • 259 

Locus of the latter Point when Point on Curve varies . , . 259 
Envelope 'of Chord subtending oonstant Angle, on Nibtaiding right Angle at 

Point not on Ctuve .,,,.. 259 

Given four Points, Polar of a fixed Pcont passes through fixed Bdint . 259 

Xiocus of intersection of corresponding Lines of two homographic pencils . 260 
Envelope of Pole of a ^ven Point with legard to a Conic having double contact 

with two given ones ..... 260 

Anhannohic Ratio of four Points the same as that of their Polars . . 260 

Equation of Asymptotes of a Conic given by general Equation (see also p. 328) 260 

Given three Points on Conic, and Point on one Asymptote, Envelope of other 261 
Locus of Yertex of a Triangle whose sides pass through fixed Points, and base 

Angles move along Conies .... 261 
To inscribe in a Conic a Triangle whose sides pass through fixed Points (see also 

pp. 239, 269, 289) . , , . . .261 

Equation of Conic touching five Lines , . . . 262 

Co-ordinates of Fo(rus of a Conic given three tangents (see also pp. 228, 840) 263 
Diredxix of Parabola passes through intersection of Perpendiculars of circum- 
scribing Triangle (see pp. 201, 236, 278, 329) . . .263 

Locus of Focus given four Tangents (see also p. 265) , . . 263 



CHAPTER XV. 

RECIPROCAL POLARS. 

Principle of Duality . . . . . . . 264 

Locus of Centre of Conic touching four Lines . . . 265 

Locus of Focus of Conic touching four Lines .... 265 



xu 



CONTENTS. 



PAOB 

Director Circles of Conies tondiing four lines hare a common radical axis 265 

Degree of Polar Beciprocal in general . . « . « 267 

Pascal's Theorem and Brianchon's mutnally reciprocal . . . 268 
Badical Axes and Centres of Similitude of Conies having double contact with a 

giyenone •..•.« 270 
Polar of one Circle with regard to another . . • .271 

Bedprocation of Theorems concerning Angles at Focus . « 272 

Envelope of Asymptotes of Hyperbolas having same Focus and Directrix • 273 

Reciprocals of equal Circles have same Parameter . . • 274 
Belation between Perpendiculars on Tangent from Yeitioesof drcnmscribing 

Quadrilateral ••...« 275 

Tangential Equation of Bedprocal Conic . • « • 374 

Tiilinear Equation given Focus and either three Points or three Tangents « 276 

Beciprocation of Anharmonic Properties « • . « 275 

Camot's Theorem respecting Triangle cut by Conic (see also p. 307) . . 277 

Beciprocal, when Ellipse, Hyperbola or Parabola ; when Equilateral Hyperbola 278 

Axes of Bedprocal, how found • . • . • 279 

Beciprocal of Properties of Confocal Conies • . . « 279 

To describe a Circle touching three given Circles • • . 279 

How to form Equation of Bedprocal ..... 280 

Bedprocal transformed from one origin to another . . • 280 

Bedprocals with regard to a Parabola . . « « . 281 



CHAPTBB XVI. 

HARMONIC AND ANHABMONIO PROPERTIES. 

Anharmonic Batio, when one Point infinitely distant . • « 283 

Centre the Pole of the line at infinity . . • . . 284 

Asymptotes together with two Conjugate Diameters form Harmonic Pendl 284 
lines from two fixed Points to a variable Point| how cut any Parallel to 

Asymptote «.•••• 285 

Parallels to Asymptotes through any Point on Curve, how cut any Diameter • 286 

Anharmonic property of Tangents to Parabola . • • 287 

How any Tangent cuts two Parallel Tangents .... 287 
Proof, by Anharmonic Properties, of HacLaurin's Method of Generating Conies, 

of Newton's mode of Generation .... 287 

Chasles's extension of these Theorems . . . . • 288 

To inscribe in a Conic a Polygon whose sides pass through fixed Points . 289 
To describe a Conic touching three lines and having double contact with a given 

Conic (see also p. 345) , . . « « 289 

Anharmonic proof of Pascal's Theorem . « « • 289 

of Locus of Centre, when four Points are given . • • 290 

Envdope of line joining corresponding Points of two Homographie Systems 290 

Criterion whether two Systems of Points be Homographie • • 292 

Analytic condition that four Points should form a Harmonic System . • 293 
Locus of Point whence Tangents to two Conies form a Harmonic Pencil (see 

also p. 333) ...... 294 

Condition that Line should be cut Harmonically by two Conies • • 294 

Involution ....... 295 

Property of Centre •*••••. 296 

of Foci ....... 297 

Fod, how found when two Pairs of corresponding Points are given . i 298 



CONTENTS. xm 

rAov 
Condition that «ix Points or lines should form a syBtem in Involation « 298 

System of ■Conies through four Points cut any Tnmsyersal in Involution . 298 

System of Conies touching four lines, when cut a Transversal in Involution 801 

Proof by Involution of Feuerbach's Theorem concerning the Ciide through 

middle Points of Sides of Triangle .... 801 



CHAPTER XVn. 

THB MBTHOD OT PB0JB0TI02r. 

AH Points at Infinity may be regarded as lying in a right Line • . 808 

Projective Properties of a Quadrilateral • « • • 805, 806 

Any two Conies may be projected into Circles . • • • 806 

Projective proof of Camot's Theorem (see also p. 277) . • . 806 

of Pascal's Theorem . . . . • . 807 

Projections of Properties concerning Foci . . » . 808 

The six Vertices of two Triangles circumscribing a Conic, Ue on the same Conic, 

(see also p. 881) .•,... 808 

Projections of Properties concerning Bight Angles . . , 809 

Locus of Pole of a Line with regard to a System of Confocal Conies . . 810 

The six Vertices of two self -conjugate Triangles lie on same Conic (see also p. 829) 810 
Chord of a Conic passes through a fixed Point, if the Angle it subtends at a 

fixed Point in Curve, has fixed Bisector . • • 811 

Projections of Theorems concerning Angles in general . . .811 

Locus of Point cutting in given ratio intercept of variable Tangent between two 

fixed Tangents ...«.• 812 

Analytic basis of Method of Projection . • . • • 812 

Sections OF ▲ CoNB . . . . . •814 

Every Section is Ellipse, Hyi>erbola, or Parabola . . . • 815 

Origin of these Names . , . • . . 816 

Every Parabola has a Tangent at an infinite Distance . . . 817 

Proof that any Conic may be projected so as to become a Circle, while a given 

line passes to Infinity . , . . • 818 

Determination of Focus of Section of a right Cone . . . 819 

Locus of Vertices of right Cones from which a given Conic may be cut . 819 

Method of deducing properties of Plane Curves from Spherical . . 819 

Orthogonal Projection ...... 820 

Badius of Circle circumscribing inscribed Triangle • • . 821 



CHAPTEB XVni. 

INVABIANTS AND OOVABIARTS. 

Equation of Choxds of Intersection of two Conies . , ' • 822 

Locus of Intersection of Normals to a Conic at the extremities of Chords passing 

through a given Point • . . i . 823 

Condition that two Conies should touch . . * • 824 

Criterion whether Conies intersect in two real and two imagmary Points or oot 825 

Equationof Curve />ara//«/ to a Conic • . • . • 825 

Equation of Evolute of a Conic . . , • • 826 

Meaning of the Invariants when one Conic is a pair of lines . • 826 

Criterion whether six lines touch the same conic . « • 827 



XIV CONTENTS. 

PAOR 

Equation gt pair of Tangents whose Choid is a giyen Line • . 827 

Equation of Asymptotes of Conic gi^en by TrUinear Equation . . 328 
(Condition that a Triangle self-conjugate with regard to one Conic, should be 

inscribed or circumscribed about another .... 328 

8ix yertio^ of two self-conjugate Triangles lie on a Conic . , 329 

Circle circumscribing self -conjugate Triangle cuts the director circle orthogonally 329 
Centre of Circle inscribed in self -con jugate Triangle of equilateral Hyperbola 

lies on Curve ...... 329 

Locus of intersection of Perpendiculars of Triangle inscribed in one Conic and 

circumscribed about another .... 329 

Condition that such a Triangle should be possible . • • 330 

Tangential equation of four Points common to two Conies . . 331 

Equation of four common Tangents . • . . • 332 

Their eight Points of Contact lie on a Conic .... 332 

Coyariants and Contravariants defined . . . . . 333 

Discriminant of Covariant F^ when vanishes . . . 335 
How to find equations of Sides of self-conjugate Tiiangle common to two Conies 

(see also p. 347) . . . . . . 335 

Envelope of Base of Triangle inscribed in one Conic, two of whose sides touch 

another ...... 336 

Locus of free Vertex of a Polygon all whose sides touch one Conic, and all 

whose Vertices but one move on another .... 337 
Condition that Lines joining to opposite vertices, Points where Conic meets Triangle 

of reference should form two sets of three meeting in a Point • 337 

General Tangential Equation of two Circular Points at infinity . . 337 

Condition for Equilateral Hyperbola and for Parabola in TrOinear Co-ordinates 338 

Every Une through an imaginary Circular Point, perpendicular to itself . 338 

General Equation of Director Circle . . . . • 339 

Equation of Directrix of Parabola given by Trilinear Equation . # 339 

Co-ordinates of Foci of Curve given by general Equation . . . 340 

Extension of relation between perpendicular Lines . . . 341 

Equation of reciprocal of two Conies having douUe contact » . 342 

Condition that they should touch each other . • . 343 
To draw a Conic having double contact with a given one, and touching three 

other such Conies ...... 343 

Four Conies having double contact with S, and passing through three Points, or 

touching three Lines, are touched by the same Conies , . 845 

Condition that three Conies should have double contact with the same conic . 345 

Jaoobian of a system of three Conies .... 345 

Corresponding points on Jacobian ..... 846 

Lines joining corresponding Points cut in involution by the Conies . 346 

General equation of Jacobian ...... 346 

To draw a Conic through four Points to touch a given Conic . . 346 
To form the equation of the sides of self -conjugate Triangle common to two 

Conies ....... 847 

Jacobian of three Conies having two Points common : or one of which reduces 

to two coincident Lines ..... 847 

Equation of Circle cutting three Circles orthogonally . . . 847 

Condition that a line should be cut in involution by three Conies . . 347 

Invariants of a system of three Conies ..... 348 

Condition that they should have a common Point . ; . 348 

Condition that \U + fxV+ vW can in any case be a perfect Square . . 349 

Three Conies derived from a single Cubic : method of forming its Equation . 849 



CONTENTS. XV 
CHAPTER XIX. 

THB METHOD OF INFINITESIMALS. 

PAOV 

Direction of Tangents of Conies ..... 862 

Determination of Areas of Conies ..... 853 

Tangent to any Conic cuts off constant Area from similar and concentric Conic • 854 
Line which cuts off from a Curve constant Arc, or which is of a constant length 

where met by its Envelope ..... 355 

Determination of Radii of Curvature ..... 355 
Excess of sum of two Tangents over included Arc, constant when Yertex moves 

on Confocal Ellipse ..... 857 

Difference of Arc and Tangent, constant from any Point on Confocal Hyperbola 858 

Fagnani's Theorem ....... 858 

Locus of Vertex of Polygon circumscribing a Conic, when other Vertices move 

on Confocal Conies • . . • . 859 



NOTES. 

Theorems on complete Figure formed by six Points on a Conic • • 860 

On systems of Tangential Co-ordinates .... 868 

On Mr. Casey's form of the Equation of a Conic having double contact with a 

given one and touching three others . . . • 866 

On the Problem to describe a Conic under five conditions • . 867 

On systems of Conies satisfying four Conditions .... 868 



EBRATA. 



p. 129, last line, The determinants should be connected by the sign of multiplica- 
tion, not addition. 

p. 130. lines 1, 23, the words " rows" and " columns" should be interchanged. 

p.mfl -at end of Art. 389, add " Mr. Bumside has expressed this invariant T in 
terms of the elementary invariants : 

where 4> is the invariant, corresponding to 6,23, formed with the coefficients of the 
reciprocal systems." 



i 



ANALYTIC GEOMETRY. 



CHAPTER L 



THE POrMTT. 

1. The fdlowing method of determining the position of any 
point on a plane was introduced by Des Cartes in his OSomitrie^ 
1637 ; and has been generally nsed by succeeding geometers. 

We are supposed to be given the position of two fixed 
right lines XX\ YY* intersecting in the point 0. Now, if 
through any point P we Y 

draw PM^ PN parallel to 
YY' and XX! ^ it is plain 
that, if we knew the position 
of the point P, we should 
know the lengths of the par- 
allels PM^ PN] or, vice versd^ 
that if we knew the lengths 
of PMj PN^ we should know 
the position of the point P. 

Suppose, for example, that 
we are given PN=a^ PM— 5, 
we need only measure OM=a and 0N^\ and draw the 
parallels PM^ PN which will intersect in the point required. 

It Is usi^al to denote PM parallel to OF by the letter y, 
and P^T parallel to OX by the letter a?, and the point Pis said 
to be determined by the two equations a; = a, y = i. 

2. The parallels PM^ PN are called the coordinates of the 
point P. P3f is often called the ordinate of the point P; while 
PNy which is equal to OM the intercept cut offhj the ordinate, 
is called the oibacisaa. 

B 
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The fixed lines XX' and YY' are' termed the axes of cch 
ordinates^ and the point Oy in which they intersect, is called the 
origin. The axes are said to be rectangular or oblique, ac- 
cording as the angle at which they intersect is a right angle 
or oblique. 

It will readily be seen that the co-ordinates of the point M 
on the preceding figure are jc = a, y = ; that those of the point 
N are a? = 0, y = 5 ; and of the origin itself are a? = 0, y = 0. 

3. In order that the equations x^^a^ y = ^ should only 
be satisfied by one point, it is necessary to pay attention, not 
only to the magnitudes^ but also to the signs of the co- 
ordinates. 

If we paid no attention to the signs of the co-ordinates, we 
might measure 0M= a and 0N= J, on either side of the origin, 
and any of the four points 
P, Pj, Pj, P3 would satisfy 
the equations a? = a, y = b. 
It is possible, however, to 
distinguish algebraically 
between the lines 0-Jf, 
OM' (which are equal in 
magnitude, but opposite in 
direction) by giving them 
different signs. We lay 
down a rule, that if lines 
measured in one direction 
be considered as positive, 
lines measured in the oppo- 
site direction must be con- 
sidered as negative. It is, of course, arbitrary in which 
direction we measure positive lines, but it is customary to 
consider OM (measured to the r'^ht hand) and ON (measured 
upwards) as positive, and OJT, OIT (measured in the oppo- 
site directions) as negative lines. 

Introducing these conventions, the four points P, P^, P^, Pj 
are easily distinguished. Their co-ordinates are, respectively, 
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x = -{'a 
y = + J 



x = — a 



x = -i-a 



' 2^=+*)' y = -J. 



aj = — a) 
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These distinctions of sign can present no difficnlty to the 
learner, who is supposed to be ah^ady acquaintecT with tri- 
gonometry. 

N.B. — The points whose co-ordinates are x=:a^ y = ^i ^^ 
x=ix'jy = y'y are generally briefly designated as the point (a, h)j 
or the point x'y'. 

It appears from what has been said, that the points (+ a, + ft), 
(— a, - b) lie on a right line passing through the origin ; that 
they are equidistant from the origin, and on opposite sides of it. 

4. To eoDpresa the distance bettceen two points 7ly\ x"j/\ the 
axes of co-ordinates being supposed rectangular. 

By Euclid i. 47, 

P(?» = P>8«+5(?", but P8^PM-QM' = t/^g", 

and Q8^ OM^ OM = a' - x" ; 

hence ^^PCT^ (aj'-aj7+ (y'-y")*. 

To express the distance of any point from the origin, we 
must make aj" = 0, y" = in the above, and we find 

5. In the following pages we shall but seldom have occasion 
to make use of oblique co- 
ordinates, since fonrndae are, 
in general, much simplified 
by the use of rectangular 

axes; as, however, oblique 

co-ordinates may sometimes 
be employed with advantage, 
we shall give the principal 
formulsB in their most gene- 
ral form. 

Suppose, in the last figure, the angle YOX oblique and 

= c», then 

P8Q = 180" - ft>, 

and PQ'=^PS'-\-QS'-2PS.Q8.cofiP8Q, 

or, P(?" = (y' - fY + {x' - xy + 2 (y' - f) [x' - x") cos «. 

Similarly, the square of the distance of a point, a^y, from 
the origin = x'* + y'* + 2aj'y' cos w. 
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In applying these formula9, attention must be paid to the 
signA of the co-ordinates. If the point Q, for example, were 
in the angle XO Y'^ the sign of y" would be changed, and the 
line F8 would be the sum and not the differenoe of y' and y". 
The learner will find no difficulty, if, having vrritten the co- 
ordinates with their proper signs, he is careful to take fer P8 
and Q8 the algebraic difference of the corresponding pair of 
co-ordinates. 

^ Ex. 1. Find the lengtliB of the sides of a triangle, the co-ordinates of whose 
vertices are «' =. 2, y* = 8 ; a;" = 4, y" = - 6 j a"' = - 8, y"' = - 6, the axes being 
rectangular. Ans, ,^68, ^50, ^106. 

VEx. 2. Find the lengtils of the sides of a triangle, the co-ordinates of whose 
vertices are the same as in the last example, the axes being inclined at an angle 
of 60°. Ans, J52, J67, J161. 

HEx. 8. Express that the distance of the point xy from the point (2, 8) is eqnal 
to 4. Ans, (x - 2)2 + (y - 3)2 = 16. 

\ Ex. 4. Express that the point xy is equidistant from the points (2, 8), (4, 5). 

Ans, (a;-2)«+(y-3)« = (a?-4)« + (y-6)2j ora;-l-y = 7. 

^Ex. & Find the point equidistant from the points (2, 3), (4, 6), (6, 1). Here we 

have two equations to determine the two unknown quantities x, y, 

^/(50) 
A/ns. a? = V^ y = I > *^<i *^6 common distance is „ . 

6. The distance between two points, being expressed in 
the form of a square root, is necessarily susceptible of a double 
sign. If the distance PQ^ measured from P to Q^ be con- 
sidered positive, then the distance QP^ measured from Q to P, 
is considered negative. If indeed we are only concerned 
with the single distance between two points, it would be un- 
meaning to affix any sign to it, since by prefixing a sign we 
in fact direct that this distance shall be added to, or subtracted 
from, some other distance. But suppose we are given three 
points P, ^, 5 in a right line, and know the distances PQ^ 
QBj we may infer, PB = PQ+QB. And with the explana- 
tion now given, this equation remains true, even though the 
point B lie between P and Q. For, in that case, PQ and 
QB are measured in opposite directions, and PB which is their 
arithmetical difference is still their algebraical sum. Except 
in the case of lines parallel to one of the axes, no convention 
has been established as to which shall be considered the positive 
direction. 
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7. To find the co-ardinates of the point cutting in a given 
ratio m : w, the line joining two given points x*y*^ x"y'* 

Let a;, y be the coHjrdinates of the point R which we seek 
to determine, then 

m : n :: PR : RQ :: MS : )SA^, 

or 

m : 71 :: a?' — a? : a; — a;", 
or mx—mx" =nx -- nXj 
hence 



_ff 




7?jar + wa; 

X=z . 

m + n 
In like manner 

my" + ny* 
^ m + n 

If the line were to he cut externally in the given ratio, we 

should have 

m : n:: a? — a?' : x — x"^ 

- - ^ mx'^nx' my" — ny' 

and therefore x = , y = -^ ^ . 

w — w *^ m — n 

It will be observed that the formulae for external section 
are obtained from those for internal section by changing the 
sign of the ratio : that is, by changing m : +n into «i : — «. 
In fact, in the case of internal section, PR and RQ are 
measured in the same direction, and their ratio (Art. 6) is to 
be counted as positive. But in the case of external section 
PR and RQ are measured in opposite directions, and their 
ratio is negative. 

Ex. 1. To find the co-ordinates of the middle point of the line joining the points^ 

Ex. 2. To find the Co-ordinates of the middle points of the sides of the triangle, 
the co-ordinates of whose vertices are (2, 3), (4, — 6), (— 3, — 6). 

Ans, (J, - V), (- h - f), (3, - 1). 

Ex. 3. The line joining the points (2, 3), (4, — 5), is trisected ; to find the co- 
ordinates of the point of trisection nearest the former point. Ans. a; = f , y = i- 

Ex. 4. The co-ordinates of the vertices of a triangle being x'y', ar'V, x"Y"i ^ 
find the co-ordinates of the point of trisection (remote from the vertex) of the line 
joining any vertex to the middle point of the opposite side. 
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6 TRANSFORMATION OF CO-ORDINATES. 

Ex. 5. To find the oo-oidlnates of the intezsection of the bisectois of sicleB of the 
triangle, the co-oidinates of whose vertices are given in Ex. 2. Ans, x=l^ y = — ^. 

Ex. 6. Any side of a triangle is cat in the ratio m : n, and the line joining this to 
the opposite vertex is cat in the ratio m + n :l'j to find the co-ordinates of the point 
of section. 



An», X = j- ; , y = 1 , , — ^^ . 

l + m + n ' "^ l + m + n 



TRANSFORMATION OF CO-ORDINATES.* 

8. ^Syiien we know the co-ordinates of a point referred to 
one pair of axes, it is frequently necessary to find its co- 
ordinates referred to another pair of axes. This operation is 
called the transformation of co-ordinates. 

We shall consider three cases separately: first, we shall 
suppose the origin changed, but the new axes parallel to the 
old; secondly, we shall suppose the directions of the axes 
changed, but the origin to remain unaltered; and thirdly, we 
shall suppose both origin and directions of axes to be altered. 

First. Let the new axes be parallel to the old. 

Let Oa?, Oy be 
the old axes, O'X, 
0* Y the new axes. 
Let the co-ordinates 
of the new origin 
referred to the old be 
x\ y\ or a8^x\ 
aR^y\ Let the 
old co-ordinates be 
Xj y, the new X, F, 
then we have 

OM^ OR + RM^ and PJf = PN^ NMy 

thatis, ic=:ic' + Z, and y = y + r. 

These formulae are, evidently, equally true, whether the axes 
be oblique or rectangular. 

9. Secondly, let the directions of the axes be changed, while 
the origin is unaltered. 




* The beginner may postpone the rest of this chapter till he has read to the end 
of Art. 41. 
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Let the original axes be Ox, Oy, so that we have OQ^x^ 
PQ^y. Let the new axes 
be OX, OF, 80 that we have 
ON^X, PN^Y. Let OX, 
OY make angles respectively 
a, )8, with the old axis of a;, 
and angles a', ^ with the old 
axis of y; and if the angle 
xOy between the old axes be 
<», we have obviously a+a'=a), 
since XOx + XOy^xOyi and in like manner /3 + i8' = tt>. 

The formulae of transformation are most easily obtained by 
expressing the perpendiculars from P on^ the original axes, in 
terms of the new co-ordinates and the old. Since 

PM=PQ simPQM we have PM^y sintt>. 

But also PJf = NB + P3=^ ON smNOB + PN si^PNS. 

Hence y sin(» = Xrina4-Fsin^. 

JxL like maimer 

X sin CO = Xsina' + F sinks'; 

or X sinoi> = Xsin(o) — a) +Fsin(ft> — iS). 

In the figure the angles a, )8, €t> are all measured on the 
same side of Ox] and a', ^3', co, all on the same side of Oy. 
K any of these angles lie on the opposite side it must be given 
a negative sign. Thus, if OF lie to the left of Oy, the angle 
fi is greater than a>, and ff (= a> — )3] is negative, and therefore 
the coefficient of Y in the expression for x sino is negative. 
This occurs in the following special case, to which, as the 
one which most frequently occurs in practice, we give a sepa^ 
rate figure. 

To transform from a system of rectangular aoces to a new 
rectangular system making an angle 6 with the old. 

Here we have 

a' = 90-^, y3' = -^; 

and the general formula become 

y = X sin^ + Fcos^, 
a; = X cos 5 — F sin ^ : 
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the truth of which may also be seen directly, since y^PS-i- NR^ 
aj = Oi2-/g2V, while 

P8==FNcoa0,NB = ONsm0] OB^ONcosd, 8N=^PNsm0. 

There is only one other case of transformation which often 
occurs in practice. 

To transform from oblique co-ordinates to rectangular^ retain- 
ing the old axis ofx. 

We may use the general for- 
mulse making 

as=0, ^ = 90, a' = a), )8' = «-90. 

But it is more simple to inves- 
tigate the formula^ directly. We 
have OQ and PQ for the old a? and ^ ^ 

^, OJf and PMfor the new ; and since PQM^ ©, we have 

F=y sino), X=a?4-y cosfi): 

while from these equations we get the expressions for the old 
co-ordinates in terms of the new 

y8infi) = r', a; sinG) = Xsin©— Fcosft). 

10. Thirdly, by combining the transformations of the two 
preceding articles, we can find the co-ordinates of a point re- 
ferred to two new axes in any position whatever. We first find 
the co-ordinates (by Art. 8) referred to a pair of axes through 
the new origin parallel to the old axes, and then (by Art. 9) 
we can find the co-ordinates referred to the required axes. 

The general expressions are obviously obtained by adding x' 
and y' to the values for x and y given in the last article. 

Ex. 1. The co-ordinates of a point -satisfy the relation 

a;2 -I- ^2 - 4a; _ 6y = 18 : 

what will this become if the origin be transformed to the point (2, 3) ? 

Am. X« + r» = 31. 

Ex. 2. The co-ordinates of a point to one set of rectangudar axes satisfy the 
relation y^ __ 3.2 — g . -^hat will this become if transformed to axes bisecting the 
angles between the given axes? Ans. XY = 3. 

Ex. 3. Transform the equation 2aj2 -hxy + 2y^ - 4 from axes inclined to each 
other at an angle of 60°, to the right lines which bisect the angles between the 
given axes. Ans. X^ - 277^ + 12 = 0. 

Ex. 4. Transform the same equation to rectangular axes, retaining the old axis 
ofaj. Am. 3JS:2 4.ior2-7XF^3 = 6. 
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Ex. 5. It is evident that when we change from one set of rectangular axes to 
another, a^ + y^ must = X^ + F^, since both express the square of the distance of 
a point from the origin. Verify this by squaring and adding the expressions for 
X and Y in Art. 9. 

Ex. 6. Verify in like manner in general that 

x^ + y^ + 2xi/ cosxOy = JiT* -^ r« + 2X7 cos XOY, 

If we write X sine + F sin/3 = L, Xooaa + T cos/? =• J/, the expressions in Art. 9 
may be written yemwzzL, x emw = M eiau — L oofloi ; whence 

sm^cd (a* + y* + 2a!y cosfti) = (L* + M^ sin'm. 

But J[P + M^ = X^ + Y^ + 2XYcoB[a - /3) ; and o - /3 = XOY. 

11. The degree of any equation between the co-ordinates is not 
altered hy transformation of co-ordinates. 

Transformation. cannot increase the degree of the equation: 
for if the highest terms in the given equation be a"*, y**, &c., 
those in the transformed equation will be 

{x' sinco+o; sin^eo- a)H-y sin(cD— /S)}**, (y' sinw+a? sina+y sin/8)*, 

&c., which evidently cannot contain powers of jc or y above the 
m^ degree. Neither can transformation diminish the degree of 
an equation, since by transforming the transformed equation 
back again to the old axes, we must fall back on the original 
equation, and if the first transformation had diminished the 
degree of the equation, the second should increase it, contrary 
to what has just been proved. 

POLAR CO-ORDINATES. 

12. Another method of expressing the position of a point 
is often employed. 

If we were given a fixed point 0, and a fixed line through it 
OBj it is evident that we should ^ 

know the position of any point 
P, if we knew the length OP, 
and also the angle FOB. The 
line OP 13 called the radius 
vector; the fixed point is called ^ 

the 2>ole ; and this method is called the method of polar co- 
ordinates. 

It is very easy, being given the x and y co-ordinates of a 

point, to find its polar ones, or vice versd. 

c 
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First, let the fixed line y 
coincide with the axis of Xj 
then we have 

OP: PM: : biuPMO : sinPOM; 

denoting OP hj p, POM by 
0y and YOX by a ; then 

PM or y = —. ; 

•^ sinct) ^ 

and similarly, 0M= x = /> »'".(«" -^) . 

smo) 

For the more ordinary case of rectangular co-ordinates, 
ft) = 90°, and we have simply 
x = p cos^ and y = p sinO. 

Secondly. Let the fixed 
line OB not coincide with the 
axis of a;, but make with it an 
angle = a, then 

POB^e and POM=0--a, 

and we have only to substitute 5- a for (? in the preceding 
formulae. 

For rectangular co-ordinates we have 

aj = /) cos(^- a) and y = p sin (5 - a). 

Ex. 1. Change to polar co-ordinates the following equations in rectangular co- 
ordinates: ^2j^ « K 

^ +r = 5wi». Ans, p = 6tocos0. 

a;2 - y2 = a«. Ans, p^ oos20 = a*. 

Ex. 2. Change to rectangular co-ordinates the following equations in polar co- 
ordinates: o • c%a « - 

/>2 sm20 = 2a2. Ans, xy = a\ 

/)2 = a2cos20. ^„^. (a;2 + y2)2 = a2 (a^ _ y2). 

/)*cO8^0 = oi ^„5. a;« H- y2 = (2a - a;)2. 

/)' = a^ cos ^0. ^„,. (2a;« + 2^2 - aa;)^ = «« (ar« + f), 

13. Tb express the distance between two points^ in terms of 
their polar co-ordinates. q 

Let P and Q be the two points, 

OP^p\ POB^ff', 

OQ^p", QOB=.e"i ^ jj 

then PQ'^OP' + Og'^20P.OQ.cosPOQ, 

or g« = p'^ + ^"« ^ 2py cos (5" - 5'). 
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CHAPTER 11. 

THE RIGHT LIKE. 

14. Any two equations between the co-ordinates represent 
geometrically one or more points. 

If the equations be both of the first degree (see Ex. 5, p. 4), 
they denote a single point. For solving the equations for 
X and y, we obtain a result of the form x = a^ y = ^> which, 
as was proved in the last chapter, represents a point. 

If the equations be of higher degree, they represent more 
points than one. For, eliminating y between the equations, 
we obtain an equation containing x only ; let its roots be a,, 
a^, Og, &c. Now, if we substitute any of these values (aj for 
X in the original equations, we get two equations in y, which 
must have a common root (since the result of elimination be- 
tween the equations is rendered =0 by the supposition a^aj. 
Let this common root be y = /8j. Then the values a? = a„ y = /S^, 
at once satisfy both the given equations, and denote a point 
which is represented by these equations. So, in like manner, 
is the point whose co-ordinates are a; = a„ y = /S,, &c. 

Ex. 1. Wliat point is denoted by the equations 3a: + 6y = 13, 4« — y = 2 ? 

Ans^ a; = 1, y = 2. 

Ex. 2. What points are represented by the two equations a;* + y* = 6, a?y = 2? 
Eliminating y between the equations, we get x^ — 5«* + 4 = 0. The roots of this 
equation are a^ = 1 and a? — ^, and, therefore, the four values of x are 

» = + !, aj = — 1, a;-+2, ;c = --2. 

Substituting these successiyely in the second equation, we obtain the corresponding 

values of y, 

y = + 2, y = -2, y = + l, y = -l. 

The two given equations, therefore, represent the four points 

(+1, +2), (-1, -2), (+2, +1), (-2,-1). 

Ex. 3. What points are denoted by the equations 

a; - y = 1, a;^ + / = 25 ? Am. (4, 3), (- 3,-4). 

Ex. 4. What points are denoted by the equations 

a;2-5a; + y + 8 = 0, a:2 + y*~5x-3y + 6 = 0? 

Am, (1, 1), (2, 3), (3, 3), (4, 1). 
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15. A single equation between ths co-ordinates denotes a 
geometrical locus. 

One equation evidently does not afford us conditions enough 
to determine the two unknown quantities a?, y ; and an inde- 
finite number of systems of values of x and y can be found which 
will satisfy the given equation. And yet the co-ordinates of 
any point taken at random will not satisfy it. The assemblage 
then of points, whose co-ordinates do satisfy the equation, forms 
a hcus^ which is considered the geometrical signification of 
the given equation. 

Thus, for example, we saw (Ex. 3, p. 4), that the equation 

(2:-2)«+(y-3r=16 

expresses that the distance of the point xy from the point 
(2, 3) = 4. This equation then is satisfied by the co-ordinates of 
any point on the circle whose centre is the point (2, 3), and 
whose radius is 4 ; and by the co-ordinates of no other point. 
This circle then is the locus which the equation is said to 
represent. 

We can illustrate by a still simpler example, that a single 
equation between the co-ordinates signifies a locus. Let us 
recall the construction by which (p. 1) we determined the 
position of a point from Y k 

the two equations a; = a, 
y = h. We took OM=.a' 
we drew MK parallel to 
OF; and then, measuring 
MP=h^ we found P, the 

point required. Had we -^^^ ^ 3^ 

been given a different value 

of y, a; = a, 3^ = 5', we should 

proceed as before, and we 

should find a point P' still situated on the line MK^ but at 

a different distance from M. Lastly, if the value of y were 

left wholly indeterminate, and we were merely given the 

single equation x = a, we should know that the point F 

was situated somewhere on the line MK^ but its position in 

that line would not be determined. Hence the line MK is 'i 

the locus of all the points represented by the equation a? = a, | 
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Bince, whatever point we take on the line MK, the x of that 
point will always =a. 

16. Ill general, if we are giveo an equation of any degree 
hetween the co-ordinates, let as assume for x any valne we 
please {x = a), and the equation will enable us to determine 
a finite number of valuea of y answering to this particular 
Talue of x; and consequently, the equation will be satisfied for 
each of the points [p, q, r, &c.], whose x is the assumed valae, 
and whose y is that found from the equation. Again, assume 
for X any other value , 1 1 1 1 

{x = o'), and we find, / //// ^ 

in like manner, ano- 
ther series of points, 
i*') s'l *" J whose co- 
ordinates satisfy the 
equation. So again, 
if we assume x = <i' 
or a: = a'", &c. Now, 
if a; be supposed to 
take successively all 
possible values, the assemblage of points found as above will 
form a fociw, every point of which satisfies the conditions of the 
equation, and which ia, therefore, its geometrical signification. 

We can find in the manner just explained as many points 
of this locus as wo please, until we have enough to represent 
its figure to the eye. 

Ex. 1. Beprteeot in a figure* a series of pointa wMch BodRf; the eqaatjon 
ff = 2a: + 3. 

Am. GiTing x the Tftlnea — 2, — 1, 0, I, 2, 4c., we find for y, — 1, 1, 8, 6, 7, ic, 
and the anreaponding points will be seen all to lie on a right line. 

Ex. S. Bepresent tiie locus denoted by tbe equation y = z* — 3x — 2. 

Ane. To fhe Tsluea for ir, - 1, - 1, 0, i, 1, J, 2, ft 3, J, 4i corrcBpond for 
Si 2, - i - 2, - V. - *i - ¥. - *i - Vr - 3r - 1, 3. " >iie pointa thus denoted 
ba laid down on paper, they will eaffloiently erhibit the form of the cnno, which 
loay be continued indefinitely bj giring c greater pontJTS or negatire values. 

Ei. a, Eepresent the omre y = 3 ± J(20 - a - le^. 

Here to each value of x correspond two values of y. No part of lie curve lies 
to the r%ht of the line i = 4, or to the left of the line k = - 6, since by giving 
greater positive or negative values to i, the value of y becomea inmginary. 

* The learner is recommended Co use paper ruled into httle squares, which is 
BoU under the name of logarithm paper. 
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17, The whole science of Analytic Geometry is founded 
on the connexion which has been thus proved to exist between 
an equation and a locus. If a curve be defined by any geo- 
metrical property, it will be our business to deduce from that 
property an equation which must be satisfied by the co-ordinates 
of every point on the curve. Thus, if a circle be defined as 
the locus of a point (ar, y), whose distance from a fixed point 
(a, h) is constant, and equal to r ; then the equation of the circle 
to rectangular co-ordinates, is (Art. 4), 

On the other hand, it will be our business when an equation is 
given, to find the figure of the curve represented, and to deduce 
its geometrical properties. In order to do this systematically, 
we make a classification of equations according to their degrees, 
and beginning with the simplest, examine the form and pro- 
perties of the locus represented by the equation. The degree 
of an equation is estimated by the highest value of the sum 
of the indices of x and y in any term. Thus the equation 
ajy 4- 2a? 4 3y = 4 is of the second degree, because it contains 
the term xy. If this term were absent, it would be of the 
first degree. A curve is said to be of the ri^ degree when 
the equation which represents it is of that degree. 

We commence with the equation of the first degree, and we 
shall prove that this always represents a right line^ and, con- 
versely, that the equation of a right line is always of the first 
degree. 

18. We have already (Art. 15) interpreted the simplest case 
of an equation of the first degree, namely, the equation a3 = a* 
In like manner, the equation y = & represents a line P^ parallel 
to the axis OZ, and meeting the axis F at a distance from 
the origin 0N=^ h. If we suppose h to be equal to nothing, 
we see that the equation y = denotes the axis OX] and in 
like manner that a; = denotes the axis Y. 

Let us now proceed to the case next in order of simplicity, 
and let us examine what relation subsists between the co- 
ordinates of points situated on a right line passing through 
the origin. 
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If we take any point P 
on such a line, we see that 
hoth the co-ordinates PM^ 
OM^ will vary in length, 
but that the ratio PMi OM 
will be constant, being = 
to the ratio 

sinPOif : miMPO. 

Hence we see, that the 
equation 

_ sinPQitf 
y " sinifPO ^ 

will be satisfied for every 
point of the line OP, and 

therefore, this equation is said to be the equation of the line OP. 
Conversely, if we were asked what locus was represented 
by the equation 

write the equation in the form - = w, and the question is, " to 

find the locus of a point P, such that, if we draw PM^ PN 
parallel to two fixed lines, the ratio PM: PN may be constant." 
Now this locus evidently is a right line OP, passing through 
0, the point of intersection of the two fixed lines, and dividing 
the angle between them in such a manner that 

sin P0Jf=7w sin POJV. 

If the axes be rectangular, sinPO-N'=cosPOJf; therefore, 
w = tan PO-lf, and the equation y^-mx represents a right line 
passing through the origin, and making an angle with the 
axis of a;, whose tangent is m, 

19. An equation of the form y = -\-mx will denote a line 
OP^ situated in the angles FOX, TOX'. For it appears, 
from the equation y = + mx^ that whenever x is positive y 
will be positive, and whenever x is negative y will be negative. 
Points, therefore, represented by this equation, must have their 
co-ordinates either both positive or both negative, and such 
points we saw (Art. 3) lie only in the angles FOX, Y'OX'^ 
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On the contrary, in order to satisfy the equation y^ — mx^ 
if X be positive y must be negative, and if x be negative y 
must be positive. Points, therefore, satisfying this equation, 
will have their co-ordinates of different signs; and the line 
represented by the equation, must, therefore (Art. 3), lie- in the 
angles TOX, YOX\ 

20. Let us now examine how to represent a right line P^, 
situated in any manner y 

with regard to the axes. 

Draw OJB through 
the origin parallel to FQ^ 
and let the ordinate FM 
meet OB in jB. Now it 
is plain (as in Art. 18), 
that the ratio EM : OM 
will be always constant 
[RM always equal, sup- 
pose, to m.OM)] but the ordinate PM differs from RM by 
the constant length PR = OQ^ which we shall call b. Hence 
we may write down the equation 

PM=RM-\-PR, or PM=m.OM + PR, 

that is, y = mx + b. 

The equation, therefore, y = mx -f J, being satisfied by every 
point of the line PQ, is said to be the equation of that line. 

It appears from the last Article, that m will be positive or 
negative according as OjB, parallel to the right line P$, lies in 
the angle YOXy or Y'OX. And, again, b will be positive 
or negative according as the point Q^ in which the line meets 
OYj lies above or below the origin. 

Conversely, the equation y = mx-\'b will always denote a 

right line; for the equation can be put into the form 

> 

y — b 

X 

Now, since if we draw the line QT parallel to OM^ TM will 
be=&, and PjP therefore ^y — b^ the question becomes: "To 
find the locus of a point, such that, if we draw PT parallel 
to or to meet the fixed line QT^ PT may be to QT in a 
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constant ratio ;" and this locus evidently is the right line PQ 

passing through Q, 

The most general equation of the first degree, Ax-\- J5y+C=0, 

can obviously be reduced to the form y^mx-^-bj since it is 

equivalent to 

A C 

this equation therefore always represents a right line. 
* 

21. From the last Articles we are able to ascertain the 
geometrical meaning of the constants in the equation of a 
right line. If the right line represented by the equation 
y = mx + b make an angle =a with the axis of Xj and ^13 
with the axis of y, then (Art. 18) 

sin a 
smp ' 

and if the axes be rectangular, m = tana. 

We saw (Art 20) that b is the intercept which the line cuts 
off on the axis of y. 

If the equation be given in the general form Ax-\-By+C=0^ 

we can reduce it, as in the last Article, to the form y = tnx + A, 

and we find that 

A __ sina 

^ 5 "" sin ^ ' 

G 
or if the axes be rectangular = tana; and that —"b ^^ ^^^ 

length of the intercept made by the line on the axis of y. 

Cor. The lines y=«ww; + J, y^mx-\-V will be parallel 
to each other if m^m\ since then they will both make the 
same angle with the axis. Similarly the lines Ax + -By + (7= 0, 
A'x + £'y + C" = 0, will be parallel if 

A^A 
B^ B" 

Beside the forms A'x-^-By -^-C^O and y^mx-k-h^ there 
are two other forms in which the equation of a right line 
IS frequently used; these we next proceed to lay before the 
reader. 

J) 
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22. To express the equation of a line MN in terms of the 
intercepts 0M=^ a, 0-^7"= b which it cuts off on the axes. 
We can derive this from the form abreadj considered 

A B 

Ax-\-By-\-C=Q^ or -^aj + ^y + l = 0. 

This equation must be satisfied by the co-ordinates of every 
point on MN^ and there- 
fore by those of if, which 
(see Art. 2) are x=^a^ 
y = 0. Hence we have 

A ^ ^ A 1 
^,a+l = 0, ^ = --. 

In like manner, since 
the equation is satisfied 
by the co-ordinates of 
N^ (a;=0, y=t), we have 

B__\ 

Substituting which values in the general form, it becomes 

X y 
a 

This equation holds whether the axes be oblique ol* rect- 
angular. 

It is plain that the position of the line will vary with the 

signs of the quantities a and J. For example, the equation 

X y 

- + ^ = 1, which cuts off positive intercepts on both axes, re- 

presents the line MN on the preceding figure ; ^ =^1, cutting 

off a positive intercept on the axis of a?, and a negative in- 
tercept on the axis of y, represents MN'. 

X ti 

Similarly, •" f ~ ^ represents NM' ; 




and 



X 1/ 

1 = 1 represents M'N'. 



By dividing by the constant term, any equation of the first 
degree can evidently be reduced to some one of these four forms. 
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Ex. 1. Examine the positloii of the following lines, and find the interoepts they 

make on the axes : 

2a;-3y = 7; 3a; + 4y + 9 = 0; 

3a; + 2y = 6 ; 4y-bx = 20. 

Ex. 2. The sides of a triangle being taken for axes, form the equation of the line 
joining the points which cut off the m^ part of each, and show, by Art 21, that it 
is parallel to the base. 



Ana. - + ^ = — . 
a m 



23. To ea^ess the eqtiatton of a right line in terms of the 
length of the perpendicular on it from the origin^ and of the 
angles which this perpendicular m/zkes with the axes. 

Let the length of the perpendicular OP^p^ the angle POM 
-which it makes with the axis of a; = a, 
PON=P, OM=a, ON^h. 

We saw (Art. 22) that the equa- 
tion of the right line MN was 



- + f=i. 



X 

a 




Multiply this equation by p, and we 
have 

P P 
• a 0^ ^ 

But - =co8a, ? = cos/8; therefore the equation of the line is 

X cosa + y cosyS =p. 

In rectangular co-ordinates, which we shall generally use, we 
have ;8 = 90* -a; and the equation becomes x cosa 4 y sina=j?. 
This equation will include the four cases of Art. 22, if we 
suppose that a may take any value from to 360°. Thus, .for 
the position NM'^ a is between 90** and 180°, and the coeflScient 
of a? is negative. For the position M'N\ a is between 180° and 
270°, and has both sine and cosine negative. For MN\ a is 
"between 270° and 360°, and has a negative sine and positive 
cosine. In the last two cases, however, it is more convenient 
to write the formula a; cosa + y sina = — j?, and consider a to 
denote the angle, ranging between and 180°, made with the 
positive direction of the axis of a;, by the perpendicular pro- 
duced. In using then the formula a; cosa + y sin a =^, we 
suppose^ to be capable of a double sign, and a to denote the 
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angle, not exceeding 180°, made with the axis of x either by 

the perpendicular or its production. 

The general form Ax + By-{-C=Oj can easily be reduced 

to the form x coBa-\- y siua=p) for, dividbg it by V(-4* + 5*), 

we have 

A B G _ 

^/[A^ -f i?^) "^ ■*■ ^J{A' + J5*) * "*" ^[A^ + B") " 
But we may take 

since the sum of squares of these two quantities = 1. 

Hence we learn, that -77-75 — ^ssr and ,, .^ — ^ir are re- 

spectively the cosine and sine of the angle which the per- 
pendicular from the origin on the line [Ax 4- 5y + (7= 0) makes 

G 
with the axis of ar, and that -jrji — ^Sx is the length of (his 

perpendicular. 

*24. To reduce the equation Ax-^By+G=0 {referred to 
oblique co-ordinates) to the form x cos a 4 y cosyS =p. 

, Let us suppose that the given equation when multiplied 
by a certain factor B is reduced to the required form, then 
J?^ = cosa, -B-B= cos )8. But it can easily be proved that, if a 
and P be any two angles whose sum is a>, we shall have 

cos'a + cos'yS - 2 cosa cosyS cos« = sin'©. 
Hence 5" (-4* + £" - 2 AB cos to) = sin" 01, 

and the equation reduced to the required form is 

A sin 0) B sin q> 



V(^'' + 5'»-2JBcosa)) 

And we learn that 

A sino) 



Ci 


-2AB 


COSO)) 


^/{A' + B'. 


-2AB 


C080>) 


B 


sino) 





V(^" + 5" - 2^5 cos «) ' V l^" + -B' - 2^-B cos ») ' 



♦ Articles anil Ghaxiters imu-ked with an asterisk may be omitted on a first leEtding. 
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are respectively the cosines of the angles that the perpendicular 
from the origin on the line Ax-^-By+C^O^ makes with the 

axes of X and y ; and that ,. .^ — f^ — tt-tis \ is the length 

^ ' V(-4* + 5 - 2AB cos o)) ^ 

of this perpendicular. This length may be more easily cal- 
culated by dividing the double area of the triangle NOM^ 
{ON.OMBinco) by the length of MN^ expressions for which 
are easily found. 

The square root In the denominators Is, of course, susceptible 
of a double sign ; since the equation may be reduced to either 
of the forms 

ajcosa-f ycosy9-jp = 0, x cos(a + 180*')+y co8(/8+ 180*')+j» = 0. 

25. To find ike angle between two lines whose equations with 
regard to rectangular coordinates are given. 

The angle between the linea is manifestly equal to the angle 
between the perpendiculars on the lines from the origin; if 
therefore these perpendiculars make with the axis of x the 
angles a, a', we have (Art. 23) 

A . B 



, A' . . B' 

cos a = -77-775 — ¥77^1 sm tt 



BA* — AB* 
Hence sin (a - a') = ^(^. ^ s^ ^(^>« ^ ^-.^ ; 

AA* -h BB' 

cos (a - a ) = ^(^« ^ 5«) ^(^'« ^ £'«) ; 

and therefore tan (a— a') =? —r-r, — ^ftft, • 

^ ^ A A + BB 

Cor. 1. The two lines are parallel to each other when 

BA'^AB'^0 (Art. 21), 

since then the angle between them vanishes. 

Cor. 2. The two lines are perpendicular to each other when 
-4-4' + JSi5' = 0, since then the tangent of the angle between 
them becomes infinite^ 
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If the equations of the lines had been given in the form 

since the angle between the lines is the dIflFerence of the angles 
they make with the axis of x^ and since (Art. 21) the tangents 
of these angles are m and m\ it follows that the tangent of the 

required angle is -, ; that the lines are parallel if «i = w' ; 

and perpendicular to each other if mm' + 1=0. 

*26. To find the angle between two lines ^ the co-ordinates being 
oblique. 

We proceed as in the last article, using the expressions of 
Art. 24, 

^^® " " V(^' + 5" - 2AB cosa>) ' 

A' Bin CD 
V(^"-f5''-2^'£'cosa))' 

consequently, 

B-^A cos© 



cos a = 



sma = 



sma = 



^/{A' + B'^2ABcosa>)^ 
B'-A'co^G) 



V(^'' + 5"-24'5'co8a))' 

'• . , _ n_ {BA'-AB')sm(ii> 

■'■ "° ^" " ' ~ ^{A' + B' - 2AB C08a>) Vl^" + -B" - 2A'B' co8<a) ' 

,, " BB' + AA' - {AB' + A'B) cosa 

cos (a - a ) - ^^^. _|_ ^, _ 2^^ ^^ ^^ ^^^,. ^ ^„ _ g^,^, ^^ ^^ , 

tai^a a J - ^^. ^ ^^, _ .^^, _^ ^^^^ . 

Cor. 1. The lines are parallel if BA' = AB\ 
Cor. 2. The lines are perpendicular td each other if 
AA -^ BB' = {AB' '\- BA') coBto. 

27. A right line can be found to satisfy any two conditions. 
Each of the forms that we have given of the general equa- 
tion of a right line includes two constants. Thus the forms 
y = 7nx-\-b^ a? cosa + y sina=2? involve the constants m and ft, i 

p and a. The only form which appears to contain more con- 
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stants IS Ax + Btf-{-G=0] but iu this case we are concerned not 

with the absolute magnitudes^ but only with the mutual ratios 

of the quantities -4, 5, C. For if we multiply or divide the 

equation hy any constant it will still represent the same line: 

we may divide therefore by (7, when the equation will only 

A B 
contain the two constants 7> > ty • Choosing then any of these 

forms, such as y=^mx-\-h^ to represent a line in general, we 
may consider m and b as two unknown quantities to be deter- 
mined. And when any two conditions are given we are able 
to find the values of m and 5, corresponding to the particular 
line which satisfies these conditions. This is sufiiciently illus- 
trated by the examples in Arts. 28, 29, 32, 33. 

28. To find the equation of a right line parallel to a given 
one^ and passing through a given point x'y\ 

If the line y = mx + b he parallel to a given one, the con- 
stant m is known (Cor., Art. 21). And if it pass through a 
fixed point, the equation, being true for every point on the line, 
is true for the point x'y^ and therefore we have y' = «waj' + J, 
which determines b. The required equation then is 

y = mx -hy' - mx\ or y'-y':=^m[x — x'). 

If in this equaition we consider m as indeterminate, we 
have the general equation of a right line passing through the 
point x'y\ 

29. To find the equation of a right line passing through two 
fixed points x'y'j xy'\ 

We found, in the last article, that the general equation of 
a right line passing through xy' is one which may be written 
In the form 

x— X 

where m is indeterminate. But since the line must also pass 
through the point x'y"^ this equation must be satisfied when 
the co-ordinates a?", y'\ are substituted for x and y\ hence 

It t — "*• 

X —X 
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Substitating this value of m^ the equation of the line becomes 



// 



y-y ^ y -y 

X- X* x" — a! ' 

In this form the equation can be easily remembered, but, 
clearing it of fractions, we obtain it in a form which is some- 
tiipes more convenient, 

(3^' - y") x^[x'-- x") y + xy - ya;" = 0. 
The equation may also be written in the form 

(^-^')(y-/) = (a^-x")(y-y'). 

For this is the equation of a right line, since the terms xy^ 
which appear on both sides, destroy each other; and it is 
satisfied either by making a; = aj', y—y'; or x — x*'^ y^y"' 
Expanding it, we find the same result as before. 

Cor. The equation of the line joining the point x*y' to the 
origin is y'x = xy. 

Ex. 1. Form the equations of the sides of a triangle, the co-ordinates of whose 
vertices are (2, 1), (3, - 2), (- 4, - 1). Ans, ar + 7y + 11 = 0, 3y - a; = 1, 8aj + y = 7. 

Ex. 2. Form the equations of the sides of the triangle formed by (2, 8), (4, - 5), 
(- 3, - 6). Ans, a? - 7y = 39, 9a; - 5y = 3, 4fl; + y = lU 

Ex. 3. Form the equation of the line joining the points 

xy and ; , ^ , * 

Am, {f/-i/')x- {x' - x") y + x'f - y'x" = 0. 
Ex. 4. Form the equation of the line joining 
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Ans, (y" + 1/" -2y')x- {x" + x"' - 2a;') y + xY - y"x' + x'y - y"V = 0. 

Ex. 5. Form the equations of the bisectors of the sides of the triangle described 
in Ex.2. Ans, 17a;-3y = 26; 7a; + 9y+17 = 0; 5a:-6y = 21. 

Ex. 6. Form the equation of the line joining 

Ix' - mx" lif - my" Ix' - nx"' If/ - ny"' 
l — m ' l—m l—n * l—n 

Ans, X {l{m^n) y' +m(n-l) y" +n{l-m)y'"}-y {l{m-n) xf -\-m{n--l) x''+n(l--^m)af"} 
= Im {y'x" - x'f) + mn {y"x'" - x'Y') + nl (y" V - ^a/"). 

30. To find the condition that three points shall lie on one 
right line. 

We found (in Art. 29) the equation of the line joining two 
of them, and we have only to see if the co-ordinates of the 
third will satisfy this equation. The condition, therefore, is 

[y, - y,) ^3 - (^1 - a?J y, + {^ty, - ^.y.) = o, 



\ 
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which can be put Into the more symmetrical form 

yi(a?«--a?3)+y,(a?,-a;J+y3(a?,-a;,)=0* 

31. To find Oie coordinates of the point of intersection oftioo 
right lines whose equations are given. 

Each equation expresses a relation which must be satisfied by 
the co-ordinates of the point required ; we find its co-ordinates^ 
therefore, by solving for the two unknown quantities x and y^ 
from the two given equations. 

We said (Art. 14) that the position of a point was deter* 
mined, being given two equations between its co-ordmates. The 
reader will now perceive that each equation represents a locus on 
which the point must lie, and that the point is the intersection of 
the two loci represented by the equations. Even the simplest 
equations to represent a point, viz. a; =» a, y =» i, are the equa- 
tions of two parallels to the axes of co-ordinates, the intersection 
of which is the required point. When the equations are both 
of the first degree they denote but one point ; for each equation 
represents a right line, and two right lines can only intersect in 
one point. In the more general case, the loci represented by 
the equations are curves of higher dimensions, which will inter- 
sect each other in more points than one. ** 

Ex. 1. To find the oo-ordinates of the vertices of the triangle the equations of 
whose sides aiea; + y = 2j a — 3y = 4; 8aj + 6y + 7 = 0. 

Ans. (-V4, -«), (V, - v), (f; -i). 

Ex. 2. To find the co-ordinates of the intersections of 

Sa; + y-2 = 0; a? + 2y = 5; 2«-3y + 7 = 0. 

-4IM. (I, V), (- t^i, H), (- h V). 
Ex. 3. Find the oo-ordinates of the intersections of 

2a? + 3y = 13 J 5x - y = 7 ; a? - 4y + 10 = 0. 

Ans, They meet in the point (2, 3). 

Ex.4. Find the co-ordinates of the vertices, and the equations of the diagonals, .,^ 

of the quadrilateral the equations of whose sides are *^. 

2y - 3a: = 10, 2y + a? = 6, 16a? - lOy = 38, 12aj + 14y + 29 = 0. 

Am, (-1, i), (3, f), (i, -^), (-8, i)j 6y-a? = 6, 8a? + 2y + l = 0. 

* In using this and other similar formulae, which we shall afterwards have occa- 
sion to employ, the learner must be careful to take the co-ordinates ^^ 
in a fixed order (see engraving). For instance, in the second member /'"'^^^ 
of the formula just given, y^ takes the pla^e of jy^, x^ of a^j, and Xi x'l ] J 
of a^. Then, in the third member, we advance from y, to y,* ^™ Vsw_-X 
ar, to a?!, and from Xi to a?2, always proceeding in the order just ^* * 
indicated. 
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Ex. 5. Find the interaections of opposite sides of the same qnadrilatenl, and the 
equation of the line joining them. Ans. (83, ^^\ (- V, W)» 162y - 199a; = 4462. 

Ex. 6. Find the diagonals of the parallelogranl foimed hy . 

a = a, fc = a', y = ft, y = ft'. 
Ans, {b-b')x-{a-a')y = a'b-db''y {b - b') x + {a - a*) y rz db - a*b\ 

Ex. 7. The axes of co-oidinates b^ing the base of a triangle and the bisector of 
the base, form the equations of the two bisectors of sides, and find the oo-ordinates 
of their intersection. Let the co-ordinates of the vertex be 0, y', those of the base 
angles x-.O; and -x-.O. ^ 8*-, - y-* - ^-y- = ; Ux-y + y-x - x-y- = ; (o, ^) . 

Ex. 8. Two opposite sides of a quadrilateral are taken for axes, and tise other 
two are . 

2S"^2ft"'-^' 2S"'"*"2ft'"~^' 
find the co-otdinates of the middle points of diagonals. Ans, (a, ft'), {a% ft). 

Ex. 9. In the same case find the oo-ordinates of the middle point of the line 
joining the intersections of opposite sides. 

Ans. — ^T rr — > — ti tt—- and the form of the result diows (Art. 7) 

oft — oft' ^ a'b — ab* ^ ' 

that this point divides externally, in the ratio o'ft : oft', the line joining the two 

middle points {a, ft'), (o'^ ft). 

32. To find the equation to rectangular axes of a right line 
passing through a given pointy and perpendicular to a given line^ 
y = mx + J. 

The condition that two lines should be perpendicular, being 
mm' = - 1 (Art. 25), we have at once for the equation of the 
required perpendicular 

It is easy, from the above, to see that the equation of the per- 
pendicular from the point x'y* on the line Ax + j5y + (7= is 

A{y^y')^B[x-x\ 

that is to say, we interchange the coefficients of x and y, and alter 
the sign of one^ of them, 

Ex. 1. To find the equations of the perpendiculars from each vertex on the 
opposite side of the triangle (2, I), (3, - 2), (- 4, - 1). 
The equations of the sides are (Art. 29, Ex. 1) 

a; + 7y + 11 = 0, 3y - a: = 1, 3aj + y = 7 j 
and the equations of the perpendiculars 

7a;-y = 13, 3a; + y=:7, 8^-a;:=:l. 
The triangle is consequently right-angled. 

Ex. 2. To find the equations of the perpendiculars at the middle points of the 
sides of the same triangle. The co-ordinates of the middle points being 

(- h - f), (- 1, 0), (f , - ^). 
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The perpendiculars' are 

7a? -y + ^ = 0, 8a; + y + 8 = 0, 8y - a: + 4 = 0, interaectang in (- J, - f). 

Ex. 3» Find the equations of the perpendioulais from the vertioes of the triangle 
(2, 3), (4, - 6), (- 3, - 6) (see Art. 29, Ex. 2). 

An8^ Ix + y^n^ 6aj + 9y + 26 = 0, a; - 4y = 21 ; intersecting in (5|, - W)- 

Ex. 4. Find the equations of the perpendiculars at the middle points of the sides 
of the same triangle. 

*An$. 7a? + y + 2 = 0, 6* + 9y + 16 = 0, aj - 4y = 7 ; intersecting in (- A, - fi), 

Ex. 5. To find in general the equations of the perpendiculars from the vertioes 
on the opposite sides of a triangle, the co-ordinates of whose yertioes are given. 

Am. (a:" -a;'")a? + (y" - y'") y + (a^ar"' + y'y'" ) - (ar'ar" +y'y" ) = 0, 
{pT'^^r ) a; + (/"-y ) y + (x'V +3^7 ) - (ar'V' + yY") = 0. 
{sif -txf')x + {ff -y")y + (a;'V' + y'V')-(«'V +y"y) = 0. 
Ex. 6. Find the equations of the perpendiculars at the middle points of the sides. 
An$. («" _aj'")aj + (y" - y'") y = ^ (a:"« - aT*) + ^ (y"« -y'"'), 
(a:'"-*' )aj + (y"'-y' )y=:i(ar'"«-a:^ ) + i(y'"«-y^ ), 
(ar' -a:")a?'+(y' -y")y = i(«^ -^'^) + W^ -tf'^)^ 

Ex. 7. Taking for axes the base of a triangle and the perpendicular on it from 
the vertex, find the equations of the other two perpendiculars, and the co-ordinates 
of their Intersection. The co-ordinates of the vertex are now (0, y'), and of the 
base angles («", 0), (- x"\ 0). 

(aj^aj \ 
0, -y-j. 

Ex. 8. Using the same axes, find the equations of the perpendiculars at the middle 
points of sides, and the co-ordinates of their intersection. 

^iw. 2(ar"'a?+y'y)=y^a;'"», 2(a;"a?-y'y)=a;"^y'«, 2a:=ar"-a;'", [-g— , ^^— ) • 

Ex. 9. Form the equation of the perpendicular from xy on the line x cosa +y suia =:p ,* 
and find the co-ordinates of the intersection of this perpendicular with the given line. 
An8» {«' + cosa (j> — ar' cosa — y* sine), y' + sina (^ — ar'cosa — y' sina)), 

£x« 10. Find the distance between the latter point and a;y. 

-4»w. + (/) — aj' cos a ~ y' sin o), 

33. To find the equation of a line passing through a given 
point and making a given angle 4>j toith a given line y = mx + h 
{the axes of co-ordinates heing rectangular). 

Let the equation of the required line be 

and the formula of Art. 25, 

, m — m 

tan9 = -r— >, 

^ 1 + mm 

enables us to determine 

m — tan^ 



m = 



!■{ m tan j> ' 
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34. To find the length of the perpendicular from any potni 
a?y, on the line whose equation is a? cosa + y cos)8— 2? = 0. 

We have already indicated (Ex. 9 and 10, Art. 32) one way 
of solving this question, and 
we wish now to show how the 
same result may be obtained 
geometrically. From the given 
point Q draw QB parallel to 
the given line, and Q8 perpen- 
dicular. Then OK==x\ and 
OT will be =x' cos a. Again, 
since SQK=fi^ and QK^y\ 

hence x' cos a + y' cos /S = OR, 

Subtract OP, the perpendicular from the origin, and 

x' cos a + y cos/8 - ^ = PR = the perpendicular Q V. 

But if in the figure the point Q had been taken on the side 
of the line next the origin, OR would have been less than OP, 
and we should have obtained for the perpendicular the expression 
p—x' cosa— y cos/8; and we see that the perpendicular changes 
sign as we pass from one side of the line to the other. If we 
were only concerned with one perpendicular, we should only 
look to its absolute magnitude, and it would be unmeaning to 
prefix any sign. But if we were comparing the perpendiculars 
from two points, such as Q and 8^ it is evident (Art. 6) that the 
distances QF, SV^ being measured in opposite directions must 
be taken with opposite signs. We may then at pleasure choose 
for the expression for the length of the perpendicular either 
±{p^x* cos a - y' cos/S). If we choose that form in which the 
absolute term is positive, this is equivalent to saying that the 
perpendiculars which fall on the side of the line next the origin 
are to be regarded as positive, and those on the other side as 
negative ; and vice versd if we choose the other form. 

If the equation of the line had been given in the form 

Ax'\- By+G = Oy we have only (Art. 24) to reduce it to the 

form 

X cosa + y cos)8— /7=0, 
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fCnd the length of. the perpendicular from anj point Qiy\ 

Ax' + By'-vG [Ax'^By'-^-C) 8ina> 

"■ V(^" + -B') ' ^'^ VU" + ^' -2.45 COS©)* 

accordmg as the axes are rectangular or oblique. By comparing 
the expression for the perpendicular from ody* with that for the 
perpendicular from the origin, we see that x'y' lies on the same 
side of the Kne as the origin when -4aj' + j5y +C7 has the same 
sign as (7, and vice versd. 

The condition that any point x'y' should be on the right line 
Ax + By-\-CI=^Oj is, of course, that the co-ordinates a?y should 
satisfy the given equation, or 

Ax' + By+C^O. 

And the present Article shows that this condition is merely the 
algebraical statement of the fact, that the perpendicular from 
the point x'y' on the given line is = 0. 

Ex. 1. Find tbe length of the perpendicular from the origin on the line 

3a; + 4y + 20 = 0, 
the axes being rectangolar, Ans, 4. 

Ex. 2. Find the length of the peipendicnlar from the point (2, 8) on 29 + y — 4 = 0* 

Q 

Ans, -jr : and the given point is on the side remote from the origin. 

Ex. 3. Find the lengths of the perpendicnlam from each yertex on the opposite 
Bide of the triangle (2, 1), (3, - 2), (- 4, - 1). 

Afu, 2 4(2), 4(10), 2 4(10), and the origin is within the triangle. 

Ex. 4. Find the length of the perpendicular from (3, - 4) on 4« + 2y - 7, the 
Bngle between the axes being 60°. 

Ans, I : and the point is on the side next the origin. 

Ex. 5. Find the length of the perpendicular from the origin on 

a (a; - o) + 6 (y - ft) = 0. An$. 4(a« + b^. 

35. To find the equation of a line bisecting the angle ietween 
two linesj x cosa-i-y sina ^p = 0, a; cos/S + y sin/8 — p' = 0. 

We find the equation of this line most simply by expressing 
algebraically the property that the perpendiculars let fall from 
any point xy of the bisector on the two lines are equal. This 
immediately gives us the equation 

X cosa + y sina — ;> = ±{x cos^ -f y sin^S — I^O j 

since eaclr side of this equation denotes the length of one of 
those perpendiculars (Art. 34). 
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If the equations had been given in the form Ax+B^-^-C^O^ 
A'x + B'y 4- C = 0, the equation of a bisector would be 

Ax + By'\-G _ A'x + B'y+G' 

It is evident from the double sign that there are two bisectors ; 
one such that the perpendicular on what we agree to consider 
the positive side of one line is equal to the perpendicular on 
the negative side of the other : the other such that the equal 
perpendiculars are either both positive or both negative. 

If we choose that sign which will make the two constant 
terms of the same sign, it follows from Art. 34 that we shall 
have the bisector of that angle. in which the ori^n lies; and if 
we give the constant terms opposite signs, we shall have the 
equation of the bisector of the supplemental angle. 

Ex. 1. Beduce the equations of the bisectors of the angles between two lines, to 
the form x cos a + ^ sin a =:^. 

Am. a:oos{i(a + /3) + 90<>}+ysintt(a + ^) + 90°} = ^-^^^|l-^; 

,,C0s|(a + «+ysini(a + /3)=^^^fj^^. 

Ex. 2. Find the equations of the bisectors of the angles between ^ . . - 

3a? + 4y-9 = 0, 12a; + 6y - 3 = 0. 

Am. 7a;-9y + 34 = 0, 9x + 7t/^ = 12, 

36. To find the area of the triangle formed hy three pqintSi 
If we multiply the length of the line joining two of the 
points, bj the perpendicular on that line from the third point, 
,we shall have double the area. Now the length of the perpen- 
dicular from x^y^ on the line joining x^y^^ x^y^j the axes being 
rectangular, is (Arts. 29, 34) 

(yi-y.)g^«"(^i-^Jy8-f a?iy«-a?^i 
V{(y.-y.r + (a^.-a./} 

and the denominator of this fraction is the length of the line 
joining a;,y„ aj^^, hence 

represents double the area formed by the three points. 

If the axes be oblique, it will be found on repeating the in- 
vestigation with the formulae for oblique axes, that the only 
change that will occur is that the expression just given is to be 
multiplied by sinw. Strictly speaking, we ought to prefix to 
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these exprcBsioiis the douhle sign implicitly involved in the 
square root used in finding them. If we are concerned with 
a single area we look only to its absolute magnitude without 
regard to sign. But if, for example, we are comparing two 
triangles whose vertices x^^^ xjf^^ are on opposite sides of the 
line joining the base angles x^y^^ x^^^ we must give their areas 
different signs ; and the quadrilateral space included by the four 
points is the sum instead of the difference o^he two triangles. 

Cor. 1. Double the ar^a of the triangle formed by the lines 
joining the points x^^^ xj/^ to the origin, is y^^^—y^^ as appears 
by making x^^ 0, yg = 0, in the preceding formula. 

Cor. 2. The condition that three points should be on one 
right line, when interpreted geometrically, asserts that the area 
of the triangle formed by the three points becomes = (Art. 30). 

37. To express the area of a polygon in terms of the ca-ordt" 
nates of its angular points. 

Take any point xy within the polygon, and connect it with 
all the vertices x^y^y oi;jf^...xj/^] then evidently the area of the 
polygon is the sum of the areas of all the triangles into which 
the figure is thus divided. But by the last Article double these 
areas are respectively 

^^n -y^-y{^n -^i)+a^n yi-^iyn- 

When we add these together, the parts which multiply x and y 
vanish, as they evidently ought to do, since the value of the total 
area must be independent of the manner in which we divide it 
into triangles ; and we have for double the area 

This may be otherwise written, 

^t (y2-yJ +^2 (2^8-^1) + ^8 (2^4-^2) +-«^« (yt -y„Jj 

or else 

yi[^n-^^^y^[^x-^^-^yA^2"^^^'-yn[^n^-^i)' 
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Ex. I. Find the area of the triangle (2, 1), (3, - 2), (- 4, - 1). Ang, iO; 

Ex. 2. Find the aiea of the triangle (2, 3), (4, - 5), (- 3, - 6). Am. 29. 

Ex. 8. Find the area of the quadrilateral (1, 1), ^2, 3), (3, 3), (4, 1). Uns» 4. 

38. To find the condition that three right lines shall meet in 
a point. 

Let their equations be 

If they intersect, tlfe co-ordinates of the intersection of two of 
them must satisfy the third equation. But the co-ordinates of 

the mtersection of the first two are ~TW—Trn^ ar' ^ A'R * 

Substituting in the third, we get, for the required condition, 
A" [BC ^B'G) + B" ( CA' - C'A) + G" {AB - AB) = 0, 

which may be also written in either of the forms 
A {B' C" - B" C) 4 JS ( G'A" - G"A') + G {A'B" - A"B') = 0, 
A (JS' G" - B" G') + A [B" G - BG") + A" \bG' ^ B'G)^ 0. 

*39. To find the area of the triangle formed hy the three lines 

By solving for x and y from each pair of equations in turn 
we obtain the co-ordinates of the vertices, and substituting 
them in the formula of Art. 36, we obtain for the double area 
the expression 

BG'-B'G ( A'G"-^G'A" _ A'G-G"A 
AB' - BA' \B'A" - A'B" B"A - A"B^ * 
B'G"-B"G' (A"G-G"A AG'.-r-GA') 



B'G"-B"G' ( A'G- 
■*■ AB" - B'A' \b"A - 



+ 



A'B BA - AB' 
B"G-BG" (AG'-GA AG"-G'A'^ 
A'B^B'A 



BA-^AB' BA"^AB'' 

But if we reduce to a common denominator, and observe that 
the numerator of the fraction between the first brackets is 

{A' [BG' -'B'G)-\'A [B'G" - B"G') + A {B"G- G"B)} 
multiplied by A" ; and that the numerators of the fractions be- 
tween the second and third brackets are the same quantity 
multiplied respectively by A and Aj we get for the double area 
the expression 

{A{B'G"^B"G') + A{B"G^BG") + A"{BG'^B'C)Y 
{AB' - BA) [AB" - B'A") {A'B- B"A) ' 
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If the three lines meet in a point, this expression for the 
area vanishes (Art. 38) ; if any two of them are parallel, it 
becomes infinite (Art. 25). 

40. Given the equations of tioo right linea^ to find the equation 
of a third through their point of intersection. 

The method of solving this question, which will first occur 
to the reader, is to obtain the co-ordinates of^he point of inter- 
section by Art. 31, and then to substitute these values for x'y* in 
the equation of Art. 28, viz., y — y' — m{^ — x). The question, 
however, admits of an easier solution by the help of the following 
important principle : If S^O^ 8' =^(i^he the equations of any two 
locij then the locus represented by the equation S+kS*=0 {where 
k is any constant) passes through every point common to the two 
given loci. For it is plain that any co-ordinates which satisfy 
the equation /S^=0, and also satisfy the equation 8^ = 0^ must 
likewise satisfy the equation 8'\- h8' = 0. 

Thus, then, the equation 

[Ax-\'By-vC)^-1c[Ax^ B'y + G'):=-% 

which is obviously the equation of a right line, denotes one 
passing through the intersection of the right lines 

for if the co-ordinates of the point common to them both be sub- 
stituted in the equation [Ax + -% + (?) + * [A'x + B'y + C) = 0, 
they will satisfy it, since they make each member of the equa- 
tion separately = 0. 

Ex. 1. To find the equation of tne line joining to the origin the intersection of 

Multiply the first by C", the second by Cy and subtract, and the equation of the 
lequiied line \b {AC — A'C) x + {BC ^ CB*) y = 0; for it passes through the origin 
(Art. 18), and by the present article it passes through the iatersection of the given lines. 

Ex. 2. To find the equation of the line drawn through the intersection of the same 
lines, parallel to the axis of x, Ans, {BA' - AB') y + CA' - AC = 0. 

Ex. 8. To find the equation of the line joining the intersection of the same lines 
to the point xy . Writing down by this article the general equation of a line through 
the intersection of the given lines, we determine k fi-om the consideration that it must 
be satisfied by the co-ordinates x't/', and find for the required equation 

{Ax + By + C) {A'x' + B^ + C) = {Ax' + By' + C) {A'x + B'y + C), 

Ex. 4. Find the equation of the line joining the point (2, 3) to the intersection of 
2x +3y +^1 = 0, 3a;.- 4^ = 5. 

Ans. 11 {2x + 3^ + 1) + 14 (3a: - 47 - 5) = ; or 64a; - 23y = 59. 

F 
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41. The principle established in the last article gives us a 
test for three lines intersecting in the same point, often more 
convenient in practice than that given in Art. 38. Three right 
lines will pass tkrough the same 'point if their equations being 
multiplied each by any constant quantity^ and added together j the 
sum is identically = : that is to say, if the following relation 
be true, no matter what x and y are : , 

l[Ax^By^-G)-Vm[A'x-{'B'y+G')-\'n[A"x^-B"y^-G")=-(i. 

For then those values of the co-ordinates which make the fir&t 
two members severally = must also make the third = 0. 

Ex. 1. The three bisectors of the sides of a triangle meet in a point. Their 
equations are (Art. 29, Ex. 4) 

{y" + y'" -2y' )x- {x" + af" -2x' )y + {x"y' - fx' ) + (x'Y - /'V ) = 0, 
(y'" + y' - 2t/" ) X - {x'" + x' - 2ar" ) y + {^"y" - y'''^^") 4- i:x'y" - y'x" ) = 0, 
iy' + y" - 2y"0 x-{x' + x" - 2x'") y + {x'y'" - y'x'" ) + {^'f - fx'") - 0. 

And since the three equations when added together vanish identically, the lines 
represented by them meet in a point. Its co-ordinates are found by solving between 
any two, to be i (x' + x" + a?'"), ^ (y' + y" + y'"), 

Ex. 2. Prove the same thing, taking for axes two sides of the triangle whose 
lengths are a and h. .2a;v^/va;2y^-a;«- 

a ' a ' a 

Ex. 3. The three perpendiculars of a triangle, and the three perpendiculars at 
middle points of sides respectively meet in a point. For the equations of Ex. 5 
and 6, Art. 32, when added together, vanish identically. 

Ex. 4. The three bisectors of the angles of a triangle meet in a point. For their 

equations are 

(a;C08a +y tana —p ) — (x cos/8 +y sin)3 —p') = 0, 

{x cos)3 + y sinj8 — y ) — {x cosy + y siny —p") = 0. 

{x cosy + y sin y —p") ^ (x cos a 4- y sina —p ) = 0. 

*42. To find the co-ordinates of the intersection of the line 
joining the points x'y'^ ^"y'l ^^'-^^ ^^^ right line Ax-\- By + C=0. 

We give this example in order to illustrate a method (which 
we shall frequently have occasion to employ) of determining the 
point in which the line joining two given points is met by a 
given locus. We know (Art. 7) that the co-ordinates of any 
point on the line joining the given points must be of the form 

mx" -f- nx my" 4- w?/ 

a? = — , ?y =i -^ — ; 

m-\-n ' "^ m-{-n 



and we take as our unknown quantity — , the ratio, namely, in 
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"which the line joining the points is cut hj the given locus; and 
we determine this unknown quantity from the condition, that 
the co-ordinates just written shall satisfy the equation of the 
locus. Thus, in the present example we have 

. mx" + nx' ^ my" + ny' ,^ ,^ 

A ■\'B -^ ^^-1.(7=0; 

m + n m-^n ' 

m _ Ax'^-By' \G 
^^^"^ n '^ " Ax" + By" -\-C' 

and consequently the co-ordinates of the required point are 

_ {Ax' + By' + G) x" ~ {Ax" + By" + G) x' 
^•" {Ax'-\-By' + q^{Ax"^By"+G) ' 

with a similar expression for y. This value for the ratio m : n 
might also have been deduced geometrically from the considera- 
tion that the ratio in which the line joining x'y'^ x"y' is cut, is 
equal to the ratio of the perpendiculars from these points upon 
the given line ; but (Art. 34) these perpendiculars are 

Ax' + By'+G , Ax" + By" -^G 

^{A' + B') ^/{A' + B') • 

The negative sign in the preceding value arises from the fact 

that in the case of internal section to which the positive sign of 

m : n corresponds (Art. 7), the perpendiculars fall on opposite 

sides of the given line, and must, therefore, be understood as 

having different signs (Art. 34). 

If a right line cut the sides of a triangle BG^ GA^ ABj in 

the points LMN^ then 

BL.GM.AN _ 

LG.MA.NB' ' 

Let the co-ordinates of the vertices be x'y'^ x'y\ ^'*y"y then 

BL __ Ax" +By" -{-G M 

LG" Ax'" + By"' + G' 

CM _ Aal" + By"'+G 
MA'^ Ax' -{-By' -fC' 

AN Ax' +By' +G 
NB' Ax" '\-By"+G' 

and the truth of the theo- N 
rem is manifest. 
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*43, To find the ratio in which the line joining tux> points 
^xVai ^J/iJ ^ ^^^ ^y ^^ Une joining two other points xjf^^ xjf^. 
The equation of this latter line is (Art. 29) 

(y8-y4)^"-(«8-«'4)y+^8y4-«^4y.=o- 

Therefore, by the last article, 

» (y8-y4)»«-(^8-«'4)y»+^8y4-^4.y8' 

It is plain (by Art. 36) that this is the ratio of the two tri- 
angles whose vertices are x^y^^ xj/^^ x^^^ and xj/^^ xjy^^ xj/^^ as 
also is geometrically evident. 

If the lines connecting any assumed point loith the vertices, of 
a triangle meet the opposite sides BC^ CAj AB respectively^ in 

D. E. F. then 

BD.GE.AF 

DC.EA.FB"'^ ' 

Let the assumed point be a;^^, and the vertices xj/^y xj/^y 
xj/^y then 

^G a^iCy,~ya)+^4(y«-yi)+^.(yi-yJ' 
^ ^ ^ a^» (^8-^4 ) +^8 (y4- y«) +^4(y«~y8) 

^F ^ x^{y^-y^-{'X^{y^-y^-\-x^[y^-y^ 

FB x^ (^3- ^4) +a^8 (^4-^2) +^4 (y^-ya) ' 

and the truth of the theorem is evident. 
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44. To find the polar equation of a right line (see Art. 12). 

Suppose we take, as our fixed axis, OP the perpendicular on 
the given line, then let OR be 
any radius vector drawn from 
the pole to the given line 

Oi? = />, BOP=0] 

but, plainly, 

OBco80=OP, 

hence, the equation is 

p cos0^p. 
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If the fixed axis be OA making an angle a with the perpen- 
dicular, then BOA^dj and the equation Is 

This, equation maj also be obtained by transforming the 
equation with regard to rectangular co-ordinates, 

X cosa + y sina=/?. 

Rectangular co-ordinates are transformed to polar by writing 
for a;, p cos^, and for y, p sin^ (see Art. 12) ; hence the equa- 
tion becomes 

p (cobO cosa + sin^ sina) =^ ; 

or, as we got before, /> co8(5 — a) =p. 

An equation of the form 

/o(-4cos^ + ^8!ntf)=(7 

can be (as in Art. 23) reduced to the form p co8(^ — a)=p, by 
dividing by V(-4* + ^*) ; we shall then have 

A . B G 

''''^'''^/{^TWy ^'"'"'"^j^^TWy P'^jiA'-^BY 

Ex.1. Bedaoe to lectangnUar <X)-o£dlxiat« the eq^tion 

Ex. 2. Knd the polar co-ordinates of the intersection of the following lines, and 
also th,e angle between them : jp cosf Q - ^ j = 2«» ^ cosf 6 - ^ j = a, 

Ans, /» = 2a, B = ^, angle =:^. 

Ex. 3. Find the polar equation of the line passing through the points whose 
polar co-ordinates are p', 6'j p", 0". 

Am. pV*8^(e'^n+/»>»ii(^'--^)+^P'«^(®^^ = ^- 
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CHAPTER III. 



EXAMPLES ON THE RIGHT LINE. 



45. HAVlNa In the last chapter laid down principles by 
which we are able to express algebraically the position of any 
point or right line, we proceed to give some further examples 
of the application of this method to the solution of geometrical 
problems. The learner should diligently exercise himself in 
working out such questions until he has acquired quickness 
and readiness in the use of this method. In working such 
examples our equations may generally be much simplified by a 
judicious choice of axes of co-ordinates : since, by choosing for 
axes two of the most remarkable lines on the figure, several of 
our expressions will often be much shortened. On the other 
hand, it will sometimes happen that by choosing axes imcon- 
nected with the figure, the equations will gain in symmetry 
more than an equivalent for what they lose in simplicity. 
The reader may compare the two solutions of the same question, 
given Ex, 1 and 2, Art. 41, where, thopgh the first solution 
is the longest, it has the advantage that the equation of one 
bisector being formed, those of the others can be written down 
without further calculation. 

* Since expressions containing angles become more complicated 
by the use of oblique co-ordinates, it will be generally advisable 
to use rectangular axes in any question in which the considera- 
tion of angles is involved. 

46. Locu — Analytical geometry adapts itself with peculiar 
readiness to the investigation of loci. We have only to find 
what relation the conditions of the question assign between the 
co-ordinates of the point whose locus we seek, and then the 
statement of this relation in algebraical language gives us at 
once the equation of the required locus. 
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Ex. 1. Given base and difterenoe of squares of sides of a triangle, to find the 
locus of vertex. 

Let us take for axes the base and a perpendicular through its middle point. Let 
the half base = c, and let the co-ordinates of the vertex 
be X, y. Then 

^C« = y«+(c + «)«,♦ -BC« = y« + (c - «)«, 

AC^ - BC^ = Acx, 

and the equation of the locus is 4cx = m^ The locus 
is therefore a line perpendicular to the base at a dis- 

tance from the middle point x — j-. It is easy to see 

that the difference of squares of segments of base = difference of squares of sides. 

Ex. 2. Find locus of vertex, given base and cot^ + m cot B, 
It is evident, from the figure, that 




^ . AR c+x 



00t5 = 



c — x 



y y 

and the required equation \ac + x + m{c — x)-=^py) the equation of a right line. 

Ex. 3. Given base and sum of sides of a triangle, if the perpendicular be pro- 
duced beyond the vertex until its whole length is equal to one of the sides, to find 
ihe locus of the extremity of the perpendicular. 

Take the same axes, and let us inquire what relation exists between the co-ordi- 
nates of the point whose locus we are seeking. The x of this point plainly is MR^ 
and the y is, by hypothesis, = AC 'y and if m be the given sum of sides, 

BC = m — y. 

Now (EucUd II. 13), BC^ = AB^ + AC^ - 2AB . AR ; 

or (to — y)* = 4c* + y* — 4c (c + x). 

Beducing this equation, we get 

2my — 4ca; = wi', 
the equation of a right line. 

Ex. 4. Given two fixed lines, OA and OB, if any line AB he drawn to intersect 
them parallel to<a third fixed line OC, to find the locus of the point P where AB 
is cut In a given ratio ; viz. PA = nAB, 

Let us take the lines OA, OC for axes, and let the 
equation of OB be' y = mx. Then since the point B lies 
on the latter line, its ordinate is m times its abscissa ; or 
AB = mOA, Therefore PA = mnOA j but PA and OA 
are the co-ordinates of the point P, whose locus is there- 
fore a right line through the origin, having for its equation, 

y = mux. 




* This is a particular case of Art. 4, and c + a; is the algebraic difference of the 
abscissas of the points A and C (see remarks at top of p. 4). Beginners often reason 
that since the line AR consists of the parts AM = — c, and MR = x, its length i» 
— c + x, and not c + x, and therefore that AC^ = y^ + {x — c)'. It is to be observed 
that the sign given to a line depends not on the side of the origin on which it lies, 
but on the direction in which it is measured. We go from yl to J? by proceeding 
in the positive direction AM — c, and still further in the same direction MR = x^ 
therefore the length -4^ = c 4- x : but we may proceed fi'om jB to jB by first going" 
in the negative direction RM = — a;, and then in the opposite dii-ection MB = c, 
hence the length RB is c x. 



40 



EXAMPLES OX THE BIGHT LINE. 



Ex. 6. PA drawn parallel to OC, as before, meets any number of fixed lines in 
points Bf B^ B\ <fec., and PA is taken proportional 1^ the sum of all the ordinates 
BA^ B^A, Ac, find the locus of P. 

Ans, li the equations of the lines be 

y = mxj y = m'x + »', y = fn'*x + n", Ac, 
the equation of the locus is 

kyzzmx-k- (m'x + n') + (m"x + n") + Ac. 

Ex. 6. Given bases and sum of areas of any number of triangles haying a common 
vertex, to find its locus. 

Let the equations of the bases be 

X cosa + y sina — j? := 0, a cosjS + y 8in/3 —pi = 0, Ac, 

and their lengths, a, b, c, Ac. ; and let the given simi = m^ ; then, since (Art. 34) 
a? cosa + y sina— jp denotes the perpendicular from the point xy on the first line, 
a {x coaa+y ema—p) will be double the area of the first triangle, Ac, and the 
equation of the locus will be 

a (a; coso + y sina — jp) + b{x cos/3 + y sin/3 — />i) +c (a; cosy + y siny — pj -f-Ac je2»^ 

which, since it contains x and y only in the first degree, will represent a right line. 

Ex. 7. Given vertical angle and sum of sides of a triangle, find the locus of the 
point where the base is cut in a given ratio. li 

The sides of the triangle are taken for axes; Nx\l* 

and the ratio PK : PL is given =n :m. Then 
by fliTnilar triangles, 

^^_(m_+_n)_x ^j. _ (m + ft) y 
m * n * 

X w 

and the locus is a right line whose equation is — h - = 

m n 




n m + n 

Ex. 8. Find the locus of P, if when perpendiculars PJ/, PN are let fall on two 
fixed lines, 0M+ ON is given. 

Taking the fixed lines for axes, it is evident 
that OM = a? + y cos w, ON =:y + x cos a», and 
the locus is a; 4- y = constant, 

Ex. 9. Find the locus if MN be parallel to 
a fixed line. 

Am, y -i- X coato = fii {x + y cosw). 

Ex. 10. If MN be bisected [or cut in a given 
ratio] by a given line y = mx + n. 

The co-ordinates of the middle point ex- 
pressed in terms of the co-ordinates of P are ^ (a; -f- y cosw), ^{y + x cos to) j and since 
these satisfy the equation of the given line, the co-ordinates of P satisfy the equation 

y + x COSO) = m {x + y cosco) -I- 2». 

Ex. 11. P moves along a given line y =r «ix + «, find the locus of the middle point 
of MN, li the co-ordinates of P be a, /3, and those of the middle point a;, y, it has 
just been proved that 2x — a + p cos w, 2y = /3 -h a cos &». Whence solving for a, /3, 

a siu^w = 2a; — 2y cosco, /3 sin^o* = 2y ^ 2a; coscu. 

But a, j3 are connected by the relation fi=zma + n, hence 

2y — 2a? COSO) = ni {2x — 2y cos co) -h » sin^w. 
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47. It IS customary to denote by x and y the co-ordinates of 
a variable point which describes a locus, and the co-ordinates of 
fixed points by accented letters. Accordingly in the preceding 
examples we have from the first denoted by x and y the co- 
ordinates of the point whose locus we seek. But frequently in 
finding a locus it is necessary to form the equations of lines 
connected with the figure; and there is danger of confusion 
between the x and y, which are the running co-ordinates of a 
point on one of these lines, and the x and y of the point whose 
locus we seek. In such cases it is convenient at first to denote 
the co-ordinates of the latter point by other letters such as a, fij 
until we have succeeded in obtaining a relation connecting these 
co-ordinates. Having thus found the equation of the locus, we 
may if we please replace a, ^ by a? and y, so as to write the 
equation in the ordinary form in which the letters x and y are 
used to. denote, the co-ordinates of the point which describes 
the locus. 

Ex. 1. Find the locus of the vertex of a triangle, given the base CDj and the 
ratio AM : NB of the parts into which the sides 
divide a fixed line AB parallel to the base. Take 
AB and a perpendicular to it through A for axes, 
and it is necessary to express AM, NB in terms 
of the co-ordinates of P. Let these co-ordi- 
nates be a/3, and let the co-ordinates of C, /> be 
or'y', a^'if, the y' of both being the ss^e since CD 
is pamllel to AB, Then the equation of PC joining 
the points a/?, x'^ is (Art. 29) 

(/3-y')aj-(a-x')y = /3x'-ay'. 

This equation being satisfied by the x and y of every point on the line PC, is satisfied 
by the. point M, whose .y = and whose x = AM» Making then y = in this equa- 
tion, we get 

^'^^- ^-y' ' 

8x" - af/ 
In like manner, AN = ~ r » 

and if AB = c, the relation AM= kBN gives 

"We have now expressed the conditions of the problem in terms of the co-ordinates of 
the point P ; and now that there is no further danger of confusion, we may replace 
a, /3 by a?, y ; when the equation of the locus, cleared of fractions, becomes 

yx' -xy' = k [c iy-y')- {yx" - xy% 

Ex. 2. Two vertices of a triangle ABC move on fixed right lines LM, LN, and 
the three sides pass through three fixed points 0, P, Q which lie on a right line } 
find the locus of the third vertex. 

a 
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Take for axis of x the right line OP, oontaining the thtee fiz^ points, and for 
axis of y the line OL joining the inter- 
section of the two fixed lines to the point 
through which the base passes. Let the 
co-ordinates of C be a, /3, and let 

l9i> = 6, Oif=fl, ON=a'y OP=c, OQ=:z^. 

Then obviously the equations of LM, LN 
are 

- +r=l and -7 + |-=l. 
" b a b 



a, 



The equation of CP through afi and 

P (y = 0, a? = c) is 

(a - c) y - /2a; + /fc = 0, 

The co-ordinates of A, the intersection of this line with 




a 



are 



a;, = 



_ rt5 (a — c) + ac^ __ 6 {a — c) ^ 
6 (a - c) + a/3 ' ^» ~6(«-c) + a^' 



The co-ordinates of B are found by simply accentuating the letters in the preceding t 

_ a'b (g - cQ -f- aV/3 ft (g^ - cQ /3 

ITow the condition that two points x^i^ x^^ s^^^ ^^^ on a right line passing through 
the origin, is (Art. 30) ^ = -^ . 



Xi ajj 



Applying this condition we have 

b{a-c)^ h (a' -c*)^ ' 

ab {a-c) + acfi " a'b {a - <f) A- aV/3 ' 

We have now derived from the conditions of the problem a relation which must be 
satisfied by afi the co-ordinates of C: and if we replace a, /3 by x, y we have the 
equation of the locus written in its ordinary form. Clearing of fractions, we have 

{a — c) [a'6 {x — c') + a'c*y] = {a' — c') [ab (x — c) + aicy]f 



or 



(ac' - a'c) X +^=1 

cc' {a — a') — au' (c — c') b ' 



the equation of a right line through the point L, 

Ex. 3. If in the last example the points P, Q lie on a right line passing not 
through but through Ly find the locus of vertex. 

We shall first solve the general problem in which the points P, Q have any 
position. We take the fixed lines LMj LN for axes. Let the co-ordinates of 
P, Qf 0, C he respectively a^y, x"y"f x"'y"\ a/3; and the condition which we 
want to express is that if we join CP, CQ and then join the points A, Bj in which 
these lines meet the axes, the line AB shall pass through 0. The equation of CP 
13 (fi - y') X - {a - x^) y = fix' - ay\ 

And the intercept which it makes on the axis of a; is 

fix' - ay' 



LA = 



^-y' 



In like manner the intercept which CQ makes on the axis qf y is 



LB = 



ay" - fix" 



a — X 



ft 



The equation of AB is 

X 



LA ^ LB - ^' 



^ T(fi-y') .y (a^a^') _ 
px — ay ay — px 
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Aiid the condition of the problem is that this equation ahall be satisfied by the 
o^rdinates x*"jf'\ In order then that the point C may fulfil the conditions of the 
jAx)blem, its coordinates aj3 must be connected by the relation 

fix' -ay' "^ ay" - ^x" ~ 
When this equation is cleared of fractions, it in general involves the co-ordinates 
a/3 in the second degree. But suppose that the points afj/y oif'^' lie on the same 
line passing through the origin y = mXf so that we have y' = maff y" = ma;", the 
equation may be written 

a/ 03 - aw») x" {am - /3) 
Clearing of fractions and replacing a, /3 by a; and y, the locus is a right line, viz., 

a" V iy-f/)- f'^ (^ - ^') = ^^' ("w; - y). 

48. It is often convenient, instead of expressing the condi- 
tions of the problem directly in terms of the co-ordinates of the 
point whose locus we are seeking, to express them in the first 
instance in terms of some other lines of the figure ; we must 
then obtain as many relations as are necessary in order to 
eliminate the indeterminate quantities thus introduced, so as to 
have remaining a relation between the co-ordinates of the point 
whose locus is sought. The following Examples will sufficiently 
illustrate this method. 

Ex. 1. To find the locus of the middle points of rectangles inscribed in a given 
triangle. 

Let us take for axes CR and AB) let CR =pj RB = s, AR = «'. The equations 
of ^Cand^Care 

1-^=1 and * + *=!. 

Kow if we draw any line F8 parallel to the base 
at a distance FK = k, we can find the abscissae of 
the points F and 8, in which the line F8 meets 
AC and BCf by substituting in the equations of 
AC and BC the value y = k. Thus we get from 
the first equation, 

--^=1; .-. a; or iZA- = - «' f 1 
p s ' \ 

and from the second equation 

x otRL = 8 fl — J . 

Having the abscissss of F and 8^ we have (by Art. 7) the abscissa of the middle 

point of F8, viz., x = — ^ — . f 1 — j . This is evidently the abscissa of the middle 

point of the rectangle. But its ordinate ia y = ^k. Now we want to find a relation 
which will subsist between this ordinate and abscissa whatever k be. We have 
only then to eliminate k between these equations, by substituting in the first the 
value of k (= 2y), derived from the second, when we have 




k X 

- + -=1; 

p 8 



2x = {s-s')(l~^j), 
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2x 
or 



2y . 



This is the equation of the locus which we seek. It obTionsly represents a right line, 
and if we examine the intercepts which it cuts off on the azeS) we shall find it to be the 
line joining the middle point of the perpendicular CB to the middle point of the base. 

Ex. 2. A line is drawn parallel to the base of a triangle, and the points where it 
meets the sides joined to any two fixed points on the base ; to find the locus of the 
point of intersection of the joining lines. 

We shall preserve the same axes, Ac, as in Ex. 1, and let the co-ordinates of the 
fixed points, T and F, on the base, be for T (m, 0), and for V (n, 0). 

The equation of FT will be found to be 

j«' U - - J + »»| y + Jb; - few = 0, 



|« (l--)- «}y-fer + *n =0, 



ftndthatof /9rtobe 

^> 

Now since the point whose locus we are seeking lies on both the lines FTj SVf each 
of the equations just written expresses a relation which must be satisfied by its co- 
ordinates. Still, since these equations involve Xr, they express rdations which are only 
true for that particular point of the locus which corresponds to the case where the 
parallel F8 is drawn at a height k above the base. If, however, between the equa- 
tions, we eliminate the indeterminate k^ we shall obtain a relation involving only the 
co-ordinates and known quantities, and which, since it must be satisfied whatever be 
the position of the parallel F8, will be the required equation of the locus. 

In order, then, to eliminate k between the equations, put them into the form 

FT (*' + m) y - * ^- y - a? + «) =1 0, 

imd 8V (« - «) y - * f -^ y + a; - «J = : 

and, eliminating k, we get for the equation of the locus 

(a — n) ( - y — a + mj = («' + wi) (- y + a; — »] , 

But this is the equation of a right line, since x and y are only in the first degree. 

Ex. 3. A line is drawn parallel to the base of a triangle, and its extremities 
joined transversely to those of the base ; to find the locus of the point of intersection 
of the joining lines. 

This is a particular case of the foregoing, but admits of a simple solution by 
choosing for axes the sides of the triangle AC and CB, Let the lengths of those 
lines be a, 5, and let the lengths of the proportional intercepts made by the parallel 
be fjMf fib. Then the equations of the transversals will be 

. ?+i^,= land ^+1=1. 
a fio fjuob o 

Subtract one from the other ; divide by the constant 1 , and we get for the 

equation of the locus 

^ y ^ 

a ' 

which we have elsewhere found (see p. 34) to be the equation of the bisector of the 
base of the triangle. 

Ex. 4. G^iven two fixed points A and B, one on each of the axes ; if A' and ff be 
taken on the axes so that OA' + OB^ = 0A + OB ,• find the locus of the intersection 
Of 45', A'B. 




]gXAMPLES ON THE RIGHT LINK. 45 

Let OA = af OB = h,' OA''=a-hk, then frotn the conditions of the problem, 
OB' = b— k. The equations of AB', A'B are respectively 

or bx + ay — ab-\-k{a — x) = (i, 

bx + ay — (tb + k {y — i) = 0. 
Subtracting, we eliminate ky and find for the equation of the locus 

x + y = a + b, 

Ex. 5. If on the base of a triangle we take any portion AT, and on the other side 
of the base another portion BSy in a fixed ratio to ^T, and draw ET and FS parallel 
to a fixed line CM ; to find the locus of 0, the point of intersection of EB and FA, 

Take AB and CB for axes j let AT =k,BB = «, 
AR — 8% CR = p, let the fixed ratio be to, then 
BS will = mk ; the co-ordinates of Synil be (a — mkj 0), 
and of T {- (a' - k), 0}. 

The ordinates of E and F will be found by sub- 
stituting these values of x in the equations of AC x n^ 
asidBC, We get for ^ " 

E, x = -{8'-k\ y=^, 

and for F, x = 8-~mkj y=— ^, 

Now form the equations of the transverse lines, and the equation of EB is 

(« + «'-*)y+^a:-^=:0, 

and the equation of AF is 

- - ,^ . mpk mpks* 

(« + »' — m*) y ^— X — = 0. 

To eliminate k^ subtract one equation from the other, and the result, divided 
by ky will be 

which is the equation of a right line. 

Ex. 6. PP and QQ' are any two parallels to the sides of a parallelogram ; to 
find the locus of the intersection of the lines PQ, and P'Q^, 

Let us take two of the sides for our axes, and let the lengths of the sides be a 

•'and 5, and let ^Q' = to, AP = n. Then the equa- ^-j — ^ 

tion of PQ, joining P (0, n) to Q (to, d) is " ^ ^ 

(ft — ») « — my + TO« = 0, 

and the equation of P'Q' joining P' (a, n) to 
(X (w, 0) is 

nx -^ {fl ^ inC) y — mn = 0, 

There being two indeterminates to and », we . _ , 
should at first suppose that it would not be pos- "^ " 
sible to eliminate them from tipo equations. However, if we add the above equations, 
' it will be found that both vanish together, and we get for our locus 

bx — ay = Of 
the equation of the diagonal of the parallelogram. 

Ex. 7. Given a point and two fixed lines : draw any two lines through the fixed 
point, and join transversely the points where they meet the fixed lines ; to find the 
locus of intersection of the transverse lines. 





m n 
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Take the fixed lines far axes, and let the eqtiations of the lines through the fixed 
point be 

^ + ?! = l, and^, + i. = l. 
m n ^ m' n' 

The condition that these lines should pass through the fixed point xy gives us 

^ + 8^ = 1, and ^ + <=l; 

\j» my " \n nj 
Now the equations of the transyerse lines clearly are 

^ + 4 = 1, and^+ii=l; 

l» « ' TO » ' 

or, subtracting, 

Now from this and the equation just found we can elixninate 

\TO m'J \n nV 

and we have 7?y-\-%fx^ 0, 

^ .the equation of a right line through the origin. 

'' Ex. 8. At any point of the base of a triangle is drawn a line of given length, 

parallel to a given one, and so as to be cut in a given ratio by the base : find the 
locus of the intersection of the lines joining its extremities to those of the base. 

49. The fundamental idea of Analytic Geometry Is that 
every geometrical condition to be fulfilled by a point leads to 
an equation which must be satisfied by its co-ordinates. It 
is important that the beginner should quickly make himself 
expert in applying this idea, so as to be able to express by an 
equation any given geometrical condition. We add, therefore, 
for his further exercise some examples of loci which lead to 
equations of degrees higher than the first. The interpretation 
of such equations will be the subject of future chapters, but 
the method of arriving at the equations, which is all with which 
we are here concerned, is precisely the same as when the locus 
is a right line. In fact until the problem has been solved, we 
do not know what will be the degree of the resulting equation. 
The examples that follow are purposely chosen so as to admit 
of treatment similar to that pursued in former examples, ac- 
cording to the order of which they are arranged. In each of 
the answers given it is supposed that the same axes are chosen, 
and that the letters have the same meaning as in the corre- 
sponding previous example. 
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£&t. 1. Find the locus of vertex of a triangle, giyen bAse and sum of sqnaies 
of ^des. Ana, a^ + y'zz ^« — c*. 

Ex. 2. Given base and m squares c^ one side ± n squares of the other. 

Ans, (w + ») (a? + y*) + ^ (w T ») <w + (w ± ») c« =/>». 

E:x. 3. Given base and ratio of sides. 

Ex. 4. GKven base and product of tangents of base angles. 

In this and the Examples next following, the learner wUl use the values of the 
tangents of the base angles given Ex. 2, Art. 46. Ans, y« + >»*«» = w«c*. 

Ex. 5. Given base and vertical angle, or, in other words, base and sum of base 
angles. Ans^ «» + y« - 2cy ootC = <J*% 

Ex. 6. Given base and difference of base an^es. Ans, a;* -^y* + 2a!y cot Z)t=c*. 

Ex. 7. Given base, and that one base angle is double the other. 

Ans, 3aj* - y« + 2ca: = c«. 

Ex. 8. Given base, and tanC = m tan 5. Ans, w (a^ + ^ - c*) = 2c (c - «)* 

Ex. 9. PA is drawn parallel to 0(7, as in Ex. 4, p. 39, meeting two fixed lines in 
points J5, 5* J and PA^ is taken = PB,PB'f find the locus of P, 

Ans, mx (m'x -hn*)::tif {mx + m*x + n'), 

Ex. 10. PA is taken the harmonic mean between AB and AB', 

Ans, 2mx (m'x + w') = y {mx + m'x + »'), 

Ex. 11. Given vertical angle of a triangle, find the locus of the point where the 
base is cut in a given ratio, if the area also is given, Ans. xg = constant, 

Ex. 12. If the base is given. . x^ y^ 2a!yoo6tt» _ ft* 

OT* »* mn {m + n)» 

Ex. 13. If the base pass through a fixed point. . ma^ nv' 

Ans, — + — =: »* + !»■ 
X y 

Ex. 14. Find the locus of P [Ex. 8, p. 40] if J/JVis constant. 

Ans, a* + y* + 2a:y cos ut = constant. 

Ex.15. If i/iV pass through a fixed point. . x' %f _. 

a; + ycosa» y + xcos« 

Ex. 16. If MN pass tiirongh a fixed point, find the locus of the intersection of 
parallels to the axes through itf and iV, a ^ x.^ — \ 

* X y "~ * 

-V Ex. 17. Find the locus of P [Ex. 1, p. 41] if the Ime CD be not parallel to AB, 

Ex. 18. Given base CD of a triangle, find the locus of vertex, if the intercept AB 
on a given line is constant. 

Ans, (x'y - y'a?) (y - y'O - Wy-y'*^)iy-if)=^c{y-jf) (y-y"). 

50. Prohhms where it is required to prove that a momabU 
right line passes through a fixed point. 
We have seen (Art. 40) that the line 

Ax^By-^G^h{A'x + B'y^-a) = 0\ 
or, what is the same thing, 
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where h is indeterminate, always paaaea through a fixed point, 
hamely, the intersection of the lines 

-4aj + J?y + (7=0, and ud'a? + 5'^ + C" = 0. 

Hence, if the equation of a right line, contain an indeterminate 
quantity in the first degree^ the right line voill always pass through 
afiocedpoint, 

Ex. 1. Giren vertical angle of a triangle and the sum of the redpzocalB of the 
pideB ) the baee will always pass thiongh a fixed point. 

Take the sides for axes ; the equation of the base is * + 1 = 1, and we are given 
the condition 

1 1_1 l_I_i 

a b"^ m^ b~ m a' 

therefbrei equation of base is 

a m a ' 
yrhere m is constant and a indeterminate, that is, 

am ' 

1 

where - is indeterminate. Hence the base must always pass through the intersection 

of the two lines x — ^ = 0, and y=^m, 

Ex. 2. Given three fixed lines OA, OB, OC, meeting in a point, if the three vertices 
of a triangle move one on each of these lines, and two sides of the triangle pass through 
fixed points, to prove that the remaining side passes through a fixed point. 

Take for axes the fixed lines OA, OB, on which the base angles move, then the 
line OC on which the vertex moves will have 
an equation of the form y = mx, and let the J^ 

fixed points be ar'y', a^'y". Now, in any position 
of the vertex, let its co-ordinates be a; = a, and, 
consequently, y—ma', then the equation of ^C is 

(a/ — o) y — (y' — ma) x-\- a {y' — mx') = 0. 

Similarly, the equation of BC is 

{x"-a)y-{y"--ma)x + a(y"--mx") = 0. O B 

Now the length of the intercept OA is found by making a; = in equation AC, or 

a (V — mx') 

y = -~^' — :; — • 

X — a 
Similarly, OB is found by making y = in BC, or 

_ a jy " - mx") 

X ■— fi .' 

y - "*« 
Hence, from these intercepts, equation of AB is 

y — ma x' — a 

'^y"-m^"'"^ y'-mx'^"^' 

But since a is indeterminate, and only in the first degree, this line always passes throngh 
a fixed point. The particular point is found by arranging the equation in the form 

y" ^ _ ( mx y . ■,\ _ A 

y"-^mx"'' y'-mx'^^ " V'- »»«;" ""7=^ + ^ ~ 




» m 
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Hence the line passes through the intersection of the two lines 

y" af 

and -y, r>- y > + l = 0. 

y — mx ff — war 

Ex. 3. If in the last example the line on which the vertex C moves do not pass 
through 0^ to determine whether in any case the base will pass through a fixed point. 

We retain the same axes and notation as before, with the only difiEeroice that the 
equation of the line on which C moves wiU h^y — mx + n, and the oo-ordinates of thd 
vertex in any position will be a, and ma^n. Then the equation of AC is 

(a/ — o)y — (/ — ma — »)aj + a(y' — mxT) — aas' = 0. 

The equation of BC is 

(a" - a) y - (y" - ma - ») jr + o (y" - maf) - ««" = 0, 

oi — a ' y" — ma — » 

The equation of ^J9 is thezefoxe 

jT — wKt — » oi — a ^ 

^•a(y"-»a;")~««^''"^'a(y'-»MJ')-»w^"' 

Now when this is cleared of fractions, it wiU in general contain a in the second degree, 
and therefore, the base will in general not pass through a fixed point ; (/*, AotooMr, 
thepoiiOt ac^tf^ ^'}f*y li» i» a right line (y = ib;) pasting through 0, we may sabstitate 
in the denominators y" = ib^', and y' = kx\ and the equation becomes 

a;.^ ^, y.— ^^ = a(A-m)-w» 

which only contains a in the firtt degree, and, therefore, denotes a right line passing 
through a fixed point. 

Ex. 4. If a line be such that the sum of the perpendiculars let fall on it from 
a number of fixed points, each multiplied by a constant, may = 0, it will pass through 
a fixed point. 

Let the equation of the line be 

X cosa + ysina — p = 0, 
then the perpendicular on it from x'jf is 

a^ cosa + if sina — j», 
and the conditions of the problem give us 
m' {a^ Qosa + y' sina —p) + m," (a" cosa + y" sina — ^) 

+ m"' («"' cosa + y"' sina -/>) + Ac. = 0. 
Or, using the abbreviations 2 {macTj for the sum* of the mx, that is, 

m V + m V + m"'x^' + ^ 
and in like manner 2 {m^ for 

my + mV' + m^'Y" + Ac, 
and 2 (m) for the sum of the m*3 or 

«i' + m" + m"' + Ac., 



♦ By sum we mean the algebraic sum, for any of the quantities m', m", Ac. may 
be negative. • 

H 
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we may write the preceding equation 

2 {mx') cosa + 2 {mj/) sina — jp2 (m) = 0, 

Substituting in the original equation the value of p hence obtained, we get for the 
equation of the moveable line 

sbS (w) cofla + y2 (w) sina — 2 (mo/) oosa — 2 {myT) sina = 0, 

or sr2 (m) - 2 («?w;') + {y2 (m) - 2 (wy^} tana = 0. 

Now as this equation inyolves the indeterminate tana in the first degree, the line 
1)88868 through the fixed point determined by the equations 

a;2 (m) - 2 {mx') = 0, and y2 (i») - 2 (my^ = 0, 
or, writing at full length, 

_ mV + m V^ -f m'"3if" + Ac. _ my -f m'Y + m"'ff" + Ac. 
*~ «»' + to" + m'" + Ac. ' ^" w' + »»" + m'" + Ac. * 

This point has sometimes been caUed the cenitre of mean position of the given points. 

51, If the equation of any line involve the co-ordinates of 
a certain point x'y' in the first degree, thus, 

{Ax' •^Bt/' + C)x+ {A'x' + By + 0') y + (^' V + By + G") = ; 

then if the point xy' move along a right line, the line whose 
equation has just been written will always pass through a fixed 
point. For, suppose the point always to lie on the line 

Lx'-^My' + N^Oj 

then if, by the help of this relation, we eliminate a?' from the 
given equation, the indeterminate y' will remain in it of the first 
degree, therefore the line will pass through a fixed point. 

Or, again, if the coefficients in the equation Ax-]- jBy + (7=0, 
be connected by the relation aA + bB-^cC=^0 {where a, 6, c are 
constant and -4, -B, C may vary) the line represented by this egua' 
tion vyill always pass through a fixed point. 

For by the help of the given relation we can eliminate 
and write the equation 

{cx-a)A-\-{cy-b)B=0^ 
a right line passing through the point f a? = - , y = - 1 • 

52. Polar co-ordinates. — It is, in general, convenient to use 
this method, if the question be to find the locus of the extremities 
of lines drawn through a fixed point according to any given law. 

Ex. 1. A and B are two fixed points ; draw through B any line, and let fall on 
it a perpendicular from A, AP; produce AP so that the rectangle AP,AQ may be 
constant ; to find the locufi of the point Q, 
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Take A for the pole, and AB for the fixed aziB, then AQ is our radius yectoTi 
designated by p, and the angle QAB = 6, and our object 
is to find the relation ezistiDg between p and 6. Let us 
call the constant length AB = c, and from the right-angled 
triangle APB we have AP=c oos6, but ^P.^Q=oonBt.=ib'; 
Itierefore 

pcooaBzzi^f or/>cos0 = — ; 

c 

but we have seen (Art. 44) that this is the equation of a right 
line perpendicular to AB, and at a distance from A=^^» 

Ex. 2. Given the angles of a triangle ; one vertex A is fixed, another B moves 
along a fixed right line : to find the locus of the third. 

Take the fixed vertex A for pole, and AP perpendicular 
to the fixed line for axis, then AC= p, CAP = 0. Now 
since the angles of ABC are given, AB is in a fixed ratio 
to^C7(=f»^C) and5AP=0-o; hvX, AP^iABoo^BAPi 
therefore, if we call AP, a, we have 

mp 008(6 — a)^a, 

which (Art. 44) is the equation of a right line, making 
an angle a with the given line, and at a (Stance from 

m 

Ex. 8. Given base and sum of sides of a triangle, if at either extremity of the 
base B a perpendicular be erected to the conterminous side BC', to find tiie locus 
of P the point where it meets the external biaector of vertical angle CP, 

Let us take the point B for our pole, then BP will be our radius vector p ; and 
let us take the base produced for our fixed axis, then 
PBD = 0, and our object is to express p in terms of 6. 
Let us designate the sides and opposite angles of the — ««& 

triangle a, h, c, A, B, C, then it is easy to see, that 
the angle ^CP = 90°-^C; and from the triangle ^ \ /P 

FCB, that a = /o tan^C. Hence it is evident, that if « ^ -^ 

we could express a and tan^C in terms of 6, we could A. B ^ 

express p in terms of 6. Now from the triangle ABC we have 

62 jc a* + c« - 2ac coe^, 

but if the given sum of sides be m, we may substitute for 6, m — a ; and oos^ plainly 
= sin6; hcaioe 

i»* - 2am + a« = a« + c» - 2ac sin 6, 

and a=: 





2 (m — c sin 6) ' 

Thus we have expressed a in terms of and constants, and it only remains to find 
an expression for tan \C, 

Now tan^C = ^77- ^^ . 

' b {1 + cosC) 

But b sinC = c sin^ = c cosO ; and b oo&C ::za--c oo&B = a c sin P. 

Hence tan .}C = r—r . 

■ wt — c sm tf 
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We ase now able to express p ia terms of 6, lor, subsfcltate in the equation. 
arzp tan^C the values we have found £or a aad tan^C, aod we get 



m'^-d' pc codd a 



m^-c* 



2(TO-CBina)"'(m-csm0)» "* ''"^"~ 2tr ' 
Hence the locus is a hne perpendicular to the base of the tiiangib at a distanoe^ 

from B = - — ^ — ♦ 
2c 

The student may exercise himself with the corresponding locus, if CF had been. 

the internal bisector, and if the difference of sides had been given. 

Ex. 4. Given n fixed right lines and a fixed point ; if through this point any 
radius vector be drawn meeting the right lines in the points rj, rg, r^,„rnf and on 

this a point R be talken. such that -tts^^ yr- +Tr- + TT- +«-7r— » to fi»d the 

loCUBOfif. ^^ ^> ^» ^' ^' 

Let the equations of the right lines be 

p 006(0 — a) =Pil p 006(6 — p) =|?2, Ac. 

Then it is easy to see that the equation of the locus is 

n^ cos<e^a) ^ oos(e~^^ ^^ 

P Pi Pt 

the equation of a right line (Art. 44). This theorem is only a particular case of 
a general one which we shall prove afterwards. 

We add, as in Art. 49, a few examples leading to equations of higher degree. 

Ex. 5. £F is a fixed line whose equation is /o cos6 = m, and on each radius vector 
is taken a constant length PQj to find the locus of Q [see fig., Ex. 1]. 

AF is by hj^pothesis = — r; therefore AQ = /» = — s + d, which transformed 
to rectangular co-ordinates is (a; — my (it* + y') = d^a^. 

Ex. 6. Find the locus of Qj if F describe any locus whose polar eqnafcien is gil^en^ 
p = it> (6). We are by hypothesis given AF in terms of 6, but AF is the /d of the 
locus — d; we have therefore only to substitute. in the given equation p — dforp, 

Ans. p — d = 4> (6)^ 

Ex. 7. If ^Qbe produced so ihatAQ may be d«uble AF, Then .<1P ia half th^ 
p of the locus, and we must substitute half p fox pin the given equation. 

Ex. 8. If the angle FA£ were bisected and on the bisector a portion AF' be 

taken so that AF"^ = mAF^ find the locus of F% when F describes the right line 

tn 
D cob6 = m. FA£ is now twice the 6 of the locus, and therefore AF = — ss > *^^ 

the equation of the locus is p' cos 26 = m^ 
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♦CHAPTER IV. 

APPLICATION OP ABBIDGED NOTATION TO THE EQUATION OF 

THE EIGHT LINB. 

(^. We have seen (Art. 40) that the line 

[x cosa + y slna — ^) — A (a? coa^ + y sia j3 —p') = 

denotes a line passing through the intersection of the lines 

a; cosa4y sino— ^ = 0y a; co8)9 + y sin/S— ^ = 0. 

We shall often find it conyenient to use abbreviations for 
these quantities. Let us call 

a cosa+y sina-^, a; ar cos)8 + y sln^— jp', /S. 

Then the theorem just stated may be more briefly expressed, the 
equation a — kj3^0 denotes a line passing through the intersec- 
tion of the two lines denoted by a = 0, ^ = 0. We shall for 
brevity call these the lines a, /9, and their point of intersection 
the point afi> We shall, too, have occasion often to use abbre- 
*viations for the equations of lines in the form Ax + By -{-0=0. 
We shall in these cases make use of Roman letters, reserving 
the letters of the Greek alphabet to intimate that the equation 

is in the form 

X co8>a + y sina — ^ = 0. 

tWe proceed to examine the meaning of the coefficient Ht 
equation a — Jcfi^O. We saw {Art. 34) 
that the quantity a (that is^ a? cosa + y sin a— ^) 
denotes the length of the perpendicular FA let fall 
from any point ajy, on the line OA (which we 
suppose represented by a). Similarly, that 13 is the 
length of the perpendicular PB from the point ory, on the line 
OBj represented by /8. Hence the equation a - A;/9 = asserts, 
that if from any point of the locus represented by it, perpen- 
diculars be let fall on the lines OA^ OBj the ratio of these per- 
pendiculars (that is, PA : PB) will be constant, and = k. Hence 
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the locus i^epresented by a— A;^=0 is a right line through (?, and 

._PA %mPOA 

f^-pB' "^^"sinPO^- 

It follows from the conventions concerning sig^s (Art. 34) that 

a + A;)3 = denotes a right line dividing externally the angle 

sinPO^ 
A OB into parts such that —, — y^^Ti = i. It is, of course, as- 
^ %\uPOB ' ' 

sumed in what we have said that the perpendiculars FA^ PB 

are those which we agree to consider positive; those on the 

opposite sides of a, fi being regarded as negative. 



/• 

f 
t 



/ Ex. 1. To express in this notation the proof that the three bisectors of the angles^ 

of a triangle meet in a point. 
/ The equations of the three bisectors are obviously (see Arts. 35, 54) a — /3 = 0, 

/3 — y = 0, y--a = 0, which, added together^ vanish identically. 

Ex. 2. Any two of the external bisectors of the angles of a triangle meet on the 
\ third internal bisector. 

\ Attending to the convention about signs, it is easy to see that the equations of 

^ . two external bisectors are a + /3 = 0, a + y = 0, and subtracting one from the other 
we get /3 — y = 0, the equation of the third internal bisector. 

Ex. 3. The three perpendiculars of a triangle meet in a point. 

Let the angles opposite to the sides a, /3, y be A^ B, C respectively. Then since 
the perpendicular divides any angle of the triangle into parts, which are the com- 
plements of the remaining two angles, therefore (by Art. 54) the equations of the 
perpendiculars are 

a co&A — /3 cos^ = 0, j3 co&B — y cobC = 0, y cosC — a ooaA = 0, 
which obviously meet in a point. 

Ex. 4. The three bisectors of the sides of a triangle meet in a point. 
The ratio of the perpendiculars on the sides from the point where the bisector 
meets the base plainly is sin ^ : sin^. Hence the equations of the three bisectors are 
a sui-4 — j3 sin^ = 0, /3 sin-ff — y sinC= 0, y sinC— a sin-4 = 0. 

Ex. 5. The lengths of the sides of a quadrilateral are a, &, c, c7; find the equation 
of the line joining middle points of diagonals. 

Arts, aa — 6/3 + cy — (W = ; for this line evidently passes through the inter- 
i section of aa — bfiy and cy — dd; but, by the last example, these are the bisectors 

I of the base of two triangles having one diagonal for their common base. la like 

manner aa — ddj b^ — cy intersect in the middle point of the other diagonal 

' Ex. 6. To form the equation of a perpendicular to the base of a triangle at its 

I extremity.. Ans, a + y cos^ = 0. 

Ex. 7. If there be two triangles such that the perpendiculars from the vertices of 
' one on the sides of the other meet in a point, then, vice versdy the perpendiculars from 

the vertices of the second on the sides of the first will' meet in a point. 
I Let the sides be a, jS, y, a', /3', y', and let us denote by (a/3) the angle between, 

a and /3. Then the equation of the perpendicular 

from a/3 on y' is a cosQSy') — /3 C08(ay') = 0, 
from /3y on a' is /3 cos(ya') — y cos (/3a') = 0, 
from ya on /3' is y cos (a/S') — o cos (y/S*) s: 0» 
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The condition that these should meet in a point is found by eliminating /3 between 

the first two, and examining whether the resulting equation coincides with the 

third. It is 

cos(oj3') cos(j3y') oos(ya') = C0B(a'/3) cos(/3'y) cos(y'o). 

But the symmetry of this equation shows that this is also the condition that the 
perpendiculars from the vertices of the second triangle on the sides of the first 
should meet in a point. 





(551 The lines a — kfi = Oj and A;a-)8 = 0, are plainly such 
that one makes the same angle with the line a which the other 
makes with the line fiy and are therefore equally inclined to the 
bisector a - ^8. 

Ex. If through the vertices of a triangle there^be drawn any three lines meeting 
in a point, the three lines drawn through the same angles, equally indined to the 
bisectors of the angles, will also meet in a point. 

Let the sides of the triangle be a, ^, y, and let the equations of the first three 

'lines be i 

la — mj3 = 0, mfi — »y = 0, ny — ?a = 0, V 

'which, by the principle of Art. 41, are the equations of three lines meeting in a / 
point, and which obviously pass through the points a/9, j3y, and ya. Now, from 
this Article, the equations of the second three lines will be 

-r — — = 0, i-— -£- = and •^—-7 = 0, 
I m m n n I 

-which (by Art. 41) must also meet in a point. 

66. The reader is probably already acquainted with the fol- 
lowing fundamental geometrical theorena : — " If a pencil of four 
right lines meeting in a point he intersected hy any transverse 
right line in the four points A^ P, P', B^ then 

AP.PB 
the ratio . J, ^^ is constant, no matter how 
AF .PB ' 

the transverse line he drawn^'^ This ratio is 
• called the anharmonic ratio of the pencil. In O 
fact, let the perpendicular from on the transverse line ^p : then 
^.^P= OA. OPsmA. OP (both being double the area of the triangle 
AOP)] p.FB^OF.OBsmP'OBi p.AF=OA.OF ^mAOF -, 
p.FB^OP.OB.&inPOBi hence 

p\AP.FB^OA.OP.OF.OB.%mAOP.miPOB] 
p\AF.PB^OA.OF.OP.OB.BmAOF.smPOBi 

AP.FB sin^QP.sinPO^ , 
AF.PB " sin^OP'.sinPOiB' 

but the latter is a constant quantity, independent of the position 
of the transyerse line. 
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'5^0 If a — A;^ 5= 0, a — k'/3 = 0, be the equations of two lines, 

then J-, will be the anharmontc ratio of the pencil formed by the 

four lines a, )8, a - k^^ a - k'^^ for (Art. 54) 

sin^4aP sin^OP' 



therefore 



k _ AnAOP.BinPOB 
K ^ fimAOF .AaPOB^ 



but this is the anharmonic ratio of the penciL 

k 
The pencil is a harmonic pencil when t> = — Ij ^^^ ^©n the 

angle A OB is divided internally and externally into parts whose 
sines are in the same ratio. Hence we have the important theo- 
rem, two lines whose equations are a — i)8 = 0, a + i/S = 0, form 
with a, ^ a harmonic penciL 

58. In general the anharmonic ratio of four lines a — kfi^ 

a- ZyS, OL — mB. a-^nB is ; "" ,,, — =4 . For let the pencil be 

' ^ (w — w) (^ — A;) '^ 

cut by any parallel to ^ in the four points K^ £, Jf, N^ and the 

ratio IS T^TTi^ T rr ^ l^ut smce p 
NM.LK 

has the same value for each of 
these four points, the perpen- 
diculars from these points on a are 
(by virtue of the equations of the O fi 

lines) proportional to A, Z, w, n ; and AK^ AL^ AM^ AN are evi- 
dently proportional to these perpendiculars ; hence NL is propor- 
tional to w — Z; MK to an - ^; NM to n — w ; and LK to l-k. 




The theorems of the last two articles are true of lines 
represented in the form F-kF, P-IP^ &c., where P, F de- 
note oa? + Jy + c, a'x + h'y + c', &c. For we can bring P to the 
form a? cosa+y sina— ^ by dividing by a certain factor. The 
equations therefore P-A:P = 0, P— ?P = 0, &c. are equivalent 
to equations of the form a — kpP = 0, a — Ip^ = 0, &c., where p 
is the ratio of the factors by which P and F must be divided 
in order to bring them to the forms a, ^. But the expressions 
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for anhannonic ratio are unaltered when we substitiite for h^ Ij 
r/ij n ; kp^ Ip^ mpj np. 

It is worthy of remark, that since the expressions for an^ 
harmonic ratio only involve the coefficients k^ 2, m^ n^ it followa 
that if we have a system of any number of lines passing through 
a point, P—hP^ P-^IF^ &c,; and a second system of lines 
passing through another point, Q-kQ\ Q-^IQ^ &o., the line 
P—TcP being said to correspond to the line Q-^kQ^ &c,; then 
the anharmonic ratio of any four lines of the one system is 
equal to that of the four corresponding lines of the other qrstem. 
We shall hereafter often have occasion to speak of such systems 
4i lines, which are called homograpkie systems. 




Oiven three lines a,y /8j y^ forming a triangle/^ the equcUion 
of any right line^ aa? + Jy + c = 0, can he thrown into the form 

loL + mP + n7 = 0. 

Write at full length for a, /9, 7 the quantities which they 
represent, and la -v m$ ■\- ny becomes 

(/ cosa + m cos/3 + n cosy) a? + (/ sina -f m sin/3 -f n sihy) y 

- {Ip + mp + np") = 0. 

This will be identical with the equation of the given line| 
if we have 

I cosa + m cos/8 + n COS7 = a, Z sina + m sin 13 + n sin7 = J, 

Ip + mp' + np" = — c, 

and we can evidently determine /, t»e, n, so as to satisfy these 
three equations. 

The following examples will illustrate the principle that it is 
possible to express the equations of all the lines of any figure 
in terms of any three a = 0, /8 = 0, 7 = 0. 

Ex. 1. To deduoe analytically the hannonic properties of a complete quad- 
rilateraL (See figure, next page). 

Let the equation of AC be a = Oj of AB, /3 = 0; of BD, y = 0; of AD, 
la — mfi = 0; and of BC, mp — ny = 0. Then we are able to express in terms of 
these quantities the equations of all the other lines of the figure. 



* We say " forming a tnangle/' for if the lines a, j8, y meet in a point, ?a + m/3 + ny 
must always denote a tine passing through the same point, since any values of the 
co-ordinates which make a, /3, y separately = 0, must make la + mp + ny = 0. 

I 
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For InsiaaGe, ttie eqnatioxi of CD is 

la — mfi + »y = 0, 

for it is the equation of a right line passing 
through the intersection of la — mfi and y, that 
is, the point D, and of a and mfi — ny, that is, 
the point C, Again, /a — ny = is the equa- 
tion of OE, for it passes thiongh ay or Ef and 
it also passes through the inteisection of AD 
and BCy since it is = (/a - m/9) + (m/3 - ny). 

EF joins the point ay to the point 
pa — w/3 + ny, /3), and its equation will be found to be Zo + «y = 0. 

From Art. 67 it appears, that the four lines EA, EO', EB, and EF form a 
harmonic pencil, for their equations have been shown to be . > 

« = 0, y = 0, andfa±ny = 0, . ,' 

Again, the equation of FO, which joins the points {la+ny, /9) and {la-m^ mfi-ny), 

is 

la - 2mfi + ny = 0. 

Hence (Art. 67) the four lines FE, FC, FO, and F£ are a harmonic pendl, for 
their equations are 

Zo - w/8 + »y = 0, /3 = 0, and Za - m/3 + ny + m/3 = 0. 

A.gain; OC, OEj OD, OF axe a harmonic pencil, for their equations are 

la — mfizz 0, »fe/3 — ny = 0, and 7a — m/3 ± (m/9 — ny) = 0. 

Ex. 2. To discuss the properties of the system of lines formed by drawing through 
the angles of a triangte three lines meeting in a point. 

Let the equation of A8 be y = ; of AC, /3 = ; of BCy a = ; and let the lines 
OA, OB, OC^ meeting in a point, 
be m/3 — ny, ny - la, la — Jw/3 (see 
Art. 66). 

Now we can form the equa- 
tions of all the other lines in the 
figure. 

For example, the equation of 

EFiB 

. mfi + ny — ?o = 0, 

since it passes through the points 
(/3, ny — la) or E, and (y, mfi — la) 
otF. ■ 

In like manner, the equation of DF is 

la — mfi + »y = 0, 

and of DE ?o + «»/3 — ny = 0. 

Now^e can prove, that the three points X, if, iV are all in one right line, whose 

equation is 

la + m/3 + ny = 0, 

for this line passes through the points {la + 1»/3 — ny, y) or iV; (fe — na/S + ny, /3). 

or 3f ; and (»i/3 + ny — Zo, a) or X. 

The equation of CN is 

fe + i»i3 r= 0, 

for this is evidently a line through (a, j3) or C, and it also passes through N^ since 
it = (la -f TO/3 + ny) — ny. 
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Hence BN is cat harmoxucaUy, for the equations of the four lines CNf CA, 
CFj CB are 

= 0, /3 = 0, la-mfi = 0, la + mfi=0. 

The equations of this example can be applied to many particular cases of frs- 
qnent occurrence. Thus (see Ex. 8, p. 54) the equation of the line joining the 
feet of two perpendicularB of a triangle is a coe.i + /9coeJB — y cosC = 0; while j 

a oos^ + /3 cos^ + 7 oobC passes through the intersections with the opposite eddes ' 

of the triangle, of the lines joining the feet of the perpendiculazs. In like maimer ' 

a sin^ + /9 sin J3 — y sinC7 represents the line joining the middle points of two 
sides, <fec. 

Ex. 8. Two triangles are said to be homologouSf when the intersections of the 
corresponding sides lie on the same right line called the axis of homology: prove 
that the lines joining the corresponding vertices meet in a point [called the centre 
<lf homology]. 

Let the sides of the first triangle be a, /3, y : and let the line on which the oorre* 
spending sides meet be la + m^ + nyi then the equation of a line through the 
Intersection of this with a must be of the form fa + mp + ny=. 0, and similarly those 
of the other two sides of the second triangle are 

?o + to'/3 + »y = 0, ?o + »i/3 + n'y = 0. 

But subtracting successively each of the last three equations from anothoTi we 
get for the equations of the lines joining corresponding vertices 

(/- i^ a = (to - m*) j3, (to - otO /3 =(«-»') y> (» - n*) y = (/- o, 
which obviously meet in a point. 

61. To find tJie condition that two lines la + mfi 4 ny, 
Ta + m'ff + n'y may he mutually 'perpendicular. 

Write the equatioDS at full leogth as in Art. 60, and apply 
the criterion of Art. 25, Cor. 2 [A A + BB = 0), when we find 

lU + mrfL + nri + (wn' + ttin) cos (^8 - 7) + (n? -f vlV) cos (7 - a) 

+ (Zw' + Tm) cos(a- jS) = 0. 

iNow since ^ and 7 are the angles made with the axis of x by 
the perpendiculars on the lines )8, 7 ; ^ — 7 is the angle between 
those perpendiculars, which again is equal or supplemental to 
the angle between the lines themselves. If we suppose the 
origin to be within the triangle, and A^ B^ G to be the angles 
of the triangle, /8 — 7 is the supplement of A. The condition 
for perpendicularity therefore is 

Zr+mm'+wn'— (wn'+w'w) co%A-{nl'-\-n!T) cosuB-(Zw'+Z'm) cos(7=0* 

As a particular case of the above, the condition that la^-mfi^-n^ 
may be perpendicular to 7 is 

np^m cos^ + 1 cobB, 

In like manner we find the length of the perpendicular from x'y 
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M 2x4^/8+917. Write the equation at full length and apply the 

formula of Art. 34, wheui if we write a?' cosa+y' mka-p = a'\f 

&Q.f Ijie result is 

la! + mfi' + ny' 

V(? + w* + w*— 2wn cos-4 — 2nl cosJS— 2lm cosC) * 

Sk. I* To find the equation of ft pcrpendieoliar to y thit>tigli its extremity. The 
te^Hatloa Is of the form la + nyzzO, And the conditioa of this article gives 
n = l tosBj as in Ex. 6, p.. 54. 



2. To find \i» eq&atifin of a perpendicukir to y thzoDgh its middle point. 
The middle point being the int^nsection of y with asanA — fi BinBf the equation 
of any Uhe thiottgh it is of the form a an A — /9 ai&B 4* fiy = 0, and the condition 
of this article gi'ves » = fiin(^ — j?)» 

Ex. 3. The three perpendicnltoB at ndddte pconts of sides meet ixk a point. Foe 
eliminating a, /S^ y in turn between 

a mnA - /3 anB + y8ui(^-^=rO^ /3 nnJB - y BinC+ a Bm(B^ C7), = 0, 
we get for the lines joimng to the three vertices the intersection of two perpen- 
diculars . = — B - ""^5 '"^ ^® symmetry of the eq«atic»is proTes that the 

third perp^dicular passes through the same point. The equations of the perpen- 
diculars vanish when mult^lied by sin'C, sin^^^ sin'^^ and added together. 

Ex. 4. Find, by Art. 25, expressions for the sine,, eosine,. and tangent o£ the 
angle between /o-Hh «a^ + »y, Ta + »»'j8 + «'y. 

Ex. 5. Prove that a ooaA + fi cos^B + y cosC is perpendicular to 

a BinA 009 A em{B — C), + ft wa.B oobB 8in((7 — -4) + y sin(7 cosC b3Il{A — B)* 

Ex. €» Find the eqjoation of a line throngh the point a'fi'Y perpendicular to the^ 
line y^ Ans, ai^ + y' cos-4) - j8 (a' + y' cosB) + y 03' cosjB - a' co&A)., 

62ii We hare se^i that we can express the equation of any 
right line in the form 7a -I- mfi -jr «7 = 0, and so solve any problem 
by a set of eq^uations expressed in terms of a, /S, 7, without any 
direct mention of x and y. This suggests a new way of looking 
at the principle laid down in Art. 60, Instead of regarding a 
as a mere abbreviaticm for the quantity x cosa+y sina— ^, we 
may look upon it as simply denoting the length of the perpen- 
dicular from a point on the line a» We may imagine a systeni 
of trilinear co-ordinates in which the position of a point is de- 
fined by its distances from three fixed lines, and in which the 
position of any right line is defined 1^ a homogeneous equation 
between these distances of the form 

The advantage of trilinear co-ordinates is, that whereas in 



> 



THE RIGHT LINE— ABRIDGED NOTATION. 61 

Gartesiaii (or x and y) C(>-ordiiiates the utmost simplification we 
can introduce is by choosing two of the most remarkable lines in 
the figure for axes of co-ordinates, we can in trilinear co-ordi- 
nates obtain still more simple expressions by choosing three of 
the most remarkable lines for the lines of reference a, )8, 7. The 
reader will compare the breyity of the expressions in Art. 54 
'with those corresponding in Chap. II. 

63. The perpendiculars from any point on a^ /3j y are 
connected by the relation aa + bfi-^cy^M^ where a, by c are 
the sides, and M double the area, of the triangle of reference. 
Tor evidently aa, 5^, cy are respectively double the areas of 
the triangles OBGy OCAj OAB, The reader may suppose 
that this is only true if the point be taken within the triangle ; 
but he is to remember that if the point were on the other 
side of any of the lines of reference (a), we must give a negative 
sign to that perpendicular, and the quantity aa + b/3 + oy would 
then be double OGA +OAB''OBCj that is, still = double the 
area of the triangle. Since sin^ is proportional to a, it is plain 
that amnA-]- ^ amB+y sinC IB also constant, a theorem which 
may otherwise be proved by writing a, /8, 7 at full length as in 
Art. 60, multiplying by sin(/8-7), sin (7 — a), sin(a — ;8), re- 
spectively, and adding, when the coefficients of a; and 7 vanish, 
and the sum is therefore constants 

The theorem of this article enables us always to use homo-' 
ffeneous equations in a, /3, 7, for if we are given such an equa* 
lion as a 3s 3, we can throw it into the homogeneous form 

Jfo = 3{aa+ 6)8 4-07). 

64. To eoepresa m trilinear co-ordinates the equation of the 
parallel to a given line la + wjS + ny. 

In Cartesian co-ordinates two lines Ax-\-By+Gj Ax+By+G' 
arer parallel if their equations differ only by a constant. It 
follows then that 

la -hvnjS + W7 + i (a sin-4 + fi sinB+y sin (7) = 

denotes a line parallel to Za-f mfi + ny, since the two equations 
differ only by a quantity which has been just proved to be 
constant. 
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In the same case Ax -\-Bt/-\-C+ {Ax 4 jBy + C) denotes a 
line also parallel to the two given lines and half way between 
them: hence if two equations P=0, P' = are so connected 
that P— F' = constant, then P+ P' denotes a parallel to P and 
P' half way between them. 

Ex. 1. To &id the equation of a parallel to the base of a triangle drawn thiongh 
the vertex. Ans. a8mA + fianB = 0» 

Por this, obyiously, is a line through a/3 ; and writing the equation in the form. 

y abaC— (o sin^l + /3 sin5 + y sinC) = 0, 

it appears that it differs only by a constant &om y = Q. 

We see, also, that the parallel a ojiA + /3 sin3, and the bisector of the base 
a emA — fi em£ form a harmonic pencil with a, j3 (Art. 57), 

Ex. 2. The line joining the middle points of sides of a triangle is parallel to the 
base. Its equation (see Ex. 2, p. 68) is 

e Bin-4 + /3 em£ — y BinC= 0, or 2y sinC'= a em A + ft sin5 + y emC, 

Ex. 3. The tine aa — b^ -h cy — d6 (see Ex. 6, Art. 54) passes through the middle 
point of the line joining ay, pS, For (ao + cy) + (Aj8 + dd) is constant, being twice the 
area of the quadrilateral ; hence aa + cy, 6j3 + (2d are parallel, and {aa + cy) — (6/3 + dS) 
is also parallel and half-way between them. It therefore bisects the line joining (ay) 
whidi is a point on the first line, to {fiS) which is a point on the second. 

65. To torite in the form la + wi/8 + ny = the equation of the 
line joining two given points x'y\ x"y\ 

Let a', as before, denote the quantity x' cosa + y' sina— jp. 
Then the condition that the co-ordinates x'y' shall satisfy the 
equation fot + w/8 + w7 = may be written 

la! +mfi' +ny' =0. 

Similarly we have h" + tw/S" + ny" = 0. 

Solving for - , — , from these two equations, and substituting 

in the given form, we obtain for the equation of the line joining 
the two points 

a {fiY " 7'/9") + /3 (ya" - 7' V) + 7 (a'^S" - a"/3') = 0. 
It is to be observed that the equations in trilinear co-ordi- 
nates being homogeneous^ we are not concerned with the actual 
lengths of the perpendiculars from any point on the lines of 
reference, but only with their mutual ratios. Thus the preceding 
equation is not altered if we write pa', /d/8'', ^7', for a', j8', 7. 
Accordingly if a point be given as the intersection of the lines 

7 = — = - , we may take L m. n as the trilinear co-ordinates 
I m n^ •' ' ' 
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of that point. For let p be the common value of these fractions, 
and the actual lengths of the perpendiculars on a, ^9, 7 are 
Ipyinp^ np where p is given by the equation alp+bmp+cnp=Mj 
but, as has been just proved, we do not need to determine />. 
Thus, in applying the equation of this article, we may take for 
the co-ordinates of intersection of bisectors of sides, sin^ sin (7, 
sinC sinAj sin A sinJS; of intersection of perpendiculars, 
cos J? cos (7, cos (7 cos-4, cos^ cos J?; of centre of inscribed circle 
1, 1, 1 ; of centre of circumscribing circle cosA^ cosjB, cosC7, &c, 

. Ex. 1. Find the equation of the line joining inteisectionfl of perpendicolazB, and 
of bisectors of sides (see Art. 61, Ex. 5). 
Ans. a ojiAoosA Bm{B-'C) + ^BmB qoq£ faii{C—A) + y BmC co&Cem{A'-£) = 0, 

Ex. 2. Find equation of line joining centres of inscribed and circumscribing circles. 
Ans, a (oobB — cosC) + /3 (oosC - cos-4) + y (cos-4 — cos^ = 0. 

66. It is proved, as in Art. 7, that the length of the per- 
pendicular on a from the point which divides in the ratio I : m 
the line joining two points whose perpendiculars are a', a" is 

Za' 4- ma." 

— J . Consequently the co-ordinates of the point dividing 

in the ratio 7 : m the line joining a'/^Y', a"ff'y* are la' + wia", 
Iff^m^'j h/^7nr/\ It is otherwise evident that this point 
lies on the line joining the given points, for if a'/SVj 0L*'l3"y" 
both satisfy the equation of a line Aa + Bfi+Oy=:0j so will 
also Za' + wa", &c. It follows hence without difficulty that 
lo^-'ma"y&c. is the fourth harmonic to la' + ma!'^ a', a": that 
the anharmonic ratio of ol—Tcol^ tji—ld^ aL—md\ a' — na" is 

y — '\,, — |T ; and also that, given two systems of points 

two right lines a'~Z;a", a'-Za",&c., a'"-;fca"", a'"-&t'%&c., 
these systems are homographw^ the anharmonic ratio of any four 
points on one line being equal to that of the four corresponding 
points on the other. 

tEx. The intersection of perpendiculars, of bisectors of sides, and the centre of 
circumscribing circle lie on a right line. For the co-ordinates of these points are 
cos^ co&C, &c,y sin 3 sin (7, <&c., and cos^, <&c. But the last set of co-ordinates may 
"be written sinJ5 sinC— cos3 cosC, <fec. 

The point whose co-ordinates are oofl(^ — C^, cos(C— A), cos (-4 — B) evidently 
lies on the same right line and is a fourth harmonic to the three preceding. It will 
1)6 fotmd hereafter that this is the centre of the circle through the middle points 
of the sides. 



on 
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67. To examine what line is denoted by the equation 

a ain A + 13 sinB+y BinC:=^0, 

This equation is included in the general form of an equation 

of a right line, but we have seen (Art. 63) that the left-hand 

member is constant, and never = 0. Let us return, however^ 

to the general equation of the right line Ax + By + C=^0. We 

C C 
saw that the intercepts cut off on the axes are *- -r 9 ~~ "^ 9 

consequently, the smaller A and B become, the greater will be the 
intercepts on the axes, and, therefore, the more remote the line re* 
presented. Let A and B be both = 0, then the intercepts become 
infinite, and the line is altogether situated at an infinite distance 
from the origin. Now it was proved (Art. 63) that the equation 
under consideration is equivalent to Oa? -fOy + (7=0, and though 
it cannot be satisfied by any finite values of the co-ordinates, 
it may by infinite values, since the product of nothing by infinity 
may be finite. It appears then that a sin^ + y8 sin^+7 sin (7 
denotes a right line situated altogether at an infinite distance from 
the origin ; and that the equation of an infinitely distant right 
line, in Cartesian co*-ordinates, is O.aj-l- 0.y+(7=0. We shall, 
for shortness, commonly cite the latter equation in the less 
accurate form 0=sO» 

68. We saw (Art. 64) that a line parallel to the line a = 
has an equation of the form a+C=0. Now the last Article 
shows that this is only an additional illustration of the principle 
of Art. 40. For, a parallel to a may be considered as intersecting 
it at an infinite distance, but (Art. 40) an equation of the form 
a + (7=0 represeints a line through the intersection of the lines 
a = 0, (7=0, or (Art. 67) through the intersection of the line a 
with the line at infinity. 

69. We have to add that Cartesian co-ordinates are only a 
particular case of trilinear. There appears, at first sight, to be 
an essential difference between them, since trilinear equations 
are always homogeneous, while we are accustomed to speak of 
Cartesian equations as containing an absolute term, terms of the 
first degree, terms of the second degree, &c. A little reflection, 
however, will show that this difference is only apparent, and 
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that Cartesian equations must be equally homogeneous in reality, 
though not in form. The equation a; = 3, for example, must 
mean that the line x is equal to three feet or three inches, or, in: 
short, to three times some linear unit ; the equation ojy = 9 must 
mean that the rectangle xj/ is equal to nine square feet or sqiuxre 
inches, or to nine squares of some linear unit ; and so on. 

If we wish to have our equation homogeneous in form as well 
as in reality, we may denote our linear unit by Zj and write the 
equation of the right line 

Comparing this with the equation 

and remembering (Art. 67) that when a line is at an infinite dis- \ 
tance its equation takes the form iS = 0, we learn that eqiMtians \ 
in €lai*teetan co-ordinates are only the particular form assumed 
hy trilinear equations when two of the lines of reference are 
what are called the co-ordinate aoces^ while the third is at an) 
ifffinite distance* 

70. We wish in conclusion to give a brief account of what is 
meant by systems of tangential co-ordinates^ in which the position 
of a right line is expressed by co-ordinates, and that of a point by 
an equation. In this volume we limit ourselves to what is not 
so much a new system of co-ordinates as a new way of speaking 
of the equations already in use. If the equation (Carte^ari or 
trilinear) of any line be Xa; + yu-y + v« = 0, then evidently, if 
X, /It, V be known, the position of the line is known : and we 
may call these three quantities (or rather their mutual ratios 
with which only we are concerned) the co-ordinates of the right 
line. If the line pass through a fixed point xyz\ the relation 
must be fulfilled a;'\4y/A + 2?V = 0; if therefore we are given 
any equation connecting the co-ordinates of a line, of the form 
a\ + J/t + ci/ = 0, this denotes that the line passes through the 
fixed point (a, i, c), (see Art. 51), and the given equation may 
be called the equation of that point. Further, we may use 
abbreviations for the equations of points, and may denote by 
a, y8 the quantities a;'\ + y/i + »V, a;"\+y/t-f«'V; then it is 
evident that ?a + m^ = is the equation of a point dividing in 

K 
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a given ratio the line joining the points a, /8; that la^mP^ 
fnfi^sny^ ny=sla are the equations of three points which lie on 
a right line ; that a + Jcfij a — kfi denote two points harmonically 
conjugate with regard to a, fij &c. We content ourselves here 
with indicating analogies which we shall hereafter develope 
more ftiUy; for we shall have occasion to show that theorems 
concerning points are so connected witii theorems concerning 
lines, that when either is known the other can be inferred, and 
often that the same equations dififerentlj interpreted will prove 
either theorem. Theorems so connected are called recijnrocal 
theorems. 

Ex. Interpret in tangential oo-ordinatea the equations naed Art. 60, Ex. 2. 

Let a, fif y denote the points A, B, C; m/3 — ny, ny — la, la — m/9, the points 
L, M, N\ then m^ + ny — la, ny + la — mfi, la + mfi — ny denote the vertices of the 
triangle formed by LA, MB, NC\ and /a + m/3 + ny denotes a point in which 
meet the lines joining the vertioes of this new triangle to the corresponding vertioes 
of the original : mj3 + ny, ny + Zo, la-\-m^ denote D, E, F, It is easy henoe to 
see the points in the figure which are hannonically conjugate. 
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CHAPTER V. 

EQUATIONS ABOYE THE SIBST DEGBEE BEPBESENTlNG 

BIGHT UNW. 

71. Before proceeding to speak of the curves represented 
by equations above the first degree, we shall examine some cases 
where these equations represent right lines* 

If we take any number of equations 2/ =* 0, if =■ 0, N=- 0, &c 
and multiply them together, the compound equation LMN&u^.^O 
will represent the aggregate of all the lines represented by its 
factors ; for it will be satisfied by the values of the co-ordinates 
which make any of its factors s 0. Conversely, if an equation of 
any degree can he resolved into others of lotoer degrees j it wUl reprer 
sent the aggregate of all the loci represented hy its different factors. 
If, then, an equation of the ri^ degree can be resolved into n 
factors of the first degree, it wiU represent n right Imes. 

72. A homogeneous equation of the n^ degree in x and y 
denotes n right lines passing through ike origin* 

Let the equation be 

aj" -po^'^y + jaj"^y* - &c. . . .+ fy* = 0. 
Divide by ^'*, and we get 

Let a, 5, c &c. be the n roots of this equation, then it is re- 
solvable into the factors 

(i-„)(i-,)g-.)^.„, 

and the original equation is therefore resolvable into the factors 

(x — ay) [x — hy) [x - cy) &c. = 0. 

It accordingly represents the n right lines ar — ay = 0, &c., all of 

which pass through the origin. Thus, then, in particular, the 

homogeneous equation 

^ -pony -^qy^^^ 
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represents the two right lines a? — a^ = 0, a? — Jy = 0, where a and 
h are the two roots of the quadratic 

gy-i'(i)+2=«- 

It IS proved, in like manner, that the equation 
denotes n right lines passing through the point (a, 6). 

Ex, 1. What locus is represented by the equation ay = ? 

Ans, The two axes ; since the equation is satisfied by either of the suppositions 
a: = 0, y = 0. 

Ex. 2. What locus is represented by aj* — y* = ? 

Am, The bisectors of the angles between the axes, a; + y = (see Art. 35). 

Ex. 3. What locus is represented by ^-hxy-^-^zz^^'i Ans, a5-2y=0, a;-3y=0i 

Ex. 4. What locus is represented by a^ _ 2a^ seed + y* = ? 

Am, a; = y tan (45° ± ^). 

Ex. 5. What lines are represented by «* — 2ary tan0 — y* = ? 

Ex. 6. What lines are represented by a^ - ^xhf + Wxf - 6y« = ? 

« 

73. Let us examine more minutely the three cases of the 
solution of the equation o^ —pxy -f qy^ = 0, according as its roots 
are real and unequal, real and equal, or both imaginary. 

The first case presents no difficulty : a and b are the tangents 
of the angles which the lines make with the axis of y (the axes 
being supposed rectangular), p is therefore the sum of those 
tangents, and q their product. 

In the second case, when a = ^, it was once usual among 
geometers to say that the equation represented but one right 
line (a; — ay s= 0). We shall find, however, many advantages in 
making the language of geometry correspond exactly to that of 
algebra, and as we do not say that the equation above has only 
one root, but that it has two equal roots, so we shall not say 
that it represents only one line, but that it represents two coin- 
cident right lines. 

Thirdly, let the roots be both imaginary. In this case no real 
co-ordinates can be found to satisfy the equation, except the co- 
ordinates of the origin a? = 0, ^ = ; hence it was usual to say 
that in this case the equation did not represent right lines, but 
was the equation of the origin. Now this language appears to 
us very objectionable, for we saw (Art. 14) that two equations 
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are required to determine any point, hence we are unwilling 
to acknowledge any single equation as the equation of a point. 
Moreover, we have been hitherto accustomed to find that two 
different equations always had different geometrical significations, 
but here we should have innumerable equations, all purporting to 
be the equation of the same point ; for it is obviously immaterial 
what the values of ^ and q are, provided only that they give ima- 
ginary values for the roots, that is to say, provided that jp* be less 
than 42. We think it, therefore, much preferable to make our 
language correspond exactly to the language of algebra; and 
as we do not say that the equation above has no roots when p* 
is less than 4^, but that it has two imaginary roots, so we shall 
not say that, in this case, it represents no right lines, but that 
it represents two imaginary right lines. In short the equa- 
tion x^ - pxy -{ q^ ==0 being always reducible to the form 
(a? - ay) [x — hy) =■ 0, we shall always say that it represents two 
right lines drawn through the origin ; but when a and b are real, 
we shall say that these lines are real ; when a and b are equal, 
that the lines coincide ; and when a and b are imaginary, that the 
lines are imaginary. It may seem to the student a matter of in- 
difference which mode of speaking we adopt ; we shall find, how- 
ever, as we proceed, that we should lose sight of many important 
analogies by refusing to adopt the language here recommended. 
Simitar remarks apply to the equation 

Ax'-\-Bxy-{-Gy^=^Oy 

which can be reduced to the form oc^^-pocy + qy^ = 0, by dividing 
by the coefiicient of x\ This equation will always represent 
two right lines through the origin ; these lines will be real if 
JB^^—4tAC be positive, as at once appears from solving the equa- 
tion ; they will coincide if B^ — 4-4 (7=0; and they will be ima- 
ginary if B^ — 4-4 C be negative. So, again, the same language 
is used if we meet with equal or imaginary roots in the solution 
of the general homogeneous equation of the n^^ degree. 

74. To find the angle contained by the lines represented by the 
equation x^ --pxy -f qy^ = 0. 

Let this equation be equivalent to (a?- ay) {x — by) =0, then 

the tangent of the angle between the lines is (Art. 25) r , 
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but the product of the roots of the given equation = q^ and their 
difiference = V( />* — 4t j) • Hence 

**"*- 1 + 2 • 
If the equation had been given in the form 

it will be found that 

*'^^= A+C ' 

Cor. Hie lines will cut at right angles, or tan ^ will become 
infinite, if j = — 1 in the first case, or if J. + 6'= in the second. 

Ex. Find the angle between the lines 

«« 4- icy - 6y« = 0. Ane. 45°. 

a*~2a;ysec0 + y' = O. Ana, d. 

*If the axes be oblique, we should find, in like manner, 

, ^ sina>V(5»-4^(7) 
tan6=s — 5 — ^ — ^5 -* 

75. To find the equation which will represent the lines bisecting 
the angles between the lines represented by the equation 

Ax^ + Bxg+Cf = 0. 

Let these lines%e a? - ay = 0, a; — Jy = ; let the equation of 
the bisector be a? — /ity = 0, and we seek to determine /a. Now 
(Art. 18) /i is the tangent of the angle made by this bisector with 
the axis of y, and it is plain that this angle is half the sum of the 
angles made with this axis by the lines themselves. Equating, 
therefore, tangent of twice this angle to tangent of sum, we get 

2/A a + b ^ 

but, from the theory of equations, 

, B , G 



therefore 



A 
2^ B 



or /[a'-2 — 5— /i-l = 0. 
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This gives us a qnadratic to determine /i, one of whose roots 
will be the tangent of the angle made with the axis of y by the 
internal bisector of the angle between the lines, and the other 
the tangent of the angle made by the external bisector. We 
can find the combined eqnation of both lines by substituting in 

the last quadratic for fi its value = - , and we get 

if 

and the form of this equation shows that the bisectors cut each 
other at right angles (Art. 74). 

The student may also obtain this equation by forming 
(Art. 35) the equations of the internal and external bisectors 
of the angle between the lines ar — ay = 0, a? — iy = 0, and multi- 
plying them together, when he will have 

{x - ayY _ [x ~ hyf 
1 + a" "■ 1+i* ' 

and then clearing of fractions, and substituting for a + bj and ah 
their values in terms of A^ J9, (7, the equation already found is 
obtained. 

76. We have seen that an equation of the second degree 
may represent two right lines ; but such an equation in general 
cannot be resolved into the product of two factors of the first 
degree, unless its coefficients fulfil a certain relation, which can 
be most easily found as follows. Let the general equation of 
the second degree be written 

aa;* + 2hxy + hf 4 Sya; + 2/y + c= 0,t 

or aa5* + 2 (Ay+gf)a; + Jy' + 2^ + c = 0. 

!■ I I .It,. I I 11 ■ ■ 

* It is remarkable that the roots of this last eqtiation will always be real, even if 
the roots of the equation Ax^ + ^xy + Cy* = be imaginary, which leads to the 
curious resiQt, that a pair of imaginary lines may have a pair of real lines bisecting 
the angle between them. It is the existence of snch rdations between real and 
imaginaiy lines which makes the consideration of the latter profitable. 

t It might seem more natural to write this eqnation 

aiB* + &cy + cy2 + (fo + ey +/= 0, 
bnt as it is desirable that the equation should be written with the same letters all 
through the book, I have decided on using, from the first, the form which will 
hereafter be found most convenient and symmetrical. It will appear hereafter 
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Solving this equation for a?, we get 

In order that this may be capable of being reduced to the 
form a? = ?wy4-w, it is necessary that the quantity under the 
radical should be a perfect square, in which case the equation 
would denote two right lines according to the different signs 
we give the radical. But the condition that the radical should 
be a perfect square is 

{V-ah){g'-ac) = {hg-af)\ 

Expanding, and dividing by a, we obtain the required condition, 

^- abc+2fffh-af-bg*-ch'' = 0* 

Ex. 1. Verify that the following equation represents right lines, and find the lines : 

aj2 _ 5a;y + 4^2 + aj + 2y - 2 = 0. 
Ans. Solving for a; as in the text, the lines are found to be 

a;-y-l = 0, a;-4y + 2 = 0. 
Ex. 2. Verify that the following equation represents right lines : 
{ax + py- r2)2 = («« + /32 - r^) {a? + y* - r*). 

.Ex. 3. What lines are represented by the equation 

a;2-a;y + ^-a;-y+l = 0? 

Am. The imaginary lines a? + 0y + 0^ = o, x + ^y + 6 = 0, where 6 is one of the 
imaginary cube roots of 1, 

Ex. 4. Determine h^ so that the following equation may represent right lines : 

a;2 + Vixy + y* - 5a; - 7y + 6 = 0. 

Am, Substituting these values of the coefficients in the general condition, we get 
for h the quadratic, 12^* — 36 A + 25 = 0, whose roots are ^ and f . 

*77. The method used in the preceding Article, though the 
most simple in the case of the equation of the second degree, is 
not applicable to equations of higher degrees ; we therefore give 
another solution of the same problem. It is required to ascertain 



that this equation is intimately connected with the homogeneous equation in three 
variables, which may be most symmetrically written 

ax^ + by^ + cz^ + %fyz + 2gzx + 2hxy = 0. 

The form in the text is derived from this by making 2=1. The coefficient 2 ia affixed 
to certain terms, because formulaa connected with the equation which we shall have 
occasion to use, thus become simpler and more easy to be remembered. 

* If the coefficients /, ^, A in the equation had been written without numerical 
coefficients, this condition would have been 

. ^ahc+fgh-ap-hg^-cli^^Q. 
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whether the given equation of the second degree can he identical 
with the product of the equations of two right lines 

(aa; + /8y- 1) (a'a? + /8'y- 1) =0. 

Multiply out this product, and equate the coeflScient of each 
term to the corresponding coefficient in the general equation of 
the second degree, having previously divided the latter by c, 
80 as to make the absolute term in each equation « 1. We thus 
obtain five equations, viz. 

from which eliminating the four unknown quantities a, a\ fij fi' 
we obtain the required condition. The first four of the equa- 
tions at once give us two quadratics for determining a, a' ; fi^ffj 
which indeed might have been also obtained from the considera- 
tion that these quantities are the reciprocals of the intercepts 
made by the lines on the axes ; and that the intercepts made by 
the locus on the axes are found (by making alternately x^O^ 
y = 0, in the general equation) from the equations 

We can now complete the elimination by solving the quadratics, 

substituting in the fifth equation and clearing of radicals; or 

we may proceed more simply as follows: Since nothing shows 

whether the root a of the first quadratic is to be combined with 

2A 
the root. /3 or /8' of the second, it is plain that — may have 

c 

either of the values aff + a'fi or a/S 4 a'ff. This is also evident 

geometrically, Mnce if the locus meet the axes in the points 

X, L' ; Jf, Jf ' ; it is plain that if it represent right lines at all, 

these must be either the pair LM^ 11 M\ or else LM\ LM^ 

whose equations are 

(aa:V/%-l)(a'a; + i8'y-l)=sO, or ((w?+i8'y-l)(a'a;-f i8y-l)=0. 
The sum then of the two quantities aff + a'/9, a/8 + dff 

= (« + «') 09+^) = ^, 
and their product 

' C <f C (y 

L 



\ 



t 
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Hence - is given by the quadratic 

c" <?' c^ c' ~ ' 

which, deared of fractions, is the condition abreadj obtained. 

Ex. To detennine h so that a^ + 2hxy + y' — 5a; — 7y + 6 = may lepzesent right 
lines (see E^ 4, p. 72). 

The intercept on the axes are given by the equations 

aj2-6a: + 6 = 0, y«--7y + 6 = 0, 

whose roots aren; = 2, a; = 3;y = l, y = 6. Forming, then, the equation of the lines 
joining the points so foimd, we see that if the equation represent right lines, it must 
be of one or other of the forms 

; (a + 2y-2)(2a; + y-6)=0, (a: + 3y-3)(3a; + y-6) = 0, 
whence^ multiplying out, h is determined. 

*78. To find how many conditions must he satisfied in order 
that the general equation of the n^ degree may represent right lines. 

We proceed as in the last Article ; we compare the general 
equation, having first by division made the absolute term.= l, 
with the product of the n right lines 

(oa; + /8y - 1) (a'a? + /8'y - 1) (a"aj + iS'V - 1) &c, = 0. 

Let the number of terms in the general equation be N] then 
from a comparison of coefficients we obtain ^—1 equations 
(the absolute term being already the same in both) ; 2n of these 
equations are employed in determining the 2n unknown quan- 
tities a, a'y &c., whose values being substituted in the remaining 
equations afford N-- 1 — 2w conditions. Now if we write the 
general equation 

^■Bx+Cy 

•\- D;^ -{• Exy -^^ Ff 

-^ Ox"" + Hx^'y -{- Kxy" '\- Ly"" 

+ &c. = 0, 

it is plain that the number of terms is the sum of the arithmetic 
series 

i^=l + 2 + 3+.:.(„+l) = (^^±#±^,- , . ■ 
hence JV^-1= \ ^ ^ ; N- 1 -.2n= \ ^ • 
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CHAPTER VL 

THE GIBCLE» 

79. Befobe proceeding to the discassion of the general equa- 
tion of the second degree, it seems desirable that we should 
show in the simple case of the circle, how all the properties of a 
curve may be deduced from its equation, without assuming any 
previous acquaintance with the geometrical theory. 

The equation, to rectangular axes, of the circle whose centre 
is the point (o^) and radius is r, has already (Art, 17) been 

found to be 

(aj-a)" + (y-/8)« = r«. 

Two particular cases of this equation deserve attention, as 
occurring frequently in practice. Let the centre be the origin, 
then a = 0, /3 = 0, and the equation is 

a^ + y» = r*. 

Let the axis of a? be a diameter, and the axis of y a per- 
pendicular at its extremity, then a = r, ^ = 0, and the equation 
becomes 

80. It will be observed that the equation of the circle, to 
rectangular axes, does not contain the term xy^ and that the co- 
efficients of a^ and ^ are equal. The general equation therefore 

cannot represent a circle, unless we have A = 0, and a » J. Any 
equation of the second degree which fulfils these two conditions 
may be reduced to the form [x — a)* + (y — /8)* = r', by a process 
corresponding to that used in the solution of quadratic equations. 
If the common coefficient of a;* and y* be not already unity, by 
division make it so ; then having put the terms containing x and 
y on the left-hand side of the equation, and the constant term 
oti the right, complete the squares by adding to both sides the 
sum of the squares of half the coefficients of x and y. 
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Ex. Reduce to the fonn (aj — o)* + (y — /3)' = r', the equations 

a:2 + y«-2aj-4y = 20; 3a:* + 3y* - 5a;- 7y + 1 = 0. 

Ans, (a; - 1)2 + (y - 2)« = 25 j (a: -|)* + (y-^)^ = f§ J and the co-ordinates of the 
centre and the radius are (1, 2) and 5 in the first case ; (f , I) and ^ ^/(62) in the second. 

If we treat in like manner the equation 

we get (a. + f)\(y+{)^^:±^ 

imd the co-ordiiiate» of the centre are — , — - , and the radius 

a ^ a ^ 

1 ^ 

lig^ +/* i» less thaa oc, the radius of the circle is imaginary, 
and the equation being equivalent to {x — a)' + (jf — ^8)* + r* = 0, 
cannot be satisfied by any real values of x and y. 

If ff* +/* = aCf the radius is nothing, and the equation being 
equivalent to {x — a)' + (y - /3Y = 0, can be satisfied by no co- 
ordinates save those of the point (a)3). In this case then the 
equation used to be called the equation of that point, but for the 
reason stated (Art. 73) we prefer to call it the equation of an 
infinitely small drele having that point for centre. We have 
seen (Art» 7^) that it may also be considered as the equatiop of 
the two imaginary lines (« — a) ± (y — /8) VC — 1) passing through 
the point (a/S). So in like manner the equation a?*-|-y* = may 
be regarded as the equation of an infinitely small circle having 
the origin for centre, or else erf the two imaginary lines xty^/^—l). 

81. The equation of the circle to oblique axes i» not often 
used. It is found by expressing (Art. 5), that the distance of 
any point from the centre is equal to the radius ; and is 

^^'^ ' f ^i.- (a?-a)* + 2(a;-a)(2^-/8)cosft) + (2^-i8f = r*. 

r c '^^' \ If we compare this with the general equation, we see that 

the latter cannot represent a circle unless a = hy and h = a cosco. 
When these conditions are fulfilled, we find by comparison of 
coefficients tliat the co-ordinates of the centre and the radius are 
given by the equations 



a + i8cosft)=--?, /8-f acos(»=-'^, a''+/9'+2a/3 



9 <^ 
coscD — r =- . 

a ' a ' a 
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Since a, fi are determined from the first two equations which 
do not contain c, we learn that two circles will be concentric if 
tTieir equations differ only in the constant term. 

Again, if c = 0, the origin is on the curve. For then the 
equation is satisfied bj the co-ordinates of the origin a; = 0, y = 0. 
The same argument proves that if an equation of any degree want 
the absolute term^ the curve represented passes through the origin^ 

82. To find the co-ordinates of the points in which a given 
right line x cosa 4 y sin a =^, meets a given circle a?-^j^^ii^. 

Equating to each other the values of y found from the two 
equations, we get for determining x^ the equation 

sma ' 

or, reducing a? — 2px cos a -{-p^ — r* sin*a = ; 
hence, x =^p cos a ± sin a *sj{r^- p^) , 

and, in like manner, 

y^p sinaTcosa V(^'— i>*)« 

(The reader may satisfy himself, by substituting these values 
In the given equations, that the — in the value of y corresponds 
to the + in the value of a?, and vice versa.) 

Since we obtained a quadratic to determine a?, and since every 
quadratic has two roots, real or imaginary," we must, in order to 
make our language conform to the language of algebra, assert 
that every line meets a circle in two points, real or imaginary. 
Thus, when^ is greater than r, that is to say, when the distance 
of the line from the centre is greater than the radius, the line, 
geometrically considered, does not meet the circle ; yet we have 
seen that analysis furnishes definite imaginary values for the 
co-ordinates of intersection. Instead then of saying that the 
line meets the circle in no points, we shall say that it meets it in 
two imaginary points, just as we do not say that the corre- 
sponding quadratic has no roots, but that it has two imaginary 
roots. By an imaginary point we mean nothing more than a, 
point, one or both of whose co-ordinates are imaginary. It is a 
purely analytical conception, which we do not attempt to repre- 
sent geometrically ; just as when we find imaginary values for 
roots of an equation, we do not try to attach an arithmetical 
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meaning to onr result. And attention to these imaginary 
points is necessary to preserve generality in oar reasonings, for 
we shall presently meet with many cases in which the line 
joining two imaginary points is real, and enjoys all the geome- 
trical properties of the corresponding line in the case where the 
points are real. 

83. When p = ry it is evident geometrically that the line 
touches the circle, and our analysis points to the same conclu- 
sion, since the two values of x in this case become eqtmlj as do 
likewise the two values of y. Consequently the points answer- 
ing to these two values, which are in general different, will in 
this case coincide. We shall therefore, not say that the tangent 

I meets the circle in only one point, but rather that it meets it in 

[ two coincident points; just as we do not say that the corre- 

sponding quadratic has only one root, but rather that it has two 
equal roots. And in general we define the tangent to any curve 
as the line joining two indefinitely near points on that curve. 

We can in like manner find a quadratic to determine the 
points where the line Ax-^-ByA-G meets a circle given by the 
general equation. When this quadratic has equal roots, the line 
« is a tangent. 

I Ex. 1. Find the co-ordinates of intersection of a;* + y* — 55 . 3a; + y = 25v 

An6, (7, 4) land (8, 1). 

^ Ex. 2. Find intersections of (a; - c)* + (y - 2c)2 = 26c2 ; 4a? + 3y = 36c. 

Ans, The line touches at the point {he, 5c). 

* Ex. 3. Whenwilly = wa; + 6touchaj2 + y« = r2? ^»w. When 6« =r r* (1 + »»«). 

Ex. 4. When will a line through the origin, y = vnx, touch 
^/ a (x2 + 2xy oosm + y«) + 2ya; + 2/y + c? 

I The points of meeting are given by the equation 

( o(l + 2moos<o + in^»2^2 (^r+Zm) a; + c = 0, 

which will have equal roots when 

{9 +/»»)* = ac (1 + 2m cos CO + m*). 
We have thus a quadratic for determining m. 

Ex.5. Find the tangents from the origin to »2 + y* - 6» - 2y + 8 = 0. 

Ans, X — y = 0, a? + 7y = 0. 

84. When seeking to determine the position of a circle re- 
presented by a given equation, it is often as convenient to do so 
by finding the intercepts which it makes on the axes, as by 
finding its centre and radius. For a circle is known when 
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three points on it are known; the determination, therefore, of 
the four points where the circle meets the axes serves com- 
pletely to fix its position. By making alternately y = 0, a; = 
in the general equation of the circle, we find that the points in 
which it meets the axes are determined by the quadratics 

ao^ -f ^gx -f = 0, ay* + 2/^ + c = 0. 

The axis of x will be a tangent when the first quadratic has 
equal roots, that is, when ^ = ac ; and the axis of y when/* = ac. 
Conversely, If it be required to find the equation of a circle 
making intercepts X, X' on the axis of Xy we may take a = 1, and 
we must have 2^ = — (X + X'), c — XX'. K it make intercepts 
/A, /Lt' on the axis of y, we must have 2/=— (a^ + /*'), c = /i/A'. 
Thus we see that we must have XX' = /a/a' (Euc. hi. 36). 

9 

Ex. 1. Find the points where the axes are cut by oj* + y' — So? — 7y + 6 = 0. 

Aim, a? = 3, aj = 2j y = 6, y = l. 

Ex. 2. What is the equation of the circle which touches the axes at distances 
from the origin = a ? Ans, oe^ + y^ — 2ax — 2at/ + a' = 0. 

Ex. 8. Find the equation of a circle, the axes being a tangent, and any line 
through the point of contact. Here we have X, X', /a aU = ; and it is easy to see 
from the figure that /x' = 2r sin co, the equation therefore is 

aj* + 2xy coBta+y^ — 2ry sinai = 0. 

85. To find the equation of the tangent at the point x'y' to a 
given circle. 

The tangent having been defined (Art. 83) as the line joining 
two indefinitely near points on the curve, its equation will be 
found by first forming the equation of the line joining any two' 
points {xy\ ijd'y") on the curve, and then making a;' = a?" and 
y'^y" in that equation. 

To apply this to the circle : first, let the centre be the origin, 
and, therefore, the equation of the circle aj'4-y* = »**. 

The equation of the line joining any two points [x'y') and 
(a?"y") is (Art. 29) 

aj-aj'"aj'-aj'" 

now if we were to make in this equation y* =^" and x* = a?", the 
right-hand member would become indeterminate. The cause 
of this is, that we have not yet introduced the condition, that 
the two points [x'y'y x"y*') are on the circle. By the help of this 
condition we shall be able to write the equation in a form which 
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will not become indeterminate when the two points are made 
to coincide. For, since 

^ :^ aj'" + y" = »"' + y", we have a;'" - «"» =« /' - y", 
and, therefore, ^, " ^„ = - , ^„ . 

Hence the equation of the chord becomes 

And if we now make x* = x" and y' = y", we find for the equation 
of the tangent, 

x^x' y'* 

<»r, reducing, and remembering that a;'* + y'* = *•", we get finaUj 

axc'H-yy' = r*. 

Otherwise thus:* The equation of the chord joining two 
points on a circle may be written, 

v^or this is the equation of a right line, since the terms 
a? + y* on ^ach side destroy each other ; and if we make x = x\ 
y^y\ the left-hand side vanishes identically, and the right-hand 
side vanishes, since the point xy* is on the circle. In like 
manner the equation is satisfied by the co-ordinates ic"y". This 
then is the equation of a chord ; and the equation of the tangent 
got by making x = qc\ y' = y", is 

(a,-a!')'' + (y-yr = a!' + y»-r», 

which reduced, gives, as before, xx* -^-yy' ^r*. 

If we were now to transform the equations to a new origin, 
so that the co-ordinates of the centre should become a, /8, we 
must substitute (Art. 8) aj-a, aj'-a, y-/3, y'— /8, for a?, a?', y, y', 
respectively : the equation of the circle would become 

and that of the tangent 

(a;-a)(a;'-a) + (y-/3)(y'-/3)^r«; 

a form easily remembered, from its shnilarity to the equation of 
the circle. 

* This method is due to Mr. Bumslde. 
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Cor. The tangent is perpendicular to the radius, for the 
equation of the radius, the centre being origin, is easily seen to be 
a:'y — y'a; = 0; but this (Art. 32) is perpendicular to asu'+j^y^r*. 

86, The method used in the last article may be applied to 
the general equation* 

ax^ + 2 hxy ^-1/ + 2gx + 2fy + c = 0. 

The equation of the chord joining two points on the curve may 
be written 

= ax" -f 2hxy + ly^ + 2gx + 2^ + c, 

]For the equation represents a right litie, the terms above the 
first degree destroying each other ; and, as before, it is evidently 
satisfied by the two points on the curve xy\ x"y". Putting 
a?" = ar', y" — y'^ we get the equation of the tangent 

a[X''x'Y-^2h {x-x]{ji-y')^l{y-y'Y=ax^-v2hxy^-h/'\2gx-\'2fy+c ; 

or, expanding, 

2axx + 2h [xy .+ y'x) + 2hy'y + 2gx + 2/y + c = ax"^ -f 2hx'y' -f hy^. 

Add to both sides 2gx* -{'2fy* -{-c^ and the right-hand side will 
vanish, because xy' satisfies the equation of the curve. Thus the 
equation of the tangent becomes 

ax'x + h {xy ^-y'x) + hy'y +,9' (a: + x) +f{y + y') + c = 0. 

This equation will be more easily remembered if we compare 
it with the equation of the curve, when we see that it is derived 
from it by writing xx and y'y for x^ and y, xy+y'x for 2a:y, 
and x' '{•Xjy' -{-y for 2a? and 2y. 

Ex. 1. Find the equatiozifi of the tangents to the curves xy — <?, and y^ = px, 

Ans, x*y + y'x = 2c^ and 2yyf zzp {x + a;'). 

Ex. 2. Find ihe tangent at th^ point (5, 4) to (a; - 2)2 + (y - 8)2 = 10. 

Ans, Bx + y = Id, 

Ex. 3. What is the equation of the chord joining the points jrV, x"y" on the 
circle a;2 + y2 = ^2? ^ns, {x' -i-x") x+ (y' + y") y = r^ + x'x" + y'y'\ 

Ex. 4. Find the condition that Ax + By^-C=0 should touch 

Aa + Ba + c (^-«)' + (y-/5)' = '''- 

Ans, . . P2\ " = ^ 5 since the perpendicular on the line from a/3 is equal to r. 

_ tf _ . 

* Of course when this equation represents a circle we must have b:=ayhzza cos to ; 
but since the process is the same, whether or not borh have these particular values, 
we prefer in tills and one or two similar cases to obtain at once formulae which will 
aft^'watds be required in our discussion of the general equaition of the second degree. 

M 



82 THE CIRCLE. 

87. To draw a tangent to the circle aj' + ^* = r', from any 
point Qcy. Let the point of contact be x'y'\ then since, by hypo- 
thesis, the co-ordinates xy* satisfy the equation of the tangent at 
aj'y, we have the condition ccV + yy = r*. 

And since a?"y" is on the circle, we have also 

X +y =r . 

These two conditions are sufficient to determine the co-ordinates 
a?", y''^ Solving the equations, we get 

^ - aj'" + y ' * " x'^ + y'' 

Hence, from every point may be drawn tioo tangents to a circle. 
These tangents will be real when x'^+y'* is>r", or the point 
outside the circle; they will be imaginary when a?'*+y is <r'', 
or the point inside the circle; and they will coincide when 
a:" + y'* = r", or the point on the circle, 

88. We have seen that the co-ordiniates of the points of 
contact are found by solving for x and y from the equations 

^ + yy ' = »•* ; x*-\-y^= r^ 
Now the geometrical meaning of these equations evidently Is, 
that these points are the intersections of the circle aj*+y^ = r* 
with the right line xx' -f yy' = r*. This last then is the equation 
of the right line joining the points of contact of tangents from 
the point x'y' ; as may also be verified by forming the equation 
of the line joining the two points whose co-ordinates were found 
in the last article.* 

We see, then, that whether the tangents from x'y' be real or 
imaginary, the line joining their points of contact will be the real 
line X'X' -f yy' = r*, which we shall call the polar of x'y with 
regard to the circle. This line is evidently perpendicular to the 

* In general the equation of the tangent to any curve expresses a relation oon- 
Recting the co-ordinates of any point on the tangent, with the co-ordinates of the 
point of contact. If we are given a point on the tangent and required to find the 
point of contact, we have only to accentuate the co-ordinates of the point which is 
supposed to be known, and remove the accents from those of the point of contact, 
when we have the equation of a curve on which that point must lie, and whose 
intersection with the given curve determines the point of contact. Thus if the 
equation of the tangent to a curve at any point xY be xx'^ + yy'^ = r*, the points 
of contact of tangents drawn from any point x'y' must lie on the curve x'ixi^ + y'y* = r*. 
It is only in the case of curves of the second degree that the equation which deter- 
mines the points of contact is similar in form to the equation of the tangent. 
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line {x'y'-y'x=^0)j which joins x'y to the centre; and its dis- 
tance from the centre (Art. 23) is -77-15 m • Hence, the polar of 

any point F is constructed geometrically by joining it to the 
centre 0, taking on the joining line a point Jf, such that 
CM.CP=r^j and erecting a perpendicular to CP at M. We 
see, also, that the equation of the polar is s&ilar in form to that 
of the tangent, only that in the former case the point x*y' is not 
supposed to be necessarily on the circle : if, however, x'y' be on 
the circle, then its polar is the tangent at that point. 

89. To find the equation of the polar of x'y' with regard to the 
^^'^ ax*^2hxy + by'' + 2ffx + 2fy + c = 0. 

We have seen (Art. 86) that the equation of the tangent is 

•aa;'a?4 h {x'y + y'x) + by'y-i'g {x + x') +f{y + y') + c^O. , 

•This expresses a relation between the co-ordinates xy of any 
point on the tangent, and those of the point of contact x'y'. 
We indicate that the former co-ordinates are known and the 
latter unknown, by accentiaating the former, and removing the 
'accents from the latter co-ordinates. But the equation, being sym- 
metrical with respect to the co-ordinates ccy, x'y'^ is unchanged 
by this operation. The equation then written above, (which 
when' a^y is a point on the curve, represents the tangent at that 
point), when x'y'^ is not on the curve, represents a line on whichr 
lie the points of contact of tangents real or imaginary from x'y'. 

If we substitute x'y' for xy in the equation of the polar, we 
get the same result as if we made the same substitution in the 
equation of the curve. This result then vanishes when x'y' is on 
the curve. Hence the polar of a point passes through that point 
only when the point is on the curve, in which case the polar is 
the tangent. 

Cor. The polar of the origin is gx +fy + c = 0. 

Ex. 1. Find the polar of (4, 4) with regard to (a;- !)«+ (y-2)2=13. Ans. 3aj+2y=20. 
Ex. 2. Find the polar of (4, 5) with regard to x^-hy^-Bx-4y=S. Ans. 5x+6y=48. 
. Ex. 3. Find the pole of Ax + By + C=0 with regard to «« + y»= r^. 

Afis, I— -T7- , — —^ J ) as appears from comparing the given equation with 

xx' + yy' = r*. 
Ex. 4. Find the pole of 3a? + 4y = 7 with regard to x' + ^^ := 14. Ans. (6, 8). 

Ex. 5. Find the pole of 2x + 3y = 6 with regard to {x - l)^ + Cv - 2)2 = 12. 

Ans. (-11, - 16). 
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90. To find the length of the tangent drawn from any paint to 
the circle {x — a)* + (y — /8)' — r" = 0. 

The square of the distance of any point from the centre 

= (a,-ar+{y-/9)'; 

and since this square exceeds the square of the tangent by the 
square of the radius, the square of the tangent from any point is 
found by substituting the co-ordinates of that point for x and y 
in the first member of the equation of the circle 

Since the general equation to rectangular co-ordinates 

when divided by a, is (Art. 80) equivalent to one of the form 

(^-ar+(y-^r-r«=o, 

we learn that the square of the tangent to a circle whose equa- 
tion is given in its most general form is found by dividing by 
the coefficient of n^^ and then substituting in the equation the 
co-ordinates of the given point. 

The square of the tangent from the origin is found by 
making x and y = 0, and is, therefore, »= the absolute term in the 
equation of the circle, divided by a. 

The same reasoning is applicable if the axes be oblique. 

*91. To find the ratio in which the line joining two given 
points x'y\ oi'y'\ is cut by a given circle^ 

We proceed precisely as in Art. 42. The co-ordinates of any 
point on the line must (Art. 7) be of the form 

Ix" + mx' ly" 4- my* 
l + m ' l+m 

Substituting these values in the equation of the circle 

x^ + y^^r' = Oj 

and arranging, we have, to determine the ratio Z:?w, the quadratic 

P (aj"« + y"' - O + 2lm [x'x" + yY - r») + m^ [x'^' + y« - r^) = 0. 

The values o{l:m being determined from this equation, we have 
at once the co-ordinates of the points where the right line meets 
the circle. The symmetry of the equation makes this method 
sometimes more convenient than that used (Art. 82). 
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If xy' lie on the polar of xy\ we have oix + y'y' — r* = 
(Art, 88), and the factors of the preceding equation must be of 
the form l-^-fim^ l—fim ; the line joining x'y'j x"y" is therefore cut 
intemaUy and externally in the same ratio, and we deduce the 
well-known theorem, any line drawn through a point is ciU har^ 
montcally by the pointy the circle^ and the polar of the point. 

*92. To find the equation of the tangents from a given point 
to a given circle. 

We have already (Art. 87) found the co-ordinates of the 
paints of contact; substituting, therefore, these values in the equa- 
tion xx" + yy" - r* = 0, we have for the equation of one tangent 

^(^^'+yy-aj''-/*)+(^y-3^aT')V(^"+y"-o=o, 

and for that of the other, 

r {xx' + yy' - a;'" - y'*) ~ [xy' - yx') V(a?'" + y'* - r") = 0. 

These two equations multiplied together give the equation of the 
pair of tangents in a form free from radicals. The preceding 
article enables us, however, to obtain this equation in a still more 
simple form. For the equation which determines I : m will have 
equal roots if the line joining x'y'^ x"y" touch the given circle ; 
if then x"y" be any point on either of the tangents through x'y\ 
its co-ordinates must satisfy the condition 

{x" + y''^r') {a?^f--T')^{xx'^yy'^ry. 

This, therefore, is the equation of the pair of tangents through 
the point x'y'. It is not difficult to prove that this equation is 
identical with that obtained by the n^ethod first indicated. 

The process used in this and the preceding article is equally 
applicable to the general equation. We find in precisely the 
same way that ? : m is determined from the quadratic 

r [ax"^ + <2hx"y" -f hy"^ + 2gx" + "^fy" + c) 

■+ 2Zw {ax'x" 4- A {x'y" + x"y') + hy'y" ^g[x-V x") +f{y' + y") + c] 

+ m^ {ax"" + 2hxy' + by'^ + 2gx' + 2fy' + c) = ; 

from which we infer, as before, that when x'y" lies on the polar 
of x'y' the line joining these points is cut harmonically ; and also 
that the equation of the pair of tangents from x'y' is 

(aa?'*+ 2hx'y'+ by'^+ 2gx'-]- 2jy''\-c){aa^-\'2hxy+by'-{- 2gx\2fy-\- c) 

= {ax'x H- h [x'y -f xy) + byy' -\-g{x-^ x) +f{y -[- y) + c}\ 
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93. To find the equatian of a circle passing through three 
given points. 

We have only to write down the general equation 

and then substituting in it, successively, the co-ordinates of each 
of the given points, we have three equations to determine the 
three unknown quantities y, y* c. We might also obtain the 
equation by determining the co-ordinates of the centre and the 
radius, as in Ex. 5, p. 4. 

Ex. 1. Find the circle through (2, 3), (4, 6), (6, 1). 

Ans, (a; - V)* + (y - %y = '^ (see p. 4). 

Ex. 2. Find the circle throngh the origin and through (2, 3) and (3, 4). 

Here c = 0, and we have 13 + 4^ + e/= 0, 25 + 6^ + Bf= 0, whence 2g = - 23, 2/= 11. 

Ex. 3. Taking the same axes as in Art. 48, Ex. 1, find the equation of the circle 
through the origin and through the middle points of sides; and show that it also 
passes through the middle point of base. 

Ans. 2p (aj2 + yi) -p {$-$') x- (/)» + ss') y = 0. 

*94. To express the equation of the circle through three points 
^y\ ^'V) ^'V *w terms of the co-ordinates of those points. 
We have to substitute in 

the values of g^f c derived from 

{x' +y")+2gx' +2/y +c = 0, 

[x"" + y'"') + 2gx"' + W + ^ = 0. 

The result of thus eliminating g^f c between these four equa- 
tions will be found to be 

{a? +/ ){a;' {y"-y")^^-{y'"-y')+x"'{y' -/)} 

■^{x"'+y'nW"{y -y)+a; iy' -/") + «'' {y"'-y )) 

-[^'-+y"-)[x iy' -y")+x' {y" -y )+ai- {y -y')} = 0, 

as may be seen by multiplying each of the four equations by the 
quantities which multiply {x^ + y^) &c. in the last written equa- 
tion, and adding them together, when the quantities multiply- 
ing <7,/, c will be found to vanish Identically. 

If it were required to find the condition that four points 
should lie on a circle, we have only to write a?^, y^ for x and y 
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In the last equation. It is easy to see that the following is the 
geometrical interpretation of the resulting condition. K A^ Bj 
(7, D be any four points on a circle, and any fifth point taken 
arbitrarily, and if we denote by BCD the area of the triangle 
BGDj &c., then 

OA\BCD + OC\ABR= 0B\ ACI) + OD\ABC. 

95. We shall conclude this chapter by showing how to find 
the polar equation of a circle. 

We may either obtain it by substituting for a;, p cos^, and 
for y, p sin^ (Art. 12), in either of the equations of the circle 
already given, 

a{x' + f) + 2gx-\-2fy + c=^0, or (aj - a)' + (y - /3)" = r», 

or else we may find it independently, from the definition of the 
circle, as follows : 

Let be the pole, C the centre of the circle, and OC the 
fixed axis; let the distance OG=dy 
and let OP be any radius vector, and, 
therefore, =p, and the angle PO (7=^, 
then we have 

PG'= OF* +00' -2 OP. G cosPO C, 

that is, r^^p^ + d* - 2pd cos 0^ 

or p' - 2dp cos^ + d^ - r* = 0. 

This, therefore, is the polat-^quation of th§ ajf cle. 

If the fixed axis did not coincide with 0(7, but made with it 
any angle a, the equation would be, as in Art. 44, 

p' - 2rf/) cos(5 - a) + c?' - r" = 0. 

If we suppose the pole on the circle, the equation will take a 
simpler form, for then r = rf, and the equation ivill be reduced to 

p = 2rcos^, 

a result which we might have also obtained at once geometrically 
from the property that the angle in a semicircle is right ; or else 
by substituting for x and y their polar values in the equation 
(Art. 79) x'-\-y'^2rx. 
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CHAPTER VII. 



THEOREMS AND EXAMPLES ON THE CIRCLE. 

96. Having in the last chapter shown how to form the 
equations of the circle, and of the most remarkable lines related 
to it, we proceed in this chapter to illustrate these equations by 
examples, and to apply them to the establishment of some of 
the principal properties of the circle. We recommend the 
reader first to refer to the answers to the examples of Art. 49, 
to examine in each case whether the equation represents a circle, 
and if so to determine its position either (Art. 80) by finding 
the co-ordinates of the centre and the radius, or (Art. 84) by 
finding the points where the circle meets the axes. We add a 
few more examples of circular loci. 

Ex. 1. Given base and vertical angle, find the locus of vertex, the axes having 
any petition. 

Let the co-ordinates of the extremities of base be x*\f, ar'y. Let the equation 
of one side be 

y - y = j» (a? - arO* 
then the equation of the other side, making with this the angle C, will be (Art. 33) 

(1 + m tanC) (y - y") = (w - tanC) {x - x"). 
Eliminating m, the equation of the locus is 

If C be a right angle, the equations of the sides aie 

y-y'=:m(a;-ar')j »» (y - V) + (« " O = <>, 
and that of the locus 

(y-y') (y-y") + (a?-aO (a;-x") = o. 

Ex. 2. Given base and vertical angle, find the locus of the intersection of peipen< 
diculars of the triangle. 

The equations of the perpendiculars to the sides are 

»» (y - y") + (aJ - aj") = 0, (>» - tanC) (y -• y') + (1 + »» tanC) {x - ar') = 0. 
Eliminating m, the equation^of the locus is 

tanC'{(y-yO(y-y") + (^-a^')(^-a:")} = «(y'-y")-y(«'-aj'o + ajy'-yV'; 

an equation which only differs from that of the last article by the sign of tanC, and 
which is therefore the locus we should have found for the vertex had we been given 
the same base and a vertical angle equal to the supplement of the given one. 

Ex. 3. Given any number of points, to find locus of a point such that m' times 
square of its distance from the first + m" times square of its distance from the second 
+ &c. = a constant j or (adopting the notation used in Ex. 4, p. 49) such that 2 (mr*) 
may be constant. 
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The square of the distance of any point xy from or'y' is (« — a?')* + (y — y*)'* 
Multiply this by m', and add it to the corresponding terms found by ezpresslng the 
distance of the point xy from the other points x"^', Ac. If we adopt the notation 
of p. 49, we may write for the equation of the locus, 

2 (to) a^ 4- 2 (to) y« - 22 {mx') a? - 22 {my') y + 2 (too;'*) + 2 (wy^ = C» 

Hence the locus will be a circle, the co-ordinates of whose centre will be 

2Jto^ 2(TOy O 

2 (m) * ^ ~ 2 (to) * 

that is to say, the centre will be the point which, in p. 50, was called the centre of 
mean position of the given points. 

If we investigate the value of the radius of this cirde, we shall find 

R^X (to) = J5 (TOr*) - 2 (TOp«), 

where 2 {mrY = C = sum of to times square of distance of each of the given points 
from any point on the circle, and 2 {mp') = sum .of m times square of distjuice of 
each point from the centre of mean position. 

Ex. 4. Find the locus of a point 0, such that If parafleils be drawn through it 
to the three sides of a triangle, meeting them in points B, C; C, A' ; A", B' \ the 
sum may be given of the three rectangles 

BO.OC+C'O.OA' + A"0,OBr. 
Taking two sides for axes, the equation of the locus is 



(a-x-ly)+y[b-y-lx) + ^ = f,fi. 



or x* + y* + 2a?y cos(7 - aa; - 6y + to* = 0. 

Tlufi represents a circle, which, as is easily seen, is concentric with the dicumflcribing 
circle; the co-ordinates of the centre in both cases being given by the equations 
2 (a + /3 coeC) = a, 2 (/3 4- a cosC) = b. These last two equations enable us to solve 
the problem to find the locus of the centre of circumscribing circle, when two sides 
of a triangle are given in position, and any relation oonnecl^g their lengths is given. 

Ex. 5. Find the locus of a point 0, if the line joining it to a fixed point makes the 
same intercept on the axis of ar, as is made on the axis of y by a perpendicular through 
to the joining line. 

Ex. 6. Find the locus of a point, such that if it be joined to the vertices of a 
triangle, and perpendiculars to the joining lines erected at the vertices, these perpen- 
diculars meet in a point. * 

97. We shall next give one or two examples Involving the 
problem of Art. 82, to find the co-ordinates of the points where 
a given line meets a given circle. 

Ex. 1. To find the locus of the middle points of chords of a given circle, drawn 
parallel to a given line. 

Let the equation of any of the parallel chords be 

xQO&a + y sina— j» = 0, 

where a is, by hypothesis, given, and p is indeterminate ; the absdssiB of the points 
where this line meets the circle are (Art. 82) found from the equation 

a;* — 2pa; cos a +i)* — r* sin* a = 0. 

Now, if the roots of this equation be x* and ar", the x of the middle point of the 

N 
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choid will (Art. 7) be ^(aZ + oj"), or, from the theory of equations, will =pco6a. 
In like manner, the y of the nuddle point will equal p ama. Hence the equation 
of the locus isy = x tan a, that is, a right line drawn through the centre perpendicular 
to the system of parallel chords ; since a is the angle made with the axis of x by 
a perpendicular to any of the chords. 

Ex. 2. To find the condition that the intercept made by the circle on the line 

xcoBa + yBma=p 

should subtend a right angle at the point osV . 

We found (Art. 96, Ex. 2) the condition that the lines joining the points x"i/'j 
a/'y to xy should be at right angles to each other ; Tiz. 

Let x^y*f 7^"}/" be the points where the line meets the circle, then, by the 
last example, 

a?" + a'" = 2j?cosa, a?'V"=;>«-r2sin«a, y + y"':: 2p sina, y'V" =i)«- races' a. 

Patting in these values, the required- condition is 

a?'* + y^ - 2paJ' cosa - 2py' sma + 2p« - r^ = 0. 

Ex. 8. To find the locus of the middle point of a chord which subtends a right 
angle at a given point. 

If X and y be the co-ordinates of the middle point, we have, by Ex. 1, 

^ coso = a?, p sino = y, p^ = a^ + y*, 

and, substituting these values, the condition found in the last example becomes 

{x-x')^+(y- t/y + ^8 + y2 = r*. 

Ex. 4. Given a line and a circle, to find a point such that if any chord be drawn 
through it, and perpendiculars let fall from its extremities on the given line, the 
rectangle under these perpendiculars may be constant. 

Take the given line for axis of sc, and let the axis of y be the perpendicular on 
it from^the centre of the given circle, whose equation will then be 

«* + (y - /3)2 = r«. 

Let the co-ordinates of the sought point be sc^^ ; then the equation of any line 
through it will be y ^y' = m {x — x^. Eliminate x between these two equations 
and we get a quadratic for y, the product of whose roots will be found to be 

This will not be independent of m unless the numerator be divisible by 1 + f»', and 
it will be found that this cannot be the case, unless x^ = 0j y'^ = ^ — r^, ^ 

Ex.6. To find the condition that the intercept made on acoso + y sina— j>, 
by the circle 

a;« + y2 + 2^a; + 2^4-c = 

may subtend a right angle at the origin. The equation of the pair of Unes joining 
the extremities of the chord to the origin may be written down at once. For if we 
multiply the terms of the second degree in the equation of the circle by p% those of 
the first degree by ^ (a; cos a + y sin a), and the absolute term by (a; cosa + y sin a)*, 
we get an equation homogeneous in x and y, which therefore represents right lines 
drawn through the origin j and it is satisfied by those points on the circle for which 
a;cosa + ysina=j}. The equation expanded and arranged is 

(i>* + 2gpcoaa + c cos'a) a?« + 2 (^ sin a +/cosa + c sin a cos a) aiy 

+ {p^ + 2fp ama + c ain^a) y» = 0.. 
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These two lines cut at right angles (Art. 74) if 

2p* + 2p (^ 008 a 4-/Bino) 4- c = 0. 

Ex. 6. To find the locus of the foot of the perpendicular from the origin on a 
chord which subtends a right angle at the origin. The polar co-ordinates of the locus 
axep and a in the equation last found ; and the equation of the locus is therefore 

2 (a?* 4- y^ + 2gx 4- 2/y + c = 0. 

It will be found on examination that this is the same circle as in Ex. 8. 

Ex. 7. If any chord be drawn through a fixed point on a diameter of a dicle and 
its extremities joined to either end of the diameter, the joining lines cut off on the 
tangent at the other end, portions whose rectangle is constant. 

Find, as in Ex. 5, the equation of the lines joining to the origin the intersectionB 

of ic* + ^ — 2rx with the chord i/ = m (x — a^ which passes through the fixed point 

{a^, 0). The intercepts on the tangent are found by putting a; =r 2r in tdiis equation 

and seeking the corresponding values of y. The product of these values will be 

a;' — 2r 
found to be independent of m, viz. 4r* -, — . 

X 



98. We shall next obtain from the equations (Art. 88) a few 
of the properties of poles and polars. 

If a point A lie on tJie polar of B^ then B lies on the polar of A. 
!For the condition that x*y' should lie on the polar of x"y" is 
so'x" + 1/'}/" ^r^*j but this is also the condition that the point 
a!'y" should lie on the polar of x*y\ It is equally true if we 
use the general equation (Art. 89) that the result of substituting 
the co-ordinates x"y" in the equation of the polar of x*y* is the 
same as that of substituting the co-ordinates x'y' in the polar 
of ai*y\ This theorem then, and those which follow, are true 
of all curves of the second degree. It may be otherwise stated 
thus : if the polar of B pass through a fixed point -4, the l^^cus of 
B is the polar of A, 

99. Given a circle and a triangle ABO^ if we take the polars 
with' respect to the circle, o{ Aj B^ (7; we form a new triangle 
A'B'C called the conjugate triangle, A' being the pole of J5(7, 
B' of (7-4, and C of AB. In the particular case where the polars 
of -4, Bj C respectively aj-e jBC, G4, ABj the second triangle 
coincides with the first, and the triangle is called a self-conjugate 
triangle. 

The lines AA\ BB\ 0G\ joining the corresponding vertices of 
a triangle and of its conjugate^ meet in a point. 

The equation of the line joining the point x'y' to the inter- 
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section of the two lines ocoi' + yjf - r' = and ocx'' + y^'" - r' = 
IB (Art, 40, Ex. 3) 

AA, {x'x'" + yy - t') [xx" + yy" - r») 

- (a? V + y'y" - /) (ajx'" + yy'" - r«) = 0. 
In like manner 

BB\ . {x'x" + yy ' - O (a?a;'" + 2^/" - r«) 

- [x"x'" + /'3^"' - O (a?a:' + yy' - O = ; 
and GC\ {x"x'"+yY'-r'){xx'-{'yy''r'). 

-{xx"'+y'y"*-r'){xx''+yy"^r')^Oi 

and by Art. 41 these lines must pass through the same point. 

The following is a particular case of the theorem just proved : 
If a circle be inscribed in a triangle^, and each vertex of the tri-^ 
angle joined to the point of contact of the circle with the opposite 
aide J tlte three joining lines will meet in a point. 

The proof just given applies equally if we use the general 
.equation. If we write for shortness P, = for the equation of 
the polar of x'y\ {ax'x + &Cr = 0) j and in like manner P^, Pg for 
the pohtrs of x"y"y x"y" ; and if we write [1, 2] for the result of 
substituting the co-ordinated x"y" in the polar of x'y'y [axx'-i'&c.)^ 
then the equations are easily seen to.be 

AA' [1,3]P.= [1,2]P^ 

££' [l,2]P,= [2,3]P„ 

GG^ [2,3]P,= [1,S]P,, 

wUcb denote three lines meeting in a point. It follows (Art. 60, 
Ex. 3) that the intersections of corresponding sides of a triangle 
and its conjugate Ue in one right line. 

100. Given any point Oy and any tt&o lines through it ; join 
both directly and trcmsversely the points in which these lines meet 
a circle ; then^ if the direct lines intersect each other in P and the 
transverse in Qj the line PQ will be thepdar of the point 0, with 
regard to the circle^ 

Take the two fixed lines for axes^ and let the intercepts made 
on them by the circle be \ and V^ fju and fju\ Then 

X y" ^ ic V 
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will be the eqaations of the direct lines ; and 

54y_i=o, 1+1-1=0, 

the equations of the transverse lines. . Now, the equation of the 
line PQ wiU be 

| + | + y4i^,_2 = 0, 

\ A fA fJL 

for (see Art. 40) this line passes through the intersection of 

and also of ^ + ~, - 1, ^, + - - 1. 

\ fA ' \ /t 

If the equation of the curve be 

aa? + 2hxy + Jy* + 2ffx + 2/y 4 c = 0, 

X and X' are determined from the . e({uation ax* -{- 2gx + c := 
(Art. 84), therefore, 

- + i r= - ?2 and i + A - - ^. 
Hence, equation oi PQ is 

but we saw (Art. 89) that this was the equation of the polar of 
the origin 0. Hence it appears that if the point were given, 
and the two lines through it were not fixed, the loeus of the 
points P and Q would be the polar of the point 0, 

lOl* Oiven any two points A amd B^ and their polars with 

respect to a circle whose centre is 0: let fall a perpendicular AP 

from A on the polar of B^ and a perpendicular BQfrom B on the 

.... OA OB 
polar of A; ^*«w ^Jp = [g^ • 

The equation of the polar of A {x'y') is asa?' 4 ^' — r" = ; and 
BQj the perpendicular on this line from B [x"y")^ is (Art. 34) 

a?V-4yy-r' 
V(a^"4y') • 
Hence, since 's/{x* + y'^) =OAj we find 

OA.BQ=^x'x"'\'yY--r^] 
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and| for the same reason, 

OA OB 



Hence 



AP" BQ* 



102. In working out questions on the circle it is often con- 
yenient, instead of denoting the position of a point on the curve 
by its two co-ordinates x'y\ to express both these in terms of a 
single independent yariable. Thus, let ff be the angle which 
the radius to x'y* makes with the axis of x^ then x' ^^r cosd', 
y' = rsin^y and on substituting these values our formulas will 
generallj become simplified. 

The equation of the tangent at the point o^y will by this sub- 
stitution become 

0? costf' + y sin^' = r J 

and the equation of the chord joining x*y\ aj'y, which (ArL 86^ 
Ex. 3) is 

X {x' + x") + y fy + /) = r* + x'x" + yy, 

will, by a similar substitution, become 

X cosi {ff + ff') +y sini [ff 4 &') = r cos^ [ff - ff\ 

ff and ff' being the angles which radii drawn to the extremities 
of the chord make with the axis of a;. 

This equation might also have been obtained directly from, 
the general equation of a right line (Art. 23) x cos a -I- y ana =j?^ 
for the angle which the perpendicular on the chord makes with 
the axis is plainly half the sum of the angles made with the axis 
by radii to its extremities ; and the perpendicular on the chord 

= rcosi(0'-r). ^ 

Ex. 1. To find the co-ordinates of the intersection of tangents at two given points 
on the circle. The tangents being 

ajcos0' + y sin0' = r, a;cos0" + y 8in6" = r, 
the co-oidinates of their intersection are 

^"*'cos^(0'-e")' ^""''cosi(0'-r)' 

Ex. 2. To find the locus of the intersection of tangents at the extremities of 
a chord whose length is constant. 

Making the substitution of this article in 

{x' - off + (y' - y")2 = constant, 
it reduces ta co6(e' - e") = constant, or e' - 6" = constant. If the given length of 
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the cbord be 2r Bind, then 0' — 6" = 2d, The oo-ordinates therefore foand in the 
last example fulfil the condition 

Ex. 3. Wliat is the locus of a point where a chord of a constant length is cnt in 
a given ratio ? 

Writing down (Art. 7) the co-ordinates of the point where the chord is cat in a 
given ratio, it wiU be found .that they satisfy the condition a^ + i^ = constant. 

103. We hare seen that the tangent to any circle a^ +y = r* 
has an equation of the form 

X cos^+y sin^ = r; 

and it 'can he proved, in like manner, that the equation of the 
tangent to (a; — a)* + (y — ^)* = r* may be written 

(a?— a) cos^+(y — i8) sin^ = r. 

Conversely, then, if the equation of any right line contwi an 
mdeterminate in the form 

(a? — a) cosd + (y — )3) sin ^ =5 r, 

that line will touch the circle (a? — a)* + (y — fif = r\ 

Ex. 1. If a chord of a constant length be inscribed in a circle, it will always touch 
another circle. For, in the equation of the chord 

a;cosi(0' + r)+ysmi(e'4-e")=»-coBi(^-nj 
by the last article, O' — 6" is known, and 6^ + d" indeterminate; the chord, therefore, 
always touches the circle 

fic2 + y2 = r«COS«*. 

Ex. 2. Given any number of points, if a right line be such that m' times the 
perpendicular on it from the first point, + m" times the perpendicular from the second, 
+ Ac, be constant, the line will always touch a circle. 

This only difEers from Ex. 4, p. 49, in that the sum, in place ci being = 0, is c6n- 
Btant." Adopting then the notation of that Article, instead of the equation there found, 

{aj2 (»») - 2 {mx^} C06« + {yS {m) - 2 (my')} sina = 0, 

we have only to write 

{xSm — 2 (maf)} cosa + {^2 (m) — 2 {m^} sina = constant. 

Hence this Hue must always touch the circle 

whose centre is the centre of mean position of the given points. 

104. We shall conclude this Chapter with some examples of 
the use of polar co-ordinates. 

Ex. 1. If through a fixed point any chord of a drde be drawn, the rectangle 
nnder its segments will be constant (Euclid iii. 35, 36). 

Take the fixed point for the pole, and the polar equation is (Art. 95) 

/()2 - 2/od cose + rf2 - r« = J 
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the ]X)OtB of which equation in p are evidently OP, OP", the values of the radius 
vector answering to any given value of or POC, 

Now, by the theory of equations, OP.OP\ the product of these roots will 
= <2' — r^, a quantity independent of 6, and therefore constant, whatever be the 
direction in which the line OP is drawn. If the point be outside the circle, it 
is plain that d^ — r^ must be = the square of the tangent. 

Ex. 2. If through a. fixed point any chord of a circle be drawn, and OQ taken 
an arithmetic mean between the segments OP, OP' ; to find the locus of Q. 

We have OP + OP*, or the sum of the roots of the quadratic in the last ezampley 
= 2rf cose J but OP + OP' = WQ, therefore 

OQ = d ooa^. 
Hence the polar equation of the locus is 

^ = e7cos0. \ \j r 

Now it appears from the final equation (Art. 96) \ / 

that this is the equation of a circle described on 
the line OCba diameter. 

The question in this example might have been otherwise stated: "To find the 
loons of the middle points of chords which all pass through a fixed point.'' 

Ex. 3. If the line OQ had been taken a harmonic mean between OP and OP't 

to find the locus of Q, 

90P OP' 
That is to say, OQ = ' p ^fl , hut OP.OP' = d^-' r'yiaid OP + OP' = 2d oosd; 

therefore the polar equation of the locus is 

dcosd^ ^ d 

This is the equation of a right line (Art. 44) perpendicular to OC, and at a 

r^ r^ 

distance from = <? -< — , and, therefore, at a distance from C=-^. Hence (Art. 88) 

the locus is the polar of the point 0, 

We can, in like manner, solve this and similar questions when the equation is 

given in the form 

a (a;« + y«) + 2gx + 2/y + c = 0, 

for, transformjbg to polar co-ordinates, the equation becomes 

p« + 2 f^ COS0 +-^sme^ p + -= 0, 
^ \a a J ^ a 

and, proceeding precisely as in this example, we find, for the locus of harmonic means, 

'*■" ^cose+Zsine* 
and, returning to rectangular co-ordinates, the equation of the locus is 

ffx+ft/ + c=0, 
the same as the equation of the polar obtained already (Art. 89). 

Ex. 4. Given a point and a right line or circle ; if on OP the radius vector to the 
line or circle a part OQ be taken inversely as OP, find the locus of Q. 

Ex. 5. Given vertex and vertical angle of a triangle and rectangle under sides ; 
if one extremity of the base describe a right line or a circle, find the locus described 
by the other extremity. 

Take the vertex for pole; let the lengths of the sides be p and />', and the angles 
they make with the axis and 0', then we have pp' = k^ and - 0' = C. 
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The Btndent must write down the polar equation of the locos which one base angle 
is said to describe ; this will give him a relation between p and 6 ; then, writing for />, 

— , and for 6, (7+ 6', he will find a relation between p* and 8*, which will be the 

polar equation of the locns described by the other base angle. 

This example might be solved in like manner, if the ratio of the sides, instead 
of their rectangle, had been given. 

Ex. 6. Through the intersection of two circles a right line is drawn ; find the 
locns of the middle point of the portion intercepted between the circles. 
The equations of the circles will be of the form 

p = 2r CO8(0 — a) ; /» = 2r' CO8(0 — a') ; 

and the equation of the locus will be 

p — r cos(0 — a) + r' cos(6 - a*) ; 

which also represents a circle. 

Ex. 7. If through any point 0, on the circumference of a circle, any three chords 
be drawn, and on each, as diameter, a circle be described, these three circles (which, 
of course, all pass through 0) will intersect in three other points, which lie in one 
right line. (See Cambridge Mathematical Journal, YoL I., p. 169). 

Take the fixed point for pole, then if (i be the diameter of the original circle, 

its polar equation wiU be (Art. 95) 

p ■= d cos 6, 

In like manner, if the diameter of one of the other circles make an angle a with the 
fixed axis, its length will be = c2 cos a, and the equation of this circle will be 

p cz d COB a cos (0 -- o). 

The equation of another cirde will, in like manner, be 

p = d cos/3 cos(0 — /3). 

To find the poSar co-ordinates of the point of intersection of these two, we should 
seek what value of would render 

cosacos(6— o) = cos/3 cos (0-/3), 

and it is easy to find that must = a + /3, and the corresponding value of 
/[> = <2co6aoes/3. 

Similarly, the polar co-ordinates of the intersection of the first and third ciides are 

= a -^ y, and p=:d oosa cosy. 

Now, to find the polar equation of the line joining these two points, take the 
general equation of a right Une, pcoa{k — d)=p (Art. 44) and substitute in it suc- 
cessively these values of and p, and we shall get two equations to determine p 
and k. We shall get 

^ = rfcoBacos^cos{X;-(a + /3)} = (7 cos a cos y cos {X; — (a + y)}. 

Hence X;=a + /3 + y} and^ = <2cosaooe/3cosy. 

The symmetry of these values, shows that it is the same right line which joins 
the intersections of the first and second, and of the second and third circles, and, 
therefore, that the three points are in a right line. 



O 
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CHAPTER VIII. 

PROPERTIES OF A SYSTBltf OF TWO OR MORE CIRCLES. 

105. To find the equation i(f the chord of intersection of two 
circles. 

If /S=0, 5' = be the equations of two circles, then any 
equation of the form 8+k8' = will be the equation of a figure 
passing through their points of intersection (Art. 40). 

Let us write down the equations 

\8=(a!-a)'+(y-/3)'-r'=0, 

and it is evident that the equation 8-\-Jc8' = will in general 
represent a circle, since the coefficient of xy = 0, and that of 
35*= that of y^. There is one case, however, where it will re- 
present a right line, namely, when ifc=— I, The terms of the 
second degree then vanish, and the equation becomes 

.This, is, therefore, the equation of the right line passing through 
the points of intersection of the two circles. 

"Wliat has been proved in this article may be stated as in 
Art. 50. If the equation of a circle be of the form 8+k8' = 
involving ani indeterminate k in the first degree, the circle passes 
through two fixed points, namely the two points common to the 
circles 8 and 8\ 

106. The points common to the circles 8 and 8' are found 
by seeking, as in Art. 82, the points in which the line 8— 8' 
meets either of the given circles. These points will be real, co- 
incident, or imaginary, according to the nature of the roots of 
the resulting equation ; but it is remarkable that, whether the 
circles meet in real or imaginary points, the equation of tbe 
chord of intersection, 8— 8' = 0^ always represents a real line, 
havii^ important geometrical properties in relation to the two 
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Circles. This is in conformity with our assertion (Art. 82), that 
the line joining two points may preserve its existence and its 
properties when those points have become imaginary. 

In order to avoid the harshness of calling the line 8— 8' the 
cshord of intersection in the case where the circles do not geo- 
metrically appear to intersect, it ha? been called* the radical 
ctxis of the two circles. 

107. We saw (Art. 90) that if the co-ordinates of any point 
xy be substituted in 8^ It represents the square of the tangent 
drawn to the circle 8^ from the point xy. So also 8' is the 
square of the tangent drawn to the circle 8' ; hence the equation 
8— 8'=^0 asserts, that if from any point on the radical axis tan^ 
gents be drawn to the two circles^ these tangents will he equal. 

The line {8 — 8') possesses this property whether the circles 
meet in real points or not. When the circles do not meet in 
real points, the position of the radical axis is determined geome- 
trically by cutting the line joining their centres, m that the 
difference of the squares of the parts may = the difference of the 
squares of the radii, and erecting a perpendicular at this point; 
as is evident, since the tangents from this point must be equal 
to each other. 

If it were required to find the locus of a point whence tan- 
gents to two circles have a given ratio^ it appears, from Art. 90, 
that the equation of the locus will be 8—J^8'=0j which (Art. 105) 
represents a circle passing through the real or Imaginary points 
of intersection of 8 and 8\ When the circles 8 and 8' do not 
intersect in real points, we may express the relation which they 
bear to the circle 8— ¥8' by saying that the three circles have 
a common radical axis. 

Ex. Find the oo-ordinates of the centre of 8— Ii^S\ 

a - h'^a' B - M' 
Am, - ~ -2 , _ hf ' t^t is to say, the line joining the centres of >8^, ^' is 

divided externally in the ratio 1 : A;*, 

108. Given any three circles^ if we take the radical axis of 
each pair of circles^ these three lines will meet in a pointy which 
is called the radical centre of the three circles. 

* By M. Graultier of Tours {Journal de VEcole Polytechnique, Cjihier xvi., 1813). 
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For the eqaations of the three radical axes are 

which, by Art. 41, meet In a point. 

From this theorem we immediately derive the following : 
If several circles pass through two Jixed points^ their chords of 
intersection with a fixed circle will pass through a fixed point. 

For, imagine one circle through the two given points to be 
fixed, then its chord of intersection with the given circle will be 
fixed; and its chord of intersection with any variable circle 
drawn through the given points will plainly be the fixed line join- 
ing the two given points. These two lines determine, by their 
intersection, a fixed point through which the chord of intersection 
of the variable circle with the first given circle must pass. 

Ex. 1. Find the radical axis of 

a;2 + y2_4x-6y + 7 = 0; aj« + y* + 6a: + 8y-9 = 0. 

Ans, 10a; + 13y = 16. 
Ex. 2. Find the radical centre of 

(a:-l)2+(y-2)2 = 7j (a;- 3)« + y2 = 5; (a; + 4)* + (y + 1)^ = 9. 

Ans. (- t>g, - II). 

*109. A system of circles having a common radical axis pos- 
sesses many remarkable properties which are more easily inves- 
tigated by taking the radical axis for the axis of y, and the line 
joining the centres for the axis of x. Then the equation of any 
circle will be 

where 8' is the same for all the circles of the system, and the 
equations of the different circles are obtained by giving different 
values to h. For it is evident (Art. 80) that the centre is on 
the axis of x^ at the variable distance k ; and if we make a; = 
in the equation, we see that no matter what the value of k may 
be, the circle passes through the fixed points on the axis of y, 
y^j.g'ssO. These points are imaginary when we give S' the 
sign -f, and real when we give it the sign -. 

*110. The polar s of a given pointy with regard to a system of 
circles having a common radical axisj always pass through a 
fixed point. 

The equation of the polar of xy' with regard to 
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is (Art. 89) xx' + t/t/' -k{x + x')-^S' = 0', 

therefore, since this involves the indeterminate k in the first 
degree, the line will always pass through the intersection of 
acx' +yy' + 8* = 0, and x-{-x' = 0. 

*111. ITiere can always he found two points ^ however ^ such 
that their polars^ with regard to any of the circles^ toill not only 
jpass through a fixed pointy hut will he altogether fixed^ 

This will happen when xx' + yy + S*'* = 0, and a; + a:' = re- 
present the same right line, for this right line will then be the 
polar whatever the value of k. But that this should be the case 

'we must have 

y = and x^ = S*, or x* = ± S. 

The two points whose co-ordinates have been just found have 
manj remarkable properties in the theory of these circles, and 
are such that the polar of either of them, with regard to any of 
the circles, is a line drawn through the other, perpendicular to 
the line of centres. These points are real when the circles of 
the system have common two imaginary points, and imaginary 
when they have real points common. 

The equation of the circle may be written in the form 

y'+[x-Jcf=^F-h% 

which evidently cannot represent a real circle if i' be less than 
5* ; and if k^ = B% then the equation (Art. 80) will represent a 
. circle of infinitely small radius, the co-ordinates of whose centre 
are y = 0, x = ±S. Hence the points just found may themselves 
be considered as circles of the system, and have, accordingly, 
been termed by Poncelet* the limiting points of the system of 
circles. 

*112. If from any point on the radical axis we draw tan- 
gents to all these circles, the locus of the points of contact must 
be a circle, since we proved (Art. 107) that all these tangents 
were equal. It is evident, also, that this circle cuts any of the 
given system at right angles, since its radii are tangents to the 
given system. The equation of this circle can be readily found. 



* Traite des Propi'tetes ProJectiveSf p. 41. 
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The square of the tangent from any point (aj=0, y = A) to the_ 

aj«^.y-.2fcc+S" = 0, 

being found by substituting these co-ordinates in this equation, 
is A* + 8' ; and the circle whose centre is the point [x = 0, y = A), 
and whose radius squared = A^ + 8^, must have for its equation 

aj»-f(y-A)» = A» + 8-, 

or x^^y'-2hy = ^. 

Hence, whatever be the point taken on the radical axis [ue» 
whatever the value of h may be), still this circle will always pass 
through the fixed points (y = 0, a; = ± S) found in the last Article. 
And we infer that all circles which cut the given system at right 
angles pass through the limiting points of the system, 

Ex. 1. Find the condition that two circles 

a;2 + y2 + 2gx + 2/y + c = 0, a;2 + y2 + 2g'x + 2f'y + c' = 

should cut at right angles. Expressing that the square of the distance between the 
centres is equal to the sum of the squares of the radii^ we ha^e 

or, reducing, 2gg' + %;^' ^c + c', 

Ex. 2. Find the circle cutting three circles orthogonally. We have three equations 
of the fiiBt degree to determine the three unknown quantities g^ f,C] and the problem 
is solved as in Art. 94. Or the problem may be solved otherwise j since it is evident 
from this article that the centre of the required circle is the radical centre of the three 
circles, and the length of its radius equal to that of the tangent from the radical 
centre to any of the circles. 

•Ex. 3. Find the circle cutting orthogonally the three circles, Art. 108, Ex. 2. 

Ex. 4. If a circle cut orthogonally three circles S', S'% S'", it cuts orthogonally 
any circle kS' + IS" + mS'" = 0. Writing down the condition 

^9 W + Ig" + mg'") + 2f{kf' + If" + mf"') = {k + l + m)c + {hf + h" + fwc"0, 
we see that the coefficients of h, ?, m vanish separately by hypothesis. 

Similarly, a circle cutting 5', 8" orthogonally, also cuts orthogonally hS' rf IS'\ 

Ex. 5. A system of circles which cuts orthogonally two given circles S', S" has 
a common radical axis. This, which has been proved in Art. 1:12, may be proved 
otherwise as follows: The two conditions 

W + W = c + c\ 2gg" + %ff" = c + c", 

enable us to determine g and / linearly in terms of c. Substituting the values so 
found in 

a;2 + ^2 + 25ra; + 2/y + c = 0, 

the equation retains a single indeterminate c in the first degree, and therefore 
(Art. 105) denotes a system having a common radical axis. 

Ex. 6. If AB be a diameter of a circle, the polar of A with respect to any circle 
which cuts the first orthogonally, will pass through B, 
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Ex. 7. The square of the tangent from any point of one circle to another is 
proportional to the perpendicular from that point upon their radical axis. 

Ex. 8. To find the angle (a) at which two circles intiersect. 

Let the radii of the circles be By r, and let B be the distance between their 

centres, then 

/>» = iP + r* - 2Rr cosa : 

since the angle at which the circles intersect is equal to that between the radii to 
the point of intersection. 

Ji 8=0 he the equation of the circle whose radius is r, the co-ordinates of the 
centre of the other circle must fulfil the condition JP — 2Rr cosa = 8, as ia evident 
from Art. 90, since D^ — r^ia the square of the tangent to 8 from the centre of the 
other circle. 

Ex. 9. If we are given the angles a, /3 at which a circle cuts two fixed circles 8j 8% 
the circle is not determined, since we have only two conditions ; but we can determine 
the angle at which it cuts any circle of the system k8 + 18'. For we have 

i28-2/?rcoso = i^, E'-2Rr'cOBfi = JS\ 

n. „„ifcrcoso + /r' 008)3 k8+l8' 
whence R^-2R -^--^ = -^-^-, 

-which is the condition that the moveable circle should cut kS +18' at the constant 
angle y : where {k + I) r" coay = kr cob a + Ir' cos/}, r" being the radius of the 
circle kS + IS'. 

Ex. 10. A circle which cuts two fixed circles at constant angles will also touch 
tw^o fixed circles. For we can determine the ratio ^ : / so that y shall = 0, or cosy = 1. 
Writing 8 and 8' at fuU length and calculating the radius r" of k8+l8', we easily find 

{k + 0« r"2 = {k + l){kr^ + Ir'^ - klD^, 

where D is the distance between the centres of JS and 8'. Substituting this value for 
y" in the equation of the last example, we get a quadratic to determine k : /. 

113. To draw a common tangent to two circles. 
Let their equations be 

and (a:-ar4(y-i87 = r'» [8'). 

We saw (Art. 85) that the equation of a tangent to {S) was . 

or, as in Art. 102, writing 

= cos^, ^ — ^ = sm^, 

{x - a) cos5 + [y — )8) sin^ = r. 

In like manner, any tangent to [8') is 

(«-«') C085' + (y-/3') sin^ = r'. 

Now, if we seek the conditions necessary that these two 
equations should represent the same right line ; first, from com- 
paring the ratio of the coefficients of x and y, we get tan 5= tan 6\ 
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whence ff either = ^, or = 180° + ^. . If either of these conditions 
be fulfilled, we must equate the absolute terms, and we find, in 
the first case, 

(a-a') cos^+(iS-i8') sin& + r-r' = 0, 

and in the second case, 

(a-a)cos^+(i8-i8') 8ln(?4r + / = 0. 

Either of these equations would give us a quadratic to deter- 
mine B. The two roots of the first equation would correspond 




to the direct or exterior common tangents, Aa^ Ad ; the roots 
of the second equation would correspond to the transverse or 
interior tangents, Bb^ B'b\ 

If we wished to find the co-ordinates of the point of contact 
of the common tangent with the circle [8)^ we must substitute, 

■2/ ^~ CL 

in the equation just found, for cos^, Its value, , and for 



sin ^, - — - , and W(3 find 



(a-a')(aj'-a) + (^-)8')(y-^) + r(r-r') = 0; 

or else, (a- a') {x-a) + (iS- /3') (y'- )8) 4- r (r + r) =0. 

The first of these equations, combined with the equation [8) 
of the circle, will give a quadratic, whose roots will be the co- 
ordinates of the points A and -4', in which the direct common 
tangents touch the circle [8) ; and it will appear, as in Art. 88, 

that 

(a'-a)(^-a) + (^'-^)'(3^-/3)=r(r-r') 

is the equation of AA\ the chord of contact of direct common 
tangents. So, likewise, 

(a'-a)(a;-a)+(^'-/3)(y-^)=r(r + /) 
is the equation of the chord of contact of transverse common 
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tangents. If the origin be the centre of the circle (5), then a and 
>S ;= ; and we find, for the equation of the chord of contact, 

Ex. Find the common tangents to the cildeB 

a?* + y* - 4fl: - 2y + 4 = 0, a« + y^ + 4aj 4- 2y - 4 = 0. 
The chords of contact of common tangents with the fiiBt circle are 

2a; + y = 6, 2a: + y = 3, 
The first chord meets the circle in the points (2, 2), (y, f), the tangents at which are 

y = 2, 4a;-8y = 10, 

and the second chord meets the circle in the points (1, 1), (^, ^), the tangents at 

w^hich are 

a; = 1, 3a? + 4y = 6. 

114. The points and (7, In which the direct or transverse 
tangents intersect, are (for a reason explained in the next 
Article) called the centres of similitude of the two circles. 

Their co-ordinates are easily found, for is the pole, with 
regard to circle (/S), of the chord AA\ whose equation is 

(a-a)r, , (ff^p)r. . , 
r — r ^ r — r ^ ' 

Comparing this equation with the equation of the polar of the 

point xy\ 

(a;'-a) (a, - a) + (y' - /3) (y-/3) = r', 

, (a' - a) r , aV — ax' 

we get «-« = ' '. -■, or a; = , , 

if ^ r^r ^ ^ r-r 
So, likewise, the co-ordinates of 0' are found to be 

aV + wr' , p'r + ^r' 
a? = r-, and « = — • 

r + r ^ ^ r-\-r 

These values of the co-ordinates indicate (see Art. 7) that the 
centres of similitude are the points where the line joining the 
centres is cut externally and internally in the ratio of the radii. 

Ex. Find the common tangents to the circles 

a* + y2 - 6a: - 8y = 0, «« + y' - 4a; - 6y = 3. 

The equation of the pair of tangents through afi/ to 

(aj-o)2 + (y-/3)« = r« 
is found (Art. 92) to be 

{(a;'-a)«+(y'-/3)«-r«}{(a;-a)2 + (y-l9)«-r2} = {(a;-a)(a/-a) + (y-^)(y'-^)-^*}'. 

P 
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Now, the oo-ordinates of the exterior centre of sunilitude are found to be (— 2, — l), 
and hence the pair of tangents through it is 

26(a^ + y*-6a;-8y) = (5a; + 5y-10)«; or a?y + aj + 2y + 2 = 0; or (aj + 2) (y+l) = 0. 

As the given circles intersect in real points, the other pair of common tangents 
become imaginary ; but their equation is found, by calculating the pair of tangents 
through the other centre of similitude (V> V)> ^ ^ 

40a?2 + xy + 40y2 - 199a; - 278y + 722 = 0. 

115. Every right line drawn through the inter section of com- 
mon tangents is cut similarly by the two circles. 

It is evident that if on the radius vector to any point P there 
be taken a point Q^ such that OP=m times OQ^ then the x and 
y of the point P will be respectively m times the x and y of the 
point Q ; and that, therefore, if P describe any curve, the locus 
of Q is found by substituting mxj my for x and y in the equation 
of the curve described by P. 

Now, if the common tangents be taken for axes, and if we 
denote Oa by a, OA by a', the equations of the two circles are 
(Art. 84, Ex. 2) 

^* + y' + 2icy cosG) — 2ax — 2ay + a' =0, 

aj' + y' + 2xy coso) — 2a x - 2a y + a" = 0. 

But the second equation is what we should have found if we 

had substituted -7-, -^, for a?, y, in the first equation; and it 

therefore represents the locus formed by producing each radius 
vector to the first circle in the ratio a : a. 

Cor. Since the rectangle Op, Op is constant (see fig. next 
page), and since we have proved OB to be in a constant ratio to 
Op, it follows that the rectangle OB.Op =OB'.Op is constant, 
however the line be drawn through 0. 

116. If through a centre of similitude we draw any ttoo lines 
meeting the first circle in the points jB, B\ 8^ 8'j and the second in 
the points p, />', c, o-', then the chords B8, pa; B'8\ pa ; will he 
parallel^ and the chords B8^ pa' ; B8\ pa; will meet on the 
radical axis of the two circles. 

Take OjS, 08 for axes, then we saw (Art. 115) that 
OB=^mOpy 08=m0aj and that if the equation of the circle 
papa be 

a {x^ + 2xy cos© + y') -i- 2gx + 2^ + c = 0, 
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that of the other will be 
a (as* + ^xy cos g) + y'*) 

+ 2w [jgx \fy) + w*c = 0, 

and, therefore, the equation of the 
radical axis will be (Art. 105) 

2(5'aj+/y) + (w + l)c = 0. 

Now let the equations of per and 
of pV be 



a 



a 



then the equations of B8 and 
-B'iS" must be 




— + -^T = 1 
ma mo 



' md^ mV ^' 



X 



It is evident, from the form of the equations, that BS is 
parallel to /xr; and B8 and pV must intersect on the line 

or, as in Art. 100, on 

2(^aJ+^) + («t + l)c = 0, 

the radical axis of the two circles. 

A particular case of this theorem is, that the tangents at R 
and p are parallel, and that those at R and p meet on the 
radical axis. 

117. Oivefa three circles 8^ S\ 8"; the Ime Joining a centre 
of similitude of 8 and 8' to a centre of similitude of 8 and 8" 
will pass through a centre of similitude of 8' and 8'\ 

Form the equation of the line joining the points 

\ r--r' ' r-r' )' \ r-^r" ' r-r" )' 
(Art. 114), and we get (see Ex. 6, p. 24), 

{r {13' - fi") + / (/S" - /3) + r" {13 ^I3')]x 
- {r {a' - a") + r' (a" - a) + r" (a - a')} y 
+ r (^'a" - ^"a') + r' (/3"a - /3a") + r" (/9a' - ffa) = 0. 
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Now the symmetry of this equation BufSciently shows, that the 
line it represents must pass through the third centre of similitude, 

j-'fi-^y ^ r'ff"-r "ff 

This line is called an axis of similitude of the three circles. 

Since for each pair of 
circles there are two cen- 
tres of similitude, there I 
will he in all six for the 
three circles, and these 
will he distrihuted along 

four axes of similitude, A 

as represented in the 
ligure. The equations 
of the other three will 
be found by changing 
the signs of either r, or 
r', or r", in the equation 
just given, ■ 

Cor. If a circle (2) touch two others (8 and S'), the line join- 
ing the points of contact will pass through a centre of similitude of 
S and 8'. For when two circles touch, one of their centres of 
similitude will coincide with the point of contact. 

If S touch S and 8', either both externally or both internally, 
the line Joining the points of contact will pass through the exter- 
nal centre of similitude of S and 8'. If S touch one externally 
and the other internally, the line joining the points of contact 
will pass through the internal centre of similitude, 

*118. To find the locus of the centre of a circle cutting three 
given circles at equal angles. 

If a circle whose radius is B cut at an angle a the three 
circles -S, 8\ 8", then (Art. 112, Ex. 8) the co-ordinates of its 
centre fulfil the three conditions 

S=-^-2ltrco8a, 5' = if-2^/cosa, 8" = B' - 2Rr" cosa. 
From these conditions we can at once eliminate fi^ and 
S cosa. Thus, by subtraction, 

8- 8' = 2R (r' - r) cosa, 8~ 8" = 2S (r" - r) cosa, 
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whence [8-'8'){r- r") = {8- 8'') (r - r'), 

the equation of a line on which the centre must lie. It obviously 
passes through the radical centre (Art. 108) ; and if we write for 
S—8\ 8- 8'\ their values (Art. 105), the coefficient of x in 
the equation is found to be 

-while that of y is 

- 2 {/S (/ - r") + /3' (r" - r) + ^" {r - r')}. 

Now if we compare these values with the coefficients in the 
equation of the axis of similitude (Art. 117), we infer (Art. 32), 
that the locus is a perpendicular let fall from the radical centre 
on an axis of similitude. 

It is of course optional which of two supplemental angles we 
consider to be the angle at which two circles intersect. The 
formula (Art. 112) which we have used, assumes that the angle 
at which two circles cut, Is measured by the angle which the 
distance between their centres subtends at the point of meeting : 
and with this convention the locus under consideration is a per- 
pendicular on the external axis of similitude. If this limitation 
be removed, the formula we have used becomes 8=B*± 2Rr cosa ; 
or, in other words, we may change the sign of either r, r , or r" 
in the preceding formulae, and therefore (Art. 117) the locus is a 
perpendicular on any of the four axes of similitude.* 

When two circles touch internally, their angle of intersec- 
tion vanishes, since the radii to the point of meeting coincide. 
But if they touch externally, their angle of intersection accord- 
ing to the preceding convention is 180°, one radius to the point 
of meeting being a continuation of the other. It follows, from 



* In fact all circles cutting three circles at equal angles haye one of the axes 
of similitude for a common radical axis. Let 2, 2', £'' be three circles cutting the 
given circles at angles a, )3, y respectively. Then the co-ordinates of the centre of 
J3 must fuMl the conditions 

S = r2 - 2rJi cos a, S' = r^ - 2rR' cos)3, 2" = r^ - 2rR" cosy ; 

-whence {Ecosa- R" cos y) (S - S') = (i2 cos o - i2' cos/3) (S - 2"). 

I^ow this which appears to be the equation of a right line is satisfied by the co- 
ordinates of the centre of 5, of S', and of >S", three points which are not supposed 
to be on a right line. It denotes therefore an identical relation of the form 
2 =r JcS,' + ^2" shewing that the three circles have a common radical axis. 
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what has been just proved, that the perpendicular on the external 
axis of similitude, contains the centre of a circle touching three 
given circles, either all externally or all internally. If we 
change the sign of r, the equation of the locus which we found 
denotes a perpendicular on one of the other axes of similitude 
which will contain the centre of the circle touching 8 externally, 
and the other two internally, or vice versa. Eight circles in all 
can be drawn to touch three given circles, and their centres lie, 
a pair on each of the perpendiculars let fall from the radical 
centre on the four axes of similitude. 

*119. To describe a circle touching three given circles. We 
have found one locus on which the centre must lie, and we could 
find another by eliminating R between the two conditions 

8=E'-\-2Rr, S' = E' + 2Rr'. 

The result however would not represent a circle, and the solu- 
tion will therefore be more elementary, if instead of seeking 
the co-ordinates of the centre of the touching circle, we look for 
those of its point of contact with one of the given circles. We 
have already one relation connecting these co-ordinates, since 
the point lies on a given circle, therefore another relation be- 
tween them will suffice completely to determine the point.* 

Let us for simplicity take for origin the centre of the circle, 
the point of contact with which we are seeking, that is to say, 
let us take a = 0, y8 = 0, then if A and B be the co-ordinates of 
the centre of S, the sought circle, we have seen that they fulfil 
the relations 

8--8' = 2E{r-r'), 8-- 8" = 2B{r-r"), 

But if X and y be the co-ordinates of the point of contact of 2 
with 8j we have from similar triangles 

j^^ xjB + r ] ^__ y{B + r) ^ 

Now if in the equation of any right line we substitute mx^ my for 
X and i/j the result will evidently be the same as if we multiply 
the whole equation by m and subtract (m — 1) times the absolute 
term. Hence, remembering that the absolute term in 8—8' is 

♦ This solution is by M. Grergonne, Annnhs des Mathemcaiquesj Yol. VII., p. 289. 
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(Art. 105) r'^ — r* — ol"^ — /3'\ the result of making the above sub- 
stitutions for A and Bin {8- S') = 2JK (r - r') is 

■^-^ {8^ 8') + ^ (a'^ H- /3'» + r« - r") = 2i? (r - r'), 

or (ii! + r) (;g- 8') = Ii{{r-- r'Y - a'^ - y8'^}. 

Similarly (7? + r) {8- 8") =B{{r^ r'J - a'"* - /S"*-*}. 

Eliminating i?, the point of contact is determined as one of 
the intersections of the circle 8 with the right line 

S-8' _ 8^8" 

a'^ -H ^'^ - (r - r'Y a'" + iS"^ - (r - r'7 * 

120. To complete the geometrical solution of the problem, it 
is necessary to show how to construct the line whose equation has 
been just found. It obviously passes through the radical centre 
of the circles ; and a second point on it is found as follows. 
Write at full length for 8—8' (Art. 105), and the equation is 

2a^a; + 2ffy 4 r"' - r^- a"- fi" _ 2a"a: +2/9> +r"' - r' -> a"'~/3"^ 

a" + /3'^ - (r - r'Y "" a"' + ^"' - (r - r"Y 

Add 1 to both sides of the equation, and we have 

a'x + ^'y + (r - r) r _ a"x + j3"7/ + (r ' - r) r 

showing that the above line passes through the intersection of 

a'x + i8'2^ -\-{r'-'r)r = 0, a"a? + ^' y + [r" - r) r = 0. 

But the first of these lines (Art. 113) is the chord of common 
tangents of the circles fi^and 8' ', or, in other words (Art. 114), is 
the polar with regard to 8 of the centre of similitude of these 
circles. And in like manner the second line is the polar of the 
centre of similitude of ;8and 8"] therefore (since the intersection 
of any two lines is the pole of the line joining their poles) the 
intersection of the lines 

a'x + ^'y + (/ - r) r = 0, a'x + ^"y + {r" - r) r = 0, 

is the pole of the axis of similitude of the three circles, with 
xegard to the circle 8. 

Hence we obtain the following construction : 

Drawing any of the four axes of similitude of the three 
circles, take its pole with respect to each circle, and join the 
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"'i_. 




points so found (P, P', P") 
with the radical centre ; then, S_, 
if the joining lines meet the 
circles in the points 

(a, 5; a, 5'; a\ 6"), 

the circle through o, a , a" will ^ 
be one of the touching circles, 
and that through S, b\ I" will ^ 
be another. Repeating this 
process with the other three 
axes of similitude, we can de- 
termine the other six touching 
circles. 



121. It is useful to show how the preceding results may be 
derived without algebraical calculations. 

(1) By Cor., Art. 117, the lines aJ, a'h\ d'b" meet In a point, 
viz., the centre of similitude of the circles aaa\ bb'b". 

(2) In like manner aa'j b'b" intersect in 8j the centre of 
similitude of C\ G". 

(3) Hence (Art. 116) the transverse lines ab\ a"b" intersect 
on the radical axis of C", C", So again a'b'\ ah intersect on 
the radical axis of G'\ C Therefore the point R (the centre of 
similitude of aa'a\ bb'b") must be the radical centre of the 
circles C, 0\ C". 

(4) In like manner, since ab\ a'b" pass through a centre of 
similitude of aa'a", bb'b" \ therefore (Art. 116) aa\ b'b" meet on 
the radical axis of these two circles. So again the points S' and 
S" must lie on the same radical axis ; therefore 88' 8"^ the axis 
of similitude of the circles C, C, C", is the radical axis of the 
circles aa'a"^ bb'b". 

(5) Since a"b" passes through the centre of similitude of 
aa'a"^ bb'b"y therefore (Art. 116) the tangents to these circles 
where it meets them intersect on the radical axis 88' 8", But 
this point of intersection must plainly be the pole of a"b" with 
regard to the circle G". Now since the pole of a"b" lies on 
88' 8", therefore (Art. 98) the pole of 88' 8" with regard to G" 
lies on a"b". - Hence a"b" is constructed by joining the radical 
centre to the pole of 88' 8" with regard to G". 



PROPERTIES OP A SYSTEM OF TWO OR MORE CIRCLES. 113 

(6) Since the centre of similitude of two circles is on the line 
joining their centrdit, and the radical axis is perpendicular to that 
line, we learn (as in Art. 118) that the line joining the centres of 
add\ hh'l" passes through R^ and is perpendicular to 88' 8". 

121 (a).* Mr. Casey has given a solution of the problem 
we are considering, depending on the following principle due 
to him : If four circles be all touched by the same fifth circle, 
the lengths of their common tangents are connected by the 

following relation 12.34 ±11.23 ±13.24 = 0, where 12 denotes 
the length of a common tangent to the first and second circles, 
&c. This may be proved by expressmg each common tangent 
in terms of the length of the line joining the points where the 
circles touch the common touching circle. 
Let R be the radius of the latter circle 
whose centre is 0, r and / of the circles 
whose centres are A and J5, then, from the 
isosceles triangle a 05, we have 

a5 = 2jB sin ^a 05. 
But from the triangle -40J5, whose base 
is i>, and sides jB — r, JK — r , we have 

siii*ia05 = -TTri — Kf-n n • Now the numerator of this frac- 

^ 4 (-R — r) (^ — r ) 

tion is the square of the common tangent 12, hence 

J?.T2 

But since the four points of contact form a quadrilateral in- 
scribed in a circle, its sides and diagonals are connected by the 
relation ab.cd+ad.hc = ac.bd. Substitute in this equation the 
expression just given for each chord in terms of the corre- 
sponding common tangent, and suppress the numerator R' and 
the denominator ^{R-r) {R-r'){R-r'){R''r"') which are 
common to every term, and there remains the relation which 
we are required to prove. 

121 (5). Let now the fourth circle reduce itself to a point, 
this will be a point on the circle touching the other three, and 

* In Older to avoid confusion in the references, I retain the numbering of the articles 
in the last edition, and mark separately those articles which are added in this edition. 

Q 
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41, 42, 43 will denote the lengths of the tangents from that 
point to these three circles. But the lengths of these tangents 
are (Art. 90) the square roots of the results of substituting the 
coordinates of that point in the equations of the circles. We 
see then that the co-ordinates of ^ny point on the circle which 
touches three others must fulfil the relation 

23 V(>S)±3l ^/{8')±12^/{8")=^0. 
If this equation be cleared of radicals it will be found to be one 

of the fourth degree, and when 23, 31, 12 are the direct common 
tangents, it will be the product of the equations of the two 
circles (see fig., p. 112) which touch either all externally or 
all internally. 

121 (c). The principle just used may also be established 
without assuming the relation connecting the sides and dia- 
gonals of an inscribed quadrilateral. If on each radius vector 
OP to a curve, we take, as in Ex. 4, p. 96, a part 0^ in- 
versely proportional to OP, the locus of ^ is a curve which 
is called the inverse of the given curve. It is found with- 
out difliculty that the equation of the inverse of the circle 
x'' + y^ + 2ffx + 2j7/ + c is 

which denotes a circle, except when c = 0, (that is to say, when 
the point is on the circle) in which case the inverse is a right 
line. Conversely, the inverse of a right line is a circle passing 
through the point 0. Now Mr. Casey has noticed that if we 
are given a pair of circles, and form the inverse pair with 
regard to any point, then the ratio of the square of a common 
tangent to the product of the radii is the same for each pair 
of circles.* For if in ff^+f^ — Cj which (Art. 80) Is r*, we 

substitute for ^, /, c ; - , - , - , we find that the radius of the 

inverse circle is r divided by c; and if we make a similar 
substitution in c + 6' - 2gff' - 2ff' which (Ex. 1, p. 102) is 
D^ — r^ — r'^^j we get the same quantity divided by cc'. Hence 
the ratio of D^ — r^ — r'^ to rr is the same for a pair of circles 

* This is equivalent (see Ex. 8, p. 103) to saying that the angle of intersedaon is 
the same for each pair, as may easily be proved geometrically. 
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and for the inverse pair; and therefore, so is also the ratio to 
r/ of D^-{rt r)\ 

Consider now four circles touching the same right line in 
four points. Now the mutual distances of four points on a right 

line are connected by the relation 12.34 + 14.32 = 13.24; as 
may easily be proved by the identical equation 

(J- a) {d-c) + {d-a) (c- J) = {c-aj [d-h), 

where a, J, c, d denote the distances of the points from any 
origin on the line. Thus then the common tangents of four 
circles which touch the same right line are connected by the 
relation which is to be proved. But if we take the inverse 
of the system with regard to any point, we get four circles 
touched by the same circle ; and the relation subsists still ; for 
if the equation be divided by the square root of the products 

of all the radii, it consists of members -r, — Kt ,, ,, „u i &c., 

which are unchanged by the process of inversion. 

The relation between the common tangents being proved in 
this way,* we have only to suppose the four circles to become 
four points, when we deduce as a particular case the relation 
connecting the sides and diagonals of an inscribed quadrilateral. 
This method also shows that, in the case of two circles which 
touch the same side of the enveloping circle, we are to use the 
direct common tangent; but the transverse common tangent 
i?vhen one touches the concavity and the other the convexity 
of that circle. Thus then we get the equation of the four pairs 
of circles which touch three given circles, 

23 V(/S) ±31 V(>S') ± 12 ^'{8") = 0. 

"When 12, 23, 31 denote the lengths of the direct common tan- 
gents, this equation represents the pair of circles having the 

given circles either all inside or all outside. If 23 denotes a 

direct common tangent, and 31, 12 transverse, we get a pair 
of circles each having the first circle on one side, and the other 
two on the other. And similarly we get the other pairs of 

circles by taking in turn 31, 12 as direct common tangents, and 
the other common tangents transverse. 

* Another proof will be given in the appendix to the next chapter. 
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♦CHAPTER IX. 

APPLICATION OF ABRIDGED NOTATION TO THE EQUATION 

OF THE CIRCLE. 

122. If we have an equation of the second degree expressed 
in the abridged notation explained in Chap. lY., and if we desire 
to know whether it represents a circle, we have only to transform 
to X and y co-ordinates, by substituting for each abbreviation (a) 
its equivalent [x cosa+y sina— ;>); and then to examine whether 
the coefficient of xt/ in the transformed equation vanishes, and 
whether the coefficients of a?' and of y^ are equal. This is suffi- 
ciently illustrated in the examples which follow. 

When will the loots of a point be a circle if the product of 
perpendiculars from it on two opposite sides of a quadrilateral be 
in a given ratio to the product of perpendiculars from it on the 
other two sides ? 

Let a, /8, 7, 8 be the four sides of the quadrilateral, then the 
equation of the locus is at once written down ay = k/38j which 
represents a curve of the second degree passing through the 
angles of the quadrilateral ; since it is satisfied by any of the 
four suppositions, 

a = 0, /8 = 0; a = 0, 8 = 0; /8 = 0, 7 = 0; 7 = 0, 8 = 0. 

Now, in order to ascertain whether this equation represents a 
circle, write it at full length 

{x cosa +y sina -p) [x COS7 +y sin^ -p" ) 

= k{x cos/8+y sin/8-y) {x cos8 +y sin8 — jp'"). 

Multiplying out, equating the coefficient of a^ to that of y, and 
putting that of ay = 0, we obtain the conditions 

cos (a + 7)= A; cos(/8 + S); sin (a +7] = ^ sin(/8 + 8). 

Squaring these equations, and adding them, we find Jc:sz±l ; and 
if this condition be fulfilled, we must have 

a + 7 = /8 + 8, or else =180' + /3 + 8; 
whence a — /8 = 8 — 7, or 1 80*+ 8 — 7. 



J 
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Recollecting (Art. 61) that a-/8 is the supplement of that 
angle between a and /3, in which the origin lies, we see that this 
condition will be fulfilled if the quadrilateral formed by a^^^i be 
inscribable in a circle (Euc. ill. 22). And it will be seen on 
examination that when the origin is within the quadrilateral we 
are to take A; = — 1, and that the angle (in which the origin lies) 
between a and fi is supplemental to that between 7 and h ; but 
that we are to take A = + 1, when the origin is without the quad- 
rilateral, and that the opposite angles are equal. 

123. When will the locus of a point be a circle^ if the square 
of its distance from the Base of a triangle be in a constant ratio to 
the product of its distances from the sides ? 

Let the sides of the triangle be a, /8, 7, and the equation of 
the locus is ayS = hf. If now we look for the points where the 
line a meets this locus, by making in it a = 0, we obtain the 
perfect square 7* = 0. Hence a meets the locus in two coincident 
points, that is to say (Art. 83), it touches the locus at the point 
07. Similarly, /3 touches the locus at the point /S7. Hence a 
and /8 are both tangents, and 7 their chord of contact. Now, 
to ascertain whether the locus is a circle, writing at full length 
as in the last article, and applying the tests of Art. 80, we obtain 
the conditions 

cos(a + /8) = A; CO827 ; sin (a + /S) = A sin27 ; 

whence (as in the last article) we get A;=l,a — 7 = 7 — /3, or the 
triangle is isosceles. Hence we may infer that if from any point 
of a circle perpendiculars be let fall on any two tangents and on 
their chord of contact^ the square of the last will be equal to the 
rectangle under the other two, 

Ex. When will the locus of a point be a circle if the sum of the squares of the 
perpendiculars from it on the sides of any triangle be constant ? 

The locus is a* + jS* + y2 _ ^2 . a^^j the conditions that this should represent 
a circle are 

coe2a + co82/3 + cos 27 = ; 8in2a + sin2^ + sin2y = 0. 

coa2a = - 2 cos(/3 + 7) cos ()3 - 7) ; sin2a = ~ 2 sin (/3 + 7) cos03 - y). 

Squaring and adding, 

l=4cos«03-7)j /3-7 = 60°. 

And so, in like manner, each of the other two angles of the triangle is proved to 
be 60°, or the triangle must be equilateral. 
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] 24. To obtain the equation of the circle circumscribing the 
triangle formed by the lines a = 0, /8 = 0, 7 = 0. 
Any equation of the form 

Z/87 + m^a + na^ = 0, 

denotes a curve of the second degree circumscribing the given 
triangle, since it is satisfied bj anj of the suppositions 

a = 0, i8 = 0; ^8 = 0, 7 = 0; 7 = 0, a = 0. 

The conditions that it should represent a circle are found, bj the 
same process as in Art. 122, to be 

I cos()S + 7) + «i cos(7 + a) + n co8(a + /8) = 0, 

I sin (iS + 7) + w sin (7 + a) + w sin (a + )8) = 0. 

Now we have seen (Art. 65) that when we are given a pair 
of equations of the form 

7a' + wi/8' + ni = 0, Za" 4 m^' + W7" = 0, 

Z, w, n must be respectively proportional to ^87"— /S'V, 7'a"— 7"a', 
a^" — a"/8'. In the present case then Z, w, n must be pro- 
portional to sin(/8 — 7), sin(7 — a)j sin(a — /8), or (Art. 61) to 
sin -4, sin£, sin (7. Hence the equation of the circle circum- 
scribing a triangle is 

^87 sin-4 + 7a sin-B+ a/S sin (7= 0. 

125. The geometrical interpretation of the equation just 
found deserves attention. If from any point we let fall per- 
pendiculars OP, OQ^ on the lines a, /8, then (Art. 54) a, /8 are 
the lengths of these perpendiculars; and since the angle be- 
tween them is the supplement of C, the 
quantity a^ sin (7 is double the area of the 
triangle OPQ, In like manner, 7a sin B 
and ^87 sin A are double the triangles 
OPR^ OQR. Hence the quantity 

^87 sin -4 + 7a sin-B+ ayS sin G 

is double the area of the triangle PQR^ 

and the equation found in the last article 

asserts, that if the point be taken on the circumference of 

the circumscribing circle, the area PQR will vanish, that is 

to say (Art. 36, Cor. 2), the three points P, Q^ R will lie on 

one right line. 
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If it were required to find the loons of a point from which, 
if we let fall perpendiculars on the sides of a triangle, and join 
their feet, the triangle PQB so formed should have a constant 
magnitude, the equation of the locus would be 

^87 sin -4 + yoL sin 5+ a/8 sin (7= constant, 

and, since this onlj differs from the equation of the circum- 
scribing circle in the constant part, it is (Art. 81) the equation 
of a circle concentric with the circumscribing circle. 

126. The following inferences may be drawn from the equa- 
tion Z/87 + mya + wa/8 = 0, whether or not Z, «i, w have the values 
sin^, sinBj sin (7; and therefore lead to theorems true not only 
of the circle but of any curve of the second degree circum- 
scribing the triangle. Write the equation in the form 

7(Z/8 + wa) + wai8 = 0; 

and we saw in Art. 124 that 7 meets the curve in the two points 
where it meets the lines a and /9 ; since if we make 7 = in the 
equation, it reduces to aff = 0. Now, for the same reason, the 
two points in which Ifi 4- ma meets the curve, are the two points 
where it meets the lines a and 0. But these two points coin- 
cide, since Z/9 + ma passes through the point a/S. Hence the line 
1/3 4 ma, which meets the curve in two coincident points, is 
(Art. 83) the tangent at the point ajS. 

In the case of the circle the tangent is a sin 5 -f )8 sin -4. 
Now we saw (Art. 64) that a sin^ + )8 sin-B denotes a parallel 
to the base 7 drawn through the vertex. Hence (Art. 55) the 
tangent makes the same angle with one side that the base makes 
with the other (Euc. III. 32). 

Writing the equations of the tangents at the three vertices 
in the form 

m n ^ n I ^ t m 

we see that the three points in which each intersects the opposite 
side are in one right line, whose equation is 

I m n 

Subtracting, one from another, the equations of the three 
tangents, we get the equations of the lines joining the vertices 
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of the original triangle to the corresponding vertices of the 
triangle formed bj the three tangents : viz., 

i.l^O 1-^=0 ?-i^=0 
m n ^ n V ^ t m 

three lines which meet in a point (Art. 40).* 



127. If a'ySy, a"ff'y' be the co-ordinates of any two points 
on the curve, the equation of the line joining them is 

7a m0 ny 

-I l1_ -l L — • 

OLOL pp 77 

for if we substitute in this equation al^'y for a^y^ the equation 

is satisfied, since a"^' 7" satisfy the equation of the curve which 

may be written 

L m n ^ 

a yS 7 

In like manner the equation is satisfied by the co-ordinates 
a'fi"y'\ It follows that the equation of the tangent at any 
point a'/Sy may be written 

and conversely, that if 7{a,-\-fA/3 + vy^O is the equation of a 
tangent, the co-ordinates of the point of contact a/3'y are given 
by the equations 

Z __ ^ _ ^ __ 

Solving for a', /8', y from these equations, and substituting in 
the equation of the curve, which must be satisfied by the point 
OL^'y'j we get 

aJ{1\) + V(^At) + ^(nv) = 0. 

This is the condition that the line \ol + fi^ + vy may touch 
Wy-hmyoL + na^] or it may be called (see Art. 70) the tan- 
gential equation of the curve. The tangential equation might 
also be obtained by eliminating 7 between the equation of the 
line and that of the curve ; and forming the condition that the 
resulting equation in a : /8 may have equal roots. 

* The theorems of this article are by M. Bobillier (Annales des Mathematiques, 
Vol. XVIII., p. 320). The first equation of the next article is by M, Hermes. 
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128. To find the conditions that the general equation of the 
second degree in a, /3, 7, 

aa' + J/3' + 07" -f 2//37 + 2gy(i + 2Aa/9 = 0, 

may represent a circle, [Dublin Exam. Papers, Jan. 1857]. 

It is convenient \o avail ourselves of the result of Art. 124. 
Since the terms of the second degree, a?' + y*, are the same in 
the equations of all circles, the equations ci two circles can only 
differ in the linear part ; and if S represent a circle, an equation 
of the form )S+£r-fwy4w = may represent any circle what- 
ever. In like manner, in trilinear co-ordinates, if we have found 
one equation which represents a circle, we have only to add to 
it terms la + m^ + W7, (which in order that the equation may be 
liomogeneous we multiply by the constant asin-4+y88in5+7sin(7) 
and we shall have an equation which may represent any circle 
whatever. Thus then (Art. 124) the equation of any circle may 
l)e thrown into the form 

[la + wyS -f ny) (a sin-4 + /8 sin5+ 7 sin 6') 

+ h {j3y smA + 7a sin-B+ a^ sin C) = 0. 

If now we compare the coefficients of a\ )8*, 7" in this form 
"with those in the general equation, we see that, if the latter 
represent a circle, it must be reducible to the form 

(- — jr a + ^^-^ fi + -r— ^ 7 ) (a sin^ + /3 sin5+ 7 sin C) 
\smA smB sin C / 

+ Jc {fiy sin-4 + 7a sin-B+ a^ sin C) = 0, 
.and a comparison of the remaining coefficients, gives 

2/ sin-B sin (7 = c fiin'^J5+ b sin^C-^k sinA smB sin (7, 

2g sin C &inA = a sin'C + c sin* -4 -\-k sinA sinJ9 sin 0, 

2h sin-4 sin-B = b sin'-4 + a e>m^B + k smA smB sin C7, 

whence eliminating Je^ we have the required conditions, viz. 

b sin* C+c sin'-B- 2/sin B sin 0= c sinM + a sin* C- 2g sin G sin A 

= a sin*-B+ J sin*^ — 2h sin -4 sin J?. 
If we have the equations of two circles written in the form 
{la + mfi + ny) (a sin^ + ^S sinJ5 + 7 sin(7) 

+ k {fiy sin-4 + 7a sin-B+ a^ sin C) = 0, 
{Ta + m!/3 + ny) (a sin ^ + /8 sin 5 + 7 sin C) 

+ k {^y Bin A + 7a 8in5+ a)8 sin 0) « 0, 
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it is evident tbat their radical axis is 

la + mfi + ny — {J! a + mfi + n'7), 

and that la 4 mp + 717 is the radical axis of the first with the 
circumscribing circle. 

Ex. 1. Verify that a/3 - y« represents a circle MA = B (Art. 123). 
The equation may be written 

a/3 BinC+ /3y siniil + yo sinB - y (a sin^l + /3 sinB + y sinC) = 0. 

Ex. 2. The three middle points of sides, and the three feet of perpendiculars lie 
on a circle. The eqnation 
o« sin^l co%A + /3« sinB cos£ + y« sinCcosC- (/3y sin^l + yo sin£ + a/3 sinC) = 0, 

represents a curve of the second degree passing through the points in question. For 
if we make y = 0, we get 

a' sin^ co&A + ^ mnB ooaB — a/3 (sin id cosB + sin^ cobA) = 0, 

the factors of which are a BiaA — /3 anB and a cob A — /3 cobB. Now the curve is 
a circle, for it may be written 

(a cos-4 + /3 cos^ + y cosC) (a sin^d + /3 sinB + y sinC) 

- 2 (/3y sin-4 + ya Bin£ + a/3 sinC) = 0. 

Thus the radical axis of the circumscribing circle and of the circle through the middle 
points of sides is a cos^ + /3 cos£ + y cosC, that is, the axis of homology of the 
given triangle with the triangle formed by joining the feet of perpendiculars. , 

129. We shall next show how to form the equations of the 
circles which touch the three sides of the triangle a, /8, 7. The 
general equation of a curve of the second degree touching the 
three sides, is 

W + m'/8' + nV - 2mnfiy - 2nlya - 2lmafi = 0.* 

Thus 7 is a tangent, or meets the curve in two coincident 
points, since if we make 7 = in the equation, we get the per- 
fect square Pa"4- w*j3' — 2Z7?iay9 = 0. The equation may also be 
written in a convenient form 

V(fa) + V(w/8) + V(n7) = ; 

for if we clear this equation of radicals, we shall find it to be 
identical with that just written. 



* Strictly speaking, the double rectangles in this equation ought to be written 
with the ambiguous sign +, and the argument in the text would apply equally. If 
however we give all the rectangles positive signs j or if we give one of them a positive 
sign, and the other two negative, the equation does not denote a proper curve of the 
second degree, but the square of some one of the lines la ± m/3 ± «y. And the form 
in the text may be considered to include the case where one of the rectangles ia 
negative and the other two positive, if we suppose that ^ m, or » may denote a 
negative as well as a positive quantity. 
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Before determining the values of Z, m^ n^ for which the equa- 
tion represents a circle, we shall draw from it some inferences 
-which apply to all curves of the second degree inscribed in the 
triangle. Writing the equation in the form 

W7 («7 - 2la - 2m^) + {la - m^Y = 0, 

we see that the line {h. - w/8), which obviously passes through 
the point a^S, passes also through the point where 7 meets the 
curve. The three lines, then, which join the points of contact 
of the sides with the opposite angles of the circumscribing 
triangle are 

loL - /w/8 = 0, mfi — W7 = 0, ny—la= 0, 

and these obviously meet in a point. 

The very same proof which showed that 7 touches the curve 
shows also that ny — 2la — 2m^ touches the curve, for when this 
quantity is put = 0, we have the perfect square [h. — mfiy = ; 
hence this line meets the curve in two coincident points, that is, 
touches the curve, and la — wy8 passes through the point of con- 
tact. Hence, if the vertices of the triangle be joined to the 
points of contact of opposite sides, and at the points where the 
joining lines meet the circle again, tangents be drawn, their 
equations are 

2/a + 2m fi - W7 = 0, 2m^ + 2ny - fa = 0, 2w7 + 2la - w/8 = 0. 

Hence we infer that the three points, where each of these tan- 
gents meets the opposite side, lie in one right line, 

Za + 7W)8 + n7 = 0, 

for this line passes through the intersection of the first line with 
7, of the second with a, and of the third with /8. 

130. The equation of the chord joining two points a'^Vj 
a"y8' 7", on the curve is 

a V(Q Wi^y") + V(/9"7')} +/8 VW Wiy'a") + V(7"a')} 

+ 7 V{«) {V(«'/9") + V(a"/3')} = .• 
For substitute a', ^8', 7' for a, yS, 7, and it will be found that the 
quantity on the left-hand side may be written 

Wia'^y") + V(i8'7'a") + V(7'a'y3")} Wi^) + V('«y8') + V(«7')} 

- V(a'i8'7') W{la') + V(ffl/3" ) + ^/{ny'% 

* This equation is Dr. Hart's. 
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which vanishes, since the points are on the curve. The equation 
of the tangent is found by putting a", y8", 7" = a', fi\ 7 in the 
above. Dividing by 2 \/[afi'y')j it becomes 

Conversely, if Xa + fi^ + vy is a tangent, the co-ordinates 
of the point af contact are given by the equation* 

\/0=^' ^/{wh''' \/(?)=''' 

Solving for a'^Sy, and substituting in the equation of the curve, 
we get I m n ^ 

which is the condition that Xa + fi0 + vy may be a tangent ; 
that is to say, is the tangential equation of the curve. 

The reciprocity of tangential and ordinary equations will be 
better seen, if we solve the converse problem, viz. to find the 
equation of the curve, the tangents to which fulfil the condition 

I m n ^ 
r + - + - = 0. 
X fi V 

We follow the steps of Art. 127. Let X'a + /t'y3 + i^ 7, 
X"a + /a"/8 + v' 7 be any two lines, such that X'/tV, X'fi'v" satisfy 
the above condition, and which therefore are tangents to the 
curve whose equation we are seeking ; then 

l\ mil nv 

L ^ 4. = 



X [I fL vv 

is the tangential equation of their point of intersection. For 

(Art. 70) any equation of the form A\ + 5^ -f Cv = 0, is the 

condition that the Kne Xa + y^R + vy should pass through a 

certain point, or, in other words, is the tangential equation of a 

point ; and the equation we have written being satisfied by the 

tangential co-ordinates of the two lines is the equation of their 

point of intersection. Making V, /a', v' = X", /a", v" we learn that 

if there be two consecutive tangents to the curve, the equation 

of their point of intersection, or, in other words, of their point of 

contact, is 

?X W7i «v__ 
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The co-ordinates then of the point of contact are 

^""V"' ^^fJ'^^ 'y~7«' 

Solving for \\ fi\ V from these equations, and substituting in the 
relation, which by hypothesis V/aV satisfy, we get the required 
equation of the curve 

\/(?a) + sl{m^) + V(n7) = 0. 

131. The conditions that the equation of Art. 129 should 
represent a circle are (Art. 128) 

m^ sin' G + n' sin' jS + 2mn sin J5 sin (7 = w* sinM + f sin' Q 

-f 2w? sln^ sinC= Z' 8in'jB+ m' sinM + 2Zwi sin-4 sin£, 

or m sinC+« sin5=+ [ii sin-4 + I sin(7) = ± (f sinj5-f wi sin^). 

Four circles then rnay be described to touch the sides of the 
given triangle, since by varying the sign, these equations may 
be written in four different ways. If we choose in both cases 
the H- sign, the equations are 

I sinC- w sinC+w (sin -4- sinjB) = 0; 

I sin-B+7n(sin-4 — sin(7) — w sin-B=0. 

The solution of which gives (see Art. 124), 

Z = sin -4 (sin jB+ sin G - sin^), m = sin5 (sin (7+ sin^ — sin-B), 

w = sin C (sin -4 + sin J5— sinC). 

But since in a plane triangle 

sinJ5+ sinC- sin -4 = 4 cos ^-4 sln^J? sin J (7, 

these values for Z, tw, n are respectively proportional to cos* ^-4, 
cos' ^5, cos' ^(7, and the equation of the corresponding circle, 
which is the inscribed circle, is 

cos|^ V(aJ + cos |£ V(/3) + cosjC sj[y) = 0,* 

♦ Dr. Hart derives this equation from that of the circumscribing circle as follows : 
Let the equations of the sides of the triangle formed by joining the points of contact 
of the inscribed circle be a' = 0, /3' = 0, y' = ; and let its angles be A', B\ C ; then 
(Art. 124) the equation of the circle is 

^Y sin .4' + yV sin 5' + a'/3' sinC = 0. 

But (Art. 123) for every point of the circle we have a'* = /3y, /3'* = ya, y'^ = o/?, 
and it is easy to see that -4' = 90 — ^-4, Ac. Substituting these values, the equation 
of the circle becomes, as before, 

cos^i4 J(a) + cos JJB .i(/3) + cos^C J(y) = 0. 
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or of cos*^^ + /8* cos*i5+7* cos*i(7- 2a^ C08*^4 cos*^J5 

- 2/37 co8"i5 cos'i (7- 27a cos*^ C co^^^A = 0. 

We may verify that this equation represents a circle by 
writing it in the form 

/a cos*i-4 /8 co8*A-B 7 co3*i(7\ , . ^ . >3 . ^ . • •^x 
I — r— |— -♦■ ^^-^ J— -f ^ . / (a sm^ + ^ sm5+ 7 sinC) 
\ RinA RinB smC J ^ 

4 cos" i-4 cos* A5 008^*^(7,0 ' A . • D . O ' /7\ /x 

ainJ .\r.n.;r.r ^^^ sm^ + 7a sm5-f ay3 smC =0. 

8mulsmx>smO 

In the same way, the equation of one of the exscribed circles is 
found to be 

a* cos* J^ + )8* 8in*|5+7" &m'iC-2^y sm'^B sin^C 

+ 27a sin* i G cos" ^A + 2ai9 sin" ^5 cos" M = 0, 

or cos J^ \/(- a) + sin |J? \/(/3) + sin^ C ^(7) = 0. 

The negative sign given to a is in accordance with the fact, that 
this circle and the inscribed circle lie on opposite sides of the 
line a. 

Ex. Find the radical axis of the inscribed circle and the circle through the middle 
points of sides. 

The equation formed by the method of Art. 128, is 

2 cos2^^ oos^^B oos^iC {a cob A + /3 cos5 + y cobC} 



= sinJ sin 



\ sm^ smB • smC7 / 



Divide by 2 cos^ii oos^JB oos^C, and the coefficient of a in this equation is 

COB^^ {2 oos*^^ sin^^ sin^C — cos -4 cos ^5 cos^C}, 
or 006^^ sin^ (-4 — ^) sin^ (4 — C). 

The equation of the radical axis then may be written 

a cos^^ pcos^B y cos j^C _^ 

sin f{B^^) ■*" 8in^(C-^) ■•" sin^(^-£) ~ ' 

and it appears from the condition of Art. 130, that this line touches the inscribed circle 
the co-ordinates of the point of contact being sin^^ [B—C), sin^^ {C—A\ sin^^ {A-B), 
These values shew (Art. 66) that the point of contact lies on the line joining the two 
centres whose co-ordinates are 1, 1, 1, and cos {B — C), cos {C — A), cos (-4 — B). 

In the same way it can be proved that the circle through the middle points of sides 
touches all the circles which touch the sides. This theorem is due to Feuerbach.* 



* Mr. Casey has given a proof of Feuerbach's theorem, which will equally prove 
Dr. Hart's extension of it, viz. that the circles which touch three given circles can be 
distributed into sets of four, all touched by the same circle. The signs in the follow- 
ing correspond to a triangle whose sides are, in order of magnitude a, 6, c. The 
exscribed circles are numbered 1, 2, 3, and the inscribed 4 ; the lengths of the direct 
and transverse common tangents to the first two circles are written (12), (12)'. Then 
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132. If the equation of a circle in trilinear co-ordinates is 
equivalent to an equation in rectangular co-ordinates, in which 
the coefficient of x^ + y^ is wi, then the result of substituting in 
the equation the co-ordinates of any point is m times the square 
of the tangent from that point. This constant m is easily deter- 
mined in practice if there be any point, the square of the tangent 
from which is known by geometrical considerations; and then 
the length of the tangent from any other point may be inferred. 
Also, If we have determined this constant m for two circles, and 
if we subtract, one from the other, the equations divided respec- 
tively by m and m\ the difference which must represent the ra- 
dical axis, will always be divisible by a &mA -f /8 sinjB + 7 sin (7. 

Ex. 1. Find the value of the constant m for the circle through the middle points 
of the sides, 

a'sin^ cos^ + jS* Bin^cosJ5+ y* sinCcosC— j8y sin^ — yo emB — a^anC= 0, 

Since the circle cuts any side y at points whose distances from the vertex Aj are Jc 
and b cos^, the square of the tangent from A is ^ cos J.. But since for A we have 
/3 = 0, y = 0, the result of substituting in the equation the co-ordinates of ^ is 
a'^ sin 4 cos ^, (where a' is the perpendicular from A on the opposite side), or is 
be em A anB sinCcos J. It follows that the constant m is 2 sin /I smB sinC 

Ex. 2. Find the constant m for the circle /3y sin^ + ya sinjB + a/3 sinC If from 
the preceding equation we subtract the linear terms 

(a cos^ + /3 cos B -f y cosC) {asmA-h fi anB + y sinC), 

the coefficient of sc' + y® is imaltered. The constant therefore for /3y sin-4, 4c. is 
— 8in-4 sinBsinC. 

Ex. 3. To find the distance between the centres of the inscribed and circumscribing 
circle. We find Ifi — R^, the square of the tangent from the centre of the inscribed to 

., . -u- . 1 T_ T. i.-i. i.. a ^ . r*(sin^+smB+sinC) 
the cux5umscnbmg circle, by substitutmg a=/3=y = r, tobe ' a • e ' C — * 

or, by a well-known formula, = - 2i2r. Hence Jfi-B? — 2i2r. 

Ex. 4. Find the distance between the centres of the inscribed circle and of that 
through the middle points of sides. If the radius of the latter be/E>, making use of 
the formula, 

sin^ cos-4 + sinBcosB + BinCcosC= 2 sin^ sinBsinC, 
we have i)* — ^o* = r* — rR, 



l)ecau8e the side o is touched by the circle 1 on one side, and by the other three circles 
on the other, we have (see p. 115) 

(13)' (24) = (12)' (34) -t- (14)' (23). 
Similarly (12)' (34) -t- (24)' (13) = (23)' (14), 

(23)' (14) = (13)' (24) + (34)' (12), 

whence, adding, we have, (24)' (13) = (14)' (23) + (34)' (12) : 

showing that the four circles are also touched by a circle, having the circle 4 on one 
side, and the other three on the other. 
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Assuming then that we otherwise know B = 2p^ we have D = r — p'j or the 
circles touch. 

Ex. 5. Find the constant m for the equation of the inscribed circle given above. 

Ans, 4 coB^^A cos^^B cos*^C. 

Ex. 6. Find the tangential equation of a circle whose centre is rt'/3'y' and radius r. 
This is investigated as in Art. 86, Ex. 4 ; attending to the formula of Art. 61 ; and 
is found to be 

(\a' + fi^ + vyy = r2 (X^ + y^i* + i;« - 2fiv cos A - 2j/X cosB - 2\fi cosC). 

The corresponding equation in a, /3, y is deduced from this by the method afterwards 
explained, Art. 265, and is 

r2 (a sin^ + ^ sin B + y sinC)* = {fiy' - /Ty)* + (yo' - y'a)« + (a/3' - a'/3)2 

-2(ya'-y'o)(o/3'-a'^)cos^-2(a/3'-o'/3)(/3y'-i3'y)cos5-2(/3y'-/3'y)(ya'-y'a)c08<7. 

This equation also gives an expression for the distance between any two xx>ints. 

Ex. 7. The feet of the perpendiculars on the sides of the triangle of reference from 

the points a', /S*, y' j -7 > 3, , — j (see Art. 55) lie on the same circle. By the help of 

Ex. 6, p. 60, its equation is found to be 

03y sin^+yo smB+aft sin C)(a^ Bin^+^' sm^+y' sm C)(/3'y' sin ^-H/o' sin B^a'fi' sinC) 

= sin ^ sin 5 sin C (a sin^ + /3 sin^ + y sin C) 

raa'(^+y'cos^)(y'+/8W^ , ^/y(y'4-a'co3jgO(a'+y'cos^) , yy'(g'+iycosC)(/y+a*co6C 0] 

sin 6* 



r ag^(^-|-y^C08 ^) (y'+/8^C0S^) ^/y(y^4-a^co3jg^)(a'+y'cosi/) yy'(g^+iycosC')(fJ'+a^co6C^l 
1. sin^ sin5 sin 6* J 



DETERMINANT NOTATION. 

132(a). In the earlier editions of this book I did not venture 
to introduce the determinant notation, and in the preceding 
pages I have not supposed the reader to be acquainted with it. 
But the knowledge of determinants has become so much more 
common now than it was, that there seems now no reason for 
excluding the notation, at least from the less elementary chapters 
of the book. Thus the double area of a triangle (Art. 36), 
and the condition (Art. 38) that three lines should meet in a 
point, may be written respectively 



1, 1, 1 

yn Vii y,. 



= 0, 



4, B, G 

a; b, c 

A", B", C" 



= 0. 



The equations of the circle through three points (Art 94), 
and of the circle cutting three at right angles (Ex. 2, p. 102), 
may be written respectively 

y, I 

-/", 1 = 0. 



x' +f, 


X, 


yy 


1 


X'' +y«, 


X', 


y\ 


1 


x"' + y"», 


X", 


y'\ 


1 


~"'ll , .Jilt 


~."l 


-.'" 


1 



X 





0^ + /, 


a;, 




«', 


-9\ 




c", 


-9\ 


= 0, 


c'", 


-9'" 
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' The equation of the latter circle may also be formed by the 
help of the principle (Ex. 6, Art. 102), as the locus of the point 
"whose polars with respect to three given circles meet in a 
point, in the form 

^+/, y^f\9"^-^ry^o" 

The corresponding equation for any three curves of the second 
degree will be discussed hereafter. 

Ex. 1. To find the condition for the co-existenoe of the equations 

oo; + Jy + c = a'a + 6'y + c^ = a^a; + 6"y + c" = o'"a; + ft^'y + c'". * 

lliet the common value of theae quantities be X j then eliminating x, y, X from the four 
equations of the form aa; + % + c = X, we have the result in the form of a determinant 



= 0. 



1, 


1, 


1, 


1 


a, 


a', 


«", 


a'" 


^ 


ft', 


h'% 


V" 


<^, 


c\ 


c", 


c'" 



= 0, 

OfsA + C^B + Dy where A^ B, Cf Dare the four mincws got by erasing in turn each 
column, and the top row in this determinant. 

To find the condition that four lines should touch the same circle, is the same as to 
find the condition for the co-existence of the equations o = /S = y = d. In this case 
the determinants A, B,C, D geometrically represent the product of each side of the 
quadrilateral formed by the four lines, by the sines of the two adjacent angles. 

Ex. 2. To find the relation connecting the mutual distances of four points on a 
GLFcle. The investigation is Mr. Cayley's (see Lessons on Higher Algebra, p. 21). 
Multiply together according to the ordinary rule the determinants 



V + yi^ -2a?i, -2yi, 1 

«2^ + y2^ -2iC2, --2y2, 1 

a^a^ + y.S -2aj», -2^3, 1 

»4* + y4^ ~2aj4, -2^4, 1 



1, a?i, yi, x^ + yi^ 

1, a?» y» ^^ + y2 

1, »ai ysi «8' + y8* 

1, a?4» y4> ^ + ^4* 



which are only different ways of writing the condition of Art. 94 ; aad we get the 

reqmred relation 

0, (12)«, (13)«, (14)* 

(12)S 0, (23)^ (24)* 

(13)2, (23)2, 0, (34)2 

(14)*, (24)*, (34)*, =0, 

where (12)* is the square of the distance between two points. This determinant ex- 
panded is equivaleat to (12) (34) ± (13) (24) ± (14) (23) = 0. 

Ex. 3. To find the relation connecting the mutual distances of any four points in a 
plane. This investigation is also Mr. Cayley's {Lessons on Higher Algebra, p. 22). 
Prefix a unit and cyphers to each of the determinants in the last example ; thus 



1, 0, 0, 

^i^ + yl^ - 2xi, - 2yi, 1 



0, 0, 0, 1 
1» ^ij yij a^i* + yi* 



s 
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We haye then four rows^d five>^luinns^the determinant formed from which accord- 
ing to the mles of multiplication, must yanish identically. But this is 

4), 1, 1, 1, 1 

1, 0, (12)^ (13)^ (14)^ 

1, (12)«, 0, (23)«, (24)« 

1, (13)«, (23)«, 0, (34)2 

1, (14)«, (24)«, (34)^ UO; 
which expanded, is 

(12)« (34)« {(12)« + (34)« - (13)2 - (14)« - (23)« - (24)2} 

+ (13)2 (24)« {(18)2 ^ (24)2 - (12)2 _ (14)2 _ (23)2 _ (34)2} 

+ (14)2 (23)2 {(i4)« + (23)2 _ (12)2 _ (13)2 _ (24)2 _ (34)2} 

+ (28)2 (34)2 (42)2 + (14)2 (43)2 (31)2 + (12)2 (24)2 (41)2 + (12)2 (23)2 (31)2 = 0. 

If we write in the aboye a, b, c for 23, 31, 12 ; and R + r, iJ + r', Ji + »•" for 14, 24, 
34, we get a quadratic in i2, whose roots are the lengths of the radii of the circles 
touching either all externally or Intemallj three ciidee, whose radii are r, r', r", and 
whose centres form a triangle whose sides are a, (, c. 

Ex. 4. A relation connecting the lengths of the common tangents of any fiye 
circles, may he obtained precisely as in the last example. Write down the two matrices 



, 1, 0, 0, 0, 

sB^+y^ -r'2, -2ar', - 2y', 2r', 1 
ar"2 + y"« - r"*, - 2aj", - 2y", 2r", 1 



0, 0, 0, 0, 1 

1, ar', 3(f, f-*, af2+j^ -r^ 
1, «", y", r", «"« + y"2 _ ,."2 

&c. 



where there are nye^ws>Ai(dj^<jblumn§^ and the determinant formed acoozding to 
the rules of multiplication must yamsh. But this ia 

0, 1, 1, 1, 1, 1 

1, 0, (12)2, (13)2, (14)2, (15)2 

1, (12)2, 0, (23)2, (24)2, (25)2 
1, (13)2, (28)2, 0, (34)2, (36)2 
1, (14)2, (24)2, (34)2, 0, (46)2 
1, (15)2, (25)2, (86)2, (46)2, = 0, 

where (12), Ac. denote the lengths x>f the common tangents to each pair of drdes. If 
we suppose the circle 6 to touch aU the others, then (15), (25), (35), (46), all yanish, 
and we get as a particular case of the aboye, l£r. Casey's relation between the oommon 
tangents of four circles touched by a fifth, in the form 

0, (12)2, (13)2, (14)2 

(12)2, 0, (28)2, (24)2 
(13)2,(23)2, 0, (34)2 
(14)2, (24)«, (84)2, =0. 
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CHAPTER X. 

PEOPERTIBS COMMON TO ALL CUBVES OF THE SECOND DEGREE, 
DEDUCED FBOM THE GENERAL EQUATION. 

133. The most general form of the equation of the second 
degree is 

where a, by Cjfj g^ h are all constants. 

It is our object in this chapter to classify the different curves 
which can be represented by equations of the general form just 
written, and to obtain some of the properties which are common 
to them all.* 

Five relations between the coefficients are sufficient to deter- 
mine a curve of the second degree. For though the general 
equation contains six constants, the nature of the curve depends 
not on the absolute magnitude^ but on the mutual ratios of these 
coefficients; since, if we multiply or divide the equation by 
any constant, it will still represent the same curve. We may, 
therefore, divide the equation by c, so as to make the absolute 
term = I, and there will then remain but five constants to be 
determined. 

Thus, for example, a conic section can be described through 
five points. Substituting in the equation (as in Art. 93) the 
co-ordinates of each point {x'y') through which the curve must 
pass, we obtain five relations between the coefficients, which will 

enable us to determine the five quantities, - , &c. 

c 

134. We shall in this chapter often have occasion to use the 
method of transformation of co-ordinates ; and it will be useful 

* We shall pxoye hereafter, that the section made by any plane in a cone standing 
on a drcnlar base is a carve of the second degree, and, conversely, that there is no 
cnrve of the second degree which may not be considered as a conic atction. It was in 
this point tut view that these curves were first examined by geometers. We mention 
the property here, because we shall often find it convenient to use the terms " conic 
section," or " conic," instead of the longer appellation, " curve of the second degree." 
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to find what the general equation becomes when transformed to 
parallel axes through a new origin (a?'y'). We form the new 
equation by substituting x + x' for Xj and y4y' fory (Art. 8), 
and we get 

a (x-f aj')*+2A (a^f■ a;')(y+y)+5 (y+y7+ 2ff (x-^x") +2/{y +y') -fc=0. 

Arranging this equation according to the powers of the vari- 
ables, we find that the coefficients of a;*, xy^ and ^*, will be, as 
before, a, 2A, b ; that 

the new g^ g = ax' + hy 4 g ; 

the new/, f --hx' ^hy' Af\ 

the new c, c = oa;'* + 2Aa?>' + Jy'' + 25ra:' + "Ify + c. 

Hence, iftlie equation of a curve of the second degree he trans- 
formed to parallel axes through a new origin^ the coefficients of the 
highest powers of the variables will remain unchangeitj while the 
new absolute term will be the result of substituting in the original 
equation the co-ordinates of the new origin,^ 

135. Every right line meets a curve of the second degree in 
two real^ coincident^ or imaginary points* 

This is inferred, as in Art. 82, from the fact that we get a 
quadratic equation to determine^' the points where any line 
y = mx + n meets the curve. Thus, substituting this value of y 
in the equation of the second degree, we get a quadratic to 
determine the x of the points of intersection. In particular 
(see Art. 84) the points where the curve meets the axes, are 
determined by the quadratics 

oa?" 4 25'a; + c = 0, Jy H 2^ + c == 0. 

An apparent exception however may arise which does not 
present itself in the case of the circle. The quadratic may re- 
duce to a simple equation in consequence of the vanishing of the 
coefficient which multiplies the square of the variable. Thus 

«y + 2y'* + a; + 5y + 3 = 

is an equation of the second degree ; but if we make y = 0, we 
get only a simple equation to determine the points of meeting 
of the axis of x with the locus represented. Suppose, however, 

that in any quadratic ^a;'* + 2-Ba; + (7=0, the coefficient G 

■ I '■ill »■ 

* This is equally true for equations of any degree, as can be proved in like manner. 
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Tanishes, we do not say tliat the quadratic reduces to a simple 
equation ; but we regard it still as a quadratic, one of whose 

roots is a;=0, and the other aj = — ^ . Now this quadratic 
may be also written 

and we see by parity of reasoning, that if A vanishes, we ought 
to regard this still as a quadratic equation, one of whose roots 

is - = 0, or a? = oo ; and the other - = — 7=- , or a? =s — -rn • The 
a? ' ' X C ^ 2B 

same thing follows from the general solution of the quadratic, 

which may be written in either of the forms 

• _ -:^± V(^^-^(7) G 

^'' A " ^B^^/{B^^-ACy 

the latter being the form got by solving the equation for the 
reciprocal of a:, and the equivalence of the two forms being 
easily verified by multiplying across. Now the smaller A is, the 
more nearly does the radical become =±5; and therefore the 
last form of the solution shows, that the smaller A is, the larger 
is one of the roots of the equation ; and that when A vanishes 
we are to regard one of the roots as infinite. When therefore 
we apparently get a simple equation to determine the points in 
which any line meets the curve, we are to regard it as the 
limiting case of a quadratic of the form O.a?" + ^Bx + 0= 0, one 
of whose roots is infinite ; and we are to regard this as indi- 
cating, that one of the points where the line meets the curve is 
infinitely distant. Thus the equation, selected as an example, 
which may be written (y-f 1) (a;4-2y + 3) =0, represents two 
right lines, one of which meets the axis of a? in a finite point, 
and the other being parallel to it meets it in an infinitely 
distant point. 

In like manner, if in the equation Aa? + 2Bx +(7 = 0, both B 
and C vanish, we say that it is a quadratic equation, both of whose 
roots are a? = ; so if both B and A vanish we are to say that 
it is a quadratic equation, both of whose roots are a? = cc . With^ 
the explanation here given, and taking account of infinitely 
distant, as well as of imaginary, points, we can assert that every 
right line meets a curve of the second degree in two points. 
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136. The equation of the second degree transformed to 
polar co-ordinates* is 

(a cos'5 + 2A cos 5 sin 5 + J sin'5) /o' + 2 (gr cos 5 +/sin 0) p + c = 0; 

and the roots of this quadratic are the two values of the length 
of the radius vector corresponding to any assigned value of 0. 
Now we have seen in the last article that one of these values 
will be infinite, (that is to say, the radius vector will meet the 
curve in an infinitely distant point,) when the coefficient of p* 
vanishes. But this condition will be satisfied for two values 
of 0, namely those given by the quadratic 

a + 2A tanfl + h tan"5 = 0. 

Hence, there can be dravm through the origin two real^ com" 
cidentj or imaginary linesj which will meet the curve at an infinite 
distance ; each of which lines also meets the curve in one finite 
point whose distance is given by the equation 

2 [g cos5 +/sin5) /o + c == 0. 

If we multiply by p* the equation 

a cos*5 + 2h cos5 sin5 + S sin'*^ = 0, | 

and substitute for p cos 5, p sin 5 their values x and y, we obtain ' 

for the equation of the two Imes i 

aoi? + 2hxy + hy^ = 0. \ 

There are two directions in which lines can be drawn through ( 

any point to meet the curve at infinity ; for by transformation | 

of co-ordinates we can make that point the origin, and the 
preceding proof applies. Now it was proved (Art. 134) that 
a, A, b are unchanged by such a transformation ; the directions 
are therefore always determined by the same quadratic 

a QX>^0-\-'2h cos5 sin^ + i sin*^ = 0. 

Hence, if through any point two real lines can be drawn to meet 
the curve at infinity j parallel lines through any other point will 
meet the curve at. infinity. 1[ 

— ■ — - . - , ^ ^^ — ___.■■___ ^ . ^ _.j_'. _ - .. - — 

* The following processes apply equally if the original equation had been in obliqae I 

sinO C 

co-ordinates. We then substitute mo for x, and no for «, where m is -: — and'n is 

sin(ft)-e) ^ 

— : (Art. 12) ; and proceed as in the text. 

t This indeed is evident geometrically, since parallel lines may be considered as i 

passing through the same point at infinity. j , 

19 
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137. The most ia)p^tieknt question we can ask, concerning 
theybrw of the curvej. represented hy any equation, is, whether 
it he limited in evifiy direction, or whether it extend in any 
direction to infinity.-^ We have seen, in the case of the circle, 
that an equation of/ the second degree may represent a limited 
curve, while the case where it represents right lines shows us 
that it may also represent loci extending to infinity. It is 
necessary, therefore, to find a test wherehy we may distinguish 
which class of locus is represented by any particular equation 
of the second degree. 

With such a test we are furnished by the last article. For 
if the curve be limited in every direction, no radius vector drawn 
from the origin to the curve can have an infinite value ; but we 
found in the last article, that when the radius vector becomes 
infinite, we have a -f 2A tan Q-Vh tan" 5 = 0. 

(1) If now we suppose A* — aJ to be negative, the roots of 
this equation will be imaginary, and 
720 real value of can be found which 
will render 

acos*5 + 2Acos5sin5 + A sin"5 = 0. 

In this case, therefore, no real line 

can be drawn to meet the curve at 

infinity, and (he curve will be limited 

in every direction. We shall show, in the next chapter, that 

its form is that represented in the figure. A curve of this class 

is called an Ellipse. 

(2) If A' - db be positive^ the roots of the equation 
a+2A tan^ + J tan*5 = 

will be real; consequently, there 

are two real values of which will 

render infinite the radius vector to 

the curve. Hence, two real lines 

{aa?-\- 2lixy 4 6y* = 0) can, in this 

case, be drawn through the origin 

to meet the curve at infinity. A 

curve of this class is called an 

Hyperbola^ and we shall show, in the next chapter, that its form 

is that represented in the figure. 
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(3) If A* — oi 5s 0, the roots of the equation 

a + 2htB,n0-\-b tsm^d = 

will then be equal, and, therefore, 
the two directions in which a right 
line can be drawn to meet the 
curve at infinity will in this case 
coincide. A curve of this class is 
called a Parabola^ and we shall 
(Chap. XII.) show that its form is 
that here represented. The condition here found may be other- 
wise expressed, by saying that the curve is a parabola when 
the first three terms of the equation form a perfect square. 

138. We find it convenient to postpone the deducing the 
figure of the curve from the equation, until we have first by 
transformation of co-ordinates, reduced the equation to ^ its 
simplest form. The general truth however of the statements 
in the preceding article may be seen if we attempt to construct 
the figure represented by the equation, in the manner explsdned ^ 
(Art. 16). Solving for 7/ in terms of a?, we find (Art, 76) 

Jy = - (/^aJ +/) ± V{(A' - aJ) oj' + 2 (/»/•- J^) X +(/»- ic)}. 

' Now, since by the theory of quadratic equations^ any quantity 
of the form x*-{-px + qi^ equivalent to the product of two real 
or imaginary factors {x — a) (a; — /S), the quantity under the 
radical may be written (A" — ab) {x — a) [x — 13). If then h^ — ab 
be negative, the quantity under the radical is negative, (and 
therefore y imaginary), when the factors a; — a, x-^/S are either 
both positive, or both negative. Real values for y are only 
found when x is intermediate between a and )8, and there^f^ ^ ^ 
the curve only exists in the space included between th,e lines 
aj = a, aj = )8 (see Ex. 3, p. 13). The case is the reverse w^n 
h^ - ab is positive. Then we get real values of y for any values 
of a?, which make the factors a; - a, x — ff either both positive f 
or both negative ; but not so if one is positiirS' and the other ^ 
negative. The curve then consists of two branches stretching 
to infinity both in the positive and in the negative direction, but ^ 
separated by an interval included by the lines x = ^^ ^.= fij ^ 
which no part of the curve is found. If K* — ab vanishes, the 
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quantity iitider the radical is of the form either a? — a or a — cc. 
In the one case we have real values of y, provided only that x 
is greater than a; in the other, provided only that it is less. 
The curve therefore consists of a single branch stretching to in- 
finity either on the right or the left-hand side of the line a? = a. 

If the factors a and ff be imaginary, the quantity under the 
radical may be thrown into the form {h^-ab) {{a? — 'y)'-f S*}, 
If then h!* — ab is positive, the quantity under the radical is 
always positive, and lines parallel to the axis of t/ always meet 
the curve. Thus in the figure of the hyperbola, p. 135, lines 
parallel to the axis of y always meet the curve, although lines 
parallel to the axis of x may not. On the other hand, if h* — ab 
is negative, the quantity under the radical is always negative, 
and no real figure is represented by the equation. 

Ex. 1. GoDfitructi as in Art. 16, the figures of the fw^Uowing cnryes, and determine 

their species : 

ac* + 4a?y + y* - 3a: -- 2y + 21 = 0. Ana. Hyperbola. 

6a» + 4ary + / - 5a? - 2y - 19 = 0. Ans. Ellipse. 

4x* + 4a?y + y« - 5a; - 2^ - 10 = 0. Ans. Parabola. 

Ex. 2. The circle is a particular case of the ellipse. For in the most general form 
of the equation of the cirde, a = 5, h — a cosco (Art. 81) ; and therefore A* — od is 
negative, beiDg zz — a^ an^to. 

Ex. 3. What is the species of the curve when A = ? Ans, An ellipse when a and 
6 have the same sign, and an hypeibola when they have opposite signs. 

Ex. 4. If either a or 6 — 0, what is the species ? Ans, A parabola if also A =r ; 
otherwise a hyperbola. When a = the axis of x meets the curve at infinity ; and 
when bzzOj the axis of y, 

Ex. 5. What is represented by 

^_2a^ . y*_2a;_2y 

«a 'ab'^b^ a b^ ^^^ 

Ans, A parabola touching the axes at the points « = a, ^ =: 6. 

139. If in a quadratic Aa^ + 2Bx + C=0j the coefficient i? 
vanishes, the roots are equal with opposite signs. This then 
will be the case with the equation 

{a cos*^+ 2A cos^ ^ini? + J sin'^) p'* + 2(ff coBd-^fmxd) p + c=0, 

if the radius vector be drawn in the direction determined by 
the equation ^ cos +/ sin ^ = 0. 

The points answering to the equal and opposite values of p 
are equidistant from the origin, and on opposite sides of it; 

^ • T 
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therefore, the chord represented by the equation gx -^-fy = is 
bisected at the origin. 

Hence, through any given point can in general he drawn one 
chordj which will be bisected at that point. 

140. There is one case, however, where more chords than one 
can be drawn, so as to be bisected, through a given point. 

If, in the general equation, we had g = Oj /= 0, then the 
quantity g cos0+fsm0 would be = 0, whatever were the value 
of d; and we see, as in the last article, that in this case every 
chord drawn through the origin would be bisected. The origin 
would then be called the centre of the curve. Now, we can in 
general, by transforming the equation to a new origin, cause 
the coeflScients g and f to vanish. Thus equating to nothing 
the values given (Art. 134) for the new g and /, we find that 
the co-ordinates of the new origin must fulfil the conditions 

ax +hy'-\-g = 0^ hx -f by' +/= 0. 

These two equations are sufficient to determine x' and y\ and 
being linear ^ can be satisfied by only one value of x and y ; 
hence, conic sections have in general one and only one centre. Its 
co-ordinates are found, by solving the above equations, to be 

"""W'-aV y ^ h^^ab' 

In the ellipse and hyperbola A* — ab is always finite (Art. 137) ; 
but in the parabola h^^ab = 0, and the co-ordinates of the centre 
become infinite. The ellipse and hyperbola are hence often 
classed together as central curves, while the parabola is called 
a non-central curve. Strictly speaking, however, every curve 
of the second degree has a centre, although in the case of 
the parabola this centre is situated at an infinite distance. 

141. To find the hcus of the middle points of chords^ parallel 
to a given lincj of a curve of the second degree. 

We saw (Art. 139) that a chord through the origin is bisected 
if (jr cos 5+/ sin 5 = 0, Now, transforming the origin to any 
point, it appears, in like manner, that a parallel chord will be 
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bisected at the new origin if the new g multiplied by eos5 + the 
new/multiplied by 3in^ = 0, or (Art. 134) 

008^ [ax' + hy' + j) + sin 6 {hx + hy' +/) = 0. 

This, therefore, is a relation which must be Batiafied by the co- 
ordinates of the new origin, if it be the middle point of a chord 
making with the axis of x the angle 8. Hence the middle point 
of any parallel chord must lie on the right line 

CO&9 [ax + hy + g) ■\- sii^Q {kx-^-iiy +f)=0, 

■which is, therefore, the required locus. 

Every right line bisecting a system of parallel chords is called 
a diameter ^jajtA the linea which it blaects are called Its ordinates. 

The form' of the equation shows (Art. 40) that every diameter 
must pass thi-ougb the intersection of 
the two lines 

aa; + /(^ + ^ = 0, and hx + by +/= : 
but, these being the equations by 
which we determined the co-ordinates 
of the centre (Art. 140), we infer that 
every diameter passes through the centre cfthe curve. 

;It appears by making d 
alternately = 0, and = 90° in 
the above equation, that 

aa! + % 4 ,9 = 
is the equation of the diameter 
bisecting chords parallel to the 
axis of £C, and that 

hx^by-irf=<i 
is tbe equation of the diameter bisecting chords parallel to the 
axis of y.* 

In the parabola h'=ab, or t = t t ^°^ hence the line 



• The equation (Art. 138] which is of the form *y = - (is: + /) ± Ji is moat eauly 
constructed by first lapng down tho line hx + by +J\ and then taking on each otdl- 
nate MP of that line, portions PQ, PQ', above and below P and equal to R. Thus 
also it appears that each ordinate is bisected by Ai + ij 4- /". 
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ax-\-hy+g is parallel to the line 

hx + hy-\-f\ consequently, all dia- 

m^ra of a parabola are parallel 

to each other. This, indeed, is 

evident, since we have proved 

that all diameters of any conic 

section must pass through the 

centre, which, in the case of the - 

parabola, is at an infinite distance ; 

and since parallel right lines may be considered as meeting In 

a point at infinity.* V 

The familiar example of the circle will sufficiently illustrate to 
the beginner the nature of the diameters of curves of the second 
degree. He must observe, however, that diameters do not in 
general, as in the case of the circle, cut their ordinates at right 
angles. In the parabola, for instance, the direction of the dia- 
meter being invariable, while that of the ordinates may be any 
whatever, the angle between them may take any possible value. 

142. The direction of the diameters of a parabola is the same 
as that of the line through the origin which meets the curve at an 
infinite distance. 

For the lines through the origin which meet the curve at in- 
finity are (Art. 136) 

ax^ + 2hxy + hy* =■ 0, 

or, writing for h its value V(«^)? 

{V(a)a: + V(5)2^r = 0. 

But the diameters are parallel io ax -{-hy^O (by the last article), 
which, if we write for A the same value ^/{ab)j will also reduce to 

^{a)x-\'Aj{b)y=-0. 

Hence every diameter of the parabola meets the curve once at 
infinity, and, therefore, can only meet it in one finite point. 



* Hence, a portion of any conic section being drawn on paper, we can find its 
centre and determine its species. For if we draw any two parallel chords, and join 
their middle points, we have one diameter. In like manner we can find another dia- 
meter. Then, if these two diameters be parallel, the ciurve is a parabola, but if not, the 
point of intersection is the centre. It will be on the concave side when the curve is an 
ellipse ; and on the convex when it is a hyperbola. 
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143. If, two diameters of a conic section he mcli^ that one of 
them bisects all chords parallel to the other^ then^ conversely^ the 
second will bisect all chords parallel to the first. 

The equation of the diameter which bisects chords making 
an angle 6 with the axis of x is (Art. 141) 

[ax -k- hy ■{■ g) -\- (hx + by+f) tan5 = 0. 

But (Art. 21) the angle which this line makes with the axis is 0* 

where /- ^ ^ 

^, o- hAtan g ^^ " . 

A+fetan^' 

whence J tan ^ tan ^ 4 A (tan^ + tan 5') + a = 0. 

And the symmetry of the equation shows that the chords making 
an angle 6' are also bisected by a diameter making an angle 0. 

Diameters so related, that each bisects every chord parallel 
to the other, are called conjugate diameters.* 

If in the general equation A = 0, the axes will be parallel to 
a pair of conjugate diameters. For the diameter bisecting chords 
parallel to the axis of x will, in this case, become ax+g:=Oj 
and will, therefore, be parallel to the axis of y. In like manner, 
the diameter bisecting chords parallel to the axis of y will, in 
this case, be iy+/=0, and will, therefore, be parallel to the 
axis of X. 

144. If in the general equation c=0, the origin is on the curve 
(Art. 81) ; and accordingly one of the roots of the quadratic 

{a cos'^ + 2A cos5 sind+b sin'5)/(}* + 2 {g cos^+/sin^/(} = 

is always ps=0. The second root will be also /[> = 0, or the 
radius vector will meet the curve at the origin in two coincident 
points, if g cos tf -J-/ sin 5 = 0. Multiplying this equation by p, 
we have the equation of the tangent at the origin, viz. gx+fy —O.-f 
The equation of the tangent at any other point on the curve, 
may be found by first transforming the equation to that point 
as origin, and when the equation of the tangent has been then 
found, transforming it back to the original axes. 

** It is evident that none but central curves can have conjugate diameters, since in 
the parabola the direction of all diameters is the same. 

t The same argument proves that in an equation of any degree, when the absolute 
term vanishes the origin is on the curve, and that the terms of the first degree represent 
the tangent at the origin. 
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Ex. The point (1, 1) is on the curve 

3a;« - 4a:y + 2y* + 7a; - 5y - 3 = ; 
transform the equation to parallel axes through that point, and find the tangent at it. 

Ans, 9a: — 6y = referred to the new axes, or 9 (x — 1) = 5 (y — 1) referred to 
the old. 

If this method is applied to the general equation, we get for 
the tangent at any point x'y'^ the same equation as that found 
by a diflferent method (Art. 86), viz. 

axx -I- h (x'y + yx) + lyy -^ g[x-\- x) +/ {y-\-y) + c=^ 0. 

145. It was proved (Art. 89) that if it be required to draw 
a tangent to the curve from any point x'y not supposed to be 
on the curve, the points of contact are the intersections with 
the curve of a right line whose equation is identical in form 
with that last written ; and which is called the polar of x'y*. 
Consequently, since every right lin^ meets the curve in two 
points, through any point x'y' there can he drawn two realj coin- 
cidentj or imagmary tangents to the curve.^ 

It was also proved (Art. 89) that the polar of the origin is 
gx +fy + c = 0. Now this line is evidently parallel to the chord 
gx-^fy^ which (Art. 139) is drawn through the origin so as to 
be bisected. But this last is plainly an ordinate of the diameter 
passing through the origin. Hence, the polar of any point is 
parallel to the ordinates of the diameter passing through that point. 
This includes as a particular case : The tangent at the extremity 
of any diameter is parallel to the ordinates of that diameter. Or 
again, in the case of central curves, since the ordinates of any 
diameter are parallel to the conjugate diameter, we infer that, 
the polar of any point on a diameter of a central curve is parallel 
to the conjugate diameter, 

146. The principal properties of poles and polars have been 
proved by anticipation in former chapters. Thus it was proved 
(Art. 98) that if a point A lie on the polar of B^ then B lies on 
the polar of A. This may be otherwise stated, If a point move 
along a fixed line [the polar of jB] its polar passes through a 
fixed point [-B]/ or conversely. If a line [the polar of A\pas8 

* A curve is said to be of the vC^ class^ when through any point n tangents can be 
drawn to the curve. A conic is therefore a curve of the second degree and of the 
second class : but in higher curves the degree and class of a curve are commonly not 
the same.* 
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through a fixed pointy then the locus of its pole A is a fired 
right line. Or again, The intersection of any two lines is the 
pole of the line joining their poles ; and conversely, The line 
joining any two points is the polar of the intersections ofthepolars 
of these points. For if we take any two points on the polar 
of -4, the polars of these points intersect in A. 

It was proved (Art. 100) that if two lines he drawn through 
any pointy and the points joined where they meet the curve^ the 
joining lines will intersect on the polar of that point. Let the 
two lines coincide, and we derive, as a particular case of this, 
If through a point any line OR he drawn^ the tangents at R 
and R" meet on the polar of : o. property which might also be 
inferred from the last paragraph. For since R!R!\ the polar of 
P, passes through 0, P must lie on the polar of 0. 

And it was also proved (Ex. 3, p. 96), that if on any radius 
vector through the origin, OR bo 
taken a harmonic mean between OR! 
and 0R\ the locus of R is the polar 
of the origin ; and therefore that, 
any line drawn through a point is 
cut harmonically by the pointy the 
curve^ and the polar of the point ; as 
was also proved otherwise (Art. 91). 

Lastly, we infer that, if any line 
OR be drawn through a point 0, and 
Pthe pole of that line be joined to 0, then the lines OP, OR 
will form a harmonic pencil with the tangents from 0. For 
since OR is the polar of P, PTRT' is cut harmonically, and 
therefore OP, OT, Oi?, OT form a harmonic pencil. 

Ex. 1. If a quadrilateral ABGD be inscribed in a conic section, any of the points 
Ey Fj (? is the pole of the line joining the other 
two. 

Since EC^ ED are two lines drawn through 
the point E, and CD, AB, one pair of lines join- 
ing the points where they meet the conic, these 
lines must intersect on the polar of jB j so must 
also AD and CB ; therefore, the line OF is the 
polar of E, In like manner it can be proved that 
^-Pis the polar of 0, and EO the polar of F. 

Ex. 2. To draw a tangent to a given conic A B 

Bection from a point outside, with the help of the ruler only. 

Draw any two lines through the given point E, and complete the quadrilateral as 
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in the figure, then the line OF will meet the oonic in two points, which, being joined 
to Ey will give the two tangents lequiied. 

Ex. 3. If a quadiilateial be circumscribed about a conic section, any diagonal is 
the polar of the intersection of the other two. 

We shall prove this Example, as we might hare proyed Ex. 1, by means of the 
harmonic properties of a quadrilateral. It was proved (Ex. 1, p. 57) that EA, EOy 
EB^ EF are a haxmonic pendL Hence, since EA^ EB are, by hypothesis, two 
tangents to a conic section, and EF a line through their point of intersection, by 
Art. 146, EO must pass through the pole of EF; for the same reason, FO must pass 
through the pole of EF: this pole must therefore be 0. 

147. We have proved (Art. 92) that the equation of the pair 
of tangents to the curve from any point xy' is 

(aa;"'+ 2hxy+ly'*+2gx+2fy'-\-c) {ax''+2hxy+bf-\'2gx+2fi/-\-c) 

= {axx+ h {x'y + yx) + hyy + ^r (x' + x) +/(y' + y) + c}*. 

The equation of the pair of tangents through the origin may be 
derived from this by making aj'=y'=0 ; or it may be got directly 
by the same process as that used Ex. 4, p. 78. If a radius 
vector through the origin touch the curve, the two values of p 
must be equal, which are given by the equation 

(a co8*5 + 2h cofl^ sin^ + h Av?d) p' + 2{g cos0+f&md) p + c = 0. 

Now this equation will have equal roots if satisfy the equation 

(a cos* + 2h cos sin ^ -f 6 sin' 5) c = (;y cos +/.sin 0)\ 

Multiplying by p", we get the equation of the two tangents, viz. 

(ac-/)aj« + 2(cA~5/)a:y+(&c-/')/ = 0. 

This equation again will have equal roots; that is to say, the 
two tangents will coincide if 

or, c(aJc-|- 2^A- a/"-i/-c>i'') =0. 

This will be satisfied if c = 0, that is, if the origin be on the 
curve. Hence, any point on the curve may be considered as the 
intersection of two coincident tangents^ just as any tangent may- 
be considered as the line joining two consecutive points. 

The equation will have also equal roots, if 

Now we obtained this equation (p. 72) as the condition, that the 
equation of the second degree should represent two right lines. 
To explain why we should here meet w^ith this equation again, 
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it must foe remarked that by a tangent we mean in general a line 
which meets the curve in two coincident points; if then the 
curve reduce to two right lines, the only line which can meet 
the locus in two coincident points is the line drawn to the point 
of intersection of these right lines, and since two tangents can 
always be drawn to a curve of the second degree, both tangents 
must in this case coincide with the line to the point of inter- 
section. 

148. If through any point two chords be draum^ meeting the 
curve in the points R\ R'\ S\ S"^ then the ratio of the rectangles 

hq' n Q" ^^^^ ^^ constant J whatever he the position of the point 0, 

provided that the directions of the lines OR^ 08 be constant. 

For, from the equation given to determine p in Art, 136, it 
appears that 

a cos*^ + 2h cos^ sin^ +* b mn^d ' 
In like manner 



hence 



08'. 08" - ^ ^^^, g, ^ 2A cos d' sin d' + b sin" 0' ' 
OR. OR" a cos'^ 0' + 2 A cos 0' sin 0' + b sin* 0' 



08'. 08" a cob' 0-\-2h cos 0sm0-\-b sin^ ' 

But this is a constant ratio: for a, A, b remain unaltered 
when the equation is transformed to parallel axes through any 
new origin (Art. 134), and 0j 0' are evidently constant while the 
direction of the radii vectores is constant. 

The theorem of this Article may be otherwise stated thus : 
If through two fixed points and 0' any two parallel lines OR 

OH! OH" 
and O'p be drawn^ then the ratio of the rectangles ^, ,' ^, „ will 

he constant^ whatever be the direction of these lines. 
For, these rectangles are 

c c' 

a cos'5 4 2A cos ^ sin 5 + ft sin'^ ' acos'5 + 2Acose sin^+i sin'^ ' 

(c* being the new absolute term when the equation is transferred 

to 0' as origin) ; the ratio of these rectangles = - , and is, there- 

c 

fore, independent of 0. 

This theorem is the generalization of Euclid in. 35, 36. 

u 
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149. The theorem of the last Article includes under it several 
particular cases, which it is useful to notice separately. 

I. Let 0' be the centre of the curve, then O'p = O'p' and 
the quantity Op . O'p" becomes the square of the semidiameter 
parallel to OE. Hence, The rectangles under the segments of 
two chords which intersect are to each other as the squares of the 
diameters parallel to those chords, 

II. Let the line OR be a tangent, then OE = 0E\ and the 
quantity OE.OR" becomes the square of the tangent; and, 
since two tangents can be drawn through the point 0, we may 
extract the square root of the ratio found in the last paragraph, 
and infer that Two tangents drawn through any point are to each 
other as the diameters to which they are parallel. 

III. Let the line 00' be a diameter, and OR^ O'p parallel to 
its ordinates, then OR' = OR" and O'p = O'p". Let the diameter 

meet the curve in the points A. B. then -ttt-ttt^ = -^ttvw^ • 

Hence, The squares of the ordinates of any diameter are propor-' 
tional to the rectangles under the segments which they make on the 
diameter. 

150. There is one case in which the theorem of Article 148 
becomes no longer applicable, namely, when the line OS is 
parallel to one of the lines which m§et the curve at infinity ; the 
segment 08" is then infinite, and OS only meets the curve in 
one finite point. We propose, in the present Article, to inquire 

O 9' 
whether, in this case, the ratio ^p, ^p„ will be constant. 

Let us, for simplicity, take the line OS for our axis of a?, and 
OR for the axis of y. Since the axis of x is parallel to one of 
the lines which meet the curve at infinity, the coefficient a will = 
(Art. 138, Ex. 4), and the equation of the curve will be of the form 

2hooy + by^ + 2gx -{■ 2fy '\- c = 0. 

Making y = 0, the intercept on the axis of a? is found to be 

OS' = — -- ; and making a? = 0, the rectangle under the inter- 
cepts on the axis of y is = j. 
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Hence OE.OR"~ 2g' 

Now, if we transform the axes to any parallel axes (Art. 134), 
h will remain unaltered, and the new g^hy ■\^ g. 
Hence the new ratio will be 



2(%'+.9)" 

Now, if the curve be a parabola, A = 0, and this ratio is con- 
stant ; hence, If a line parallel to a given one meet any diameter 
(Art. 142) of a parabola^ the rectangle under its segments is in a 
constant ratio to the intercept on the diameter. 

If the curve be a hyperbola, the ratio will only be constant 
while y is constant ; hence. The intercepts made hy two parallel 
chords of a hyperbola^ on a given line meeting the curve at infinity^ 
are proportional to the rectangles under the segments of the chords. 

*151. To find the condition that the line Xaj + A^y + v ^ay 
touch the conic represented hy the general equation. Solving for y 
from Xoj + /Lty + V = 0, and substituting in the equation of the 
conic ; the abscissae of the intersections of the line and curve are 
determined by the equation 

(a/A* - 2AX/A + hX") a;^ + 2 {gfjl' - hfiv -ffiX + h\v) x 

+ {cfi;' - 2ffiv + hv") = 0. 

The line will touch when the quadratic has equal roots, or when 

[a/jL^ - 2h\fi + bX') {cfj:' - 2ffiv + bv') = {gfi^ - hfiv -ffiX + bXy^. 

Multiplying out, the equation proves to be divisible by /a*, and 
becomes 

[be -/«) X' + [ca - g') fi' + [ab - A') i/« + 2 {gh - af) fiv 

-{■2{hf-bg)v\ + 2{fg'-ch)\fi = 0. 

We shall afterwards give other methods of obtaining this 
equation, which may be called the tangential equation of the 
curve. We shall often use abbreviations for the coefficients,, and 
write the equation in the form 

AX" -{■ Bfju^ + Cy^ + 2Ffiv-^ 2Gv\-\- 2ff\fi = 0. 

The values of the coefficients will be more easily remembered by 
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the help of the following rule. Let A denote the discriminant 
of the equation ; that is to say, the function 

whose vanishing is the condition that the equation may represent 
right lines. Then A is the derived function formed from A, 
regarding a as the variable ; and J?, Cy 2i^, 2 Oj 2H are the 
derived functions taken respectively with regard to 5, c^f^gi A. 

The coordinates of the centre (given Art. 140) may be written 
O F 

V (?• 

HlSGELLANEOUS EXAMPLES. 

"Ex. 1. Form the equation of the conic making intercepts X, \% fi, ft' on the axes. 
Since if we make y = 0, or a; = in the equation, it must reduce to 

the equation is - u z,l C^ 

fii*'x^. + 2hxy + \\y - fifi' (\ + XO a; - XX'(fi + /u^y + XK.'fif/= 0, 

and h is undetermined, unless another condition be given. Thus two parabolas can 
be drawn through the four given points ; for in this case 

h = ± j(xxv). 

Ex. 2. Given four points on a conic, the polar of any fixed point passes through 
a fixed point. We may choose the axes so that the given points may lie two on each 
axis, and the equation of the curve is that found in Ex. 1. But the equation of the 
polar of any point x'y' (Art. 145) involves the indeterminate h in the firsts degree^ 
and therefore passes through a fixed point. 

Ex. 3. Find the locus of the centre of a conic passing through four fixed points. 
The centre of the conic in Ex. 1 is given by the equations 

2fifi'x + 2ht/ - fifi'{\ + XO = 0, 2XX'y + 2hx - \K' (ji + fi") = ; 

whence eliminating the indeterminate A, the locus is 

2/x/a;2 - 2XXy - fifi' (\ + X') a; + XX'Om + /u^y = 0, 

a conic passmg through the intersections of each of the three pairs of lines which 
can be drawn through the four points, and through the middle points of these lines. 
The locus wiU be a hyperbola when X, X' and /u, fi' have either both like, or both 
tmlike signs ; and an ellipse in the contrary case. Thus it will be an ellipse when the 
two points on one axis lie on the same side of the origin, and on the other axis, on 
opposite sides. In other words, when the quadrilateral formed by the four given 
points has a re-entrant angle. Ths is also geometrically evident : for a quadrilateral 
with a re-entrant angle evidently cannot be inscribed In a figure of the shape of the 
ellipse or parabola. The circumscribing conic must therefore always be a hyperbola, 
so that some vertices may lie in opposite branches. And since the centre of a hyper- 
bola is never at infinity, the locus of centres is in this case an ellipse. In the other 
case, two positions of the centre will be at infinity, corresponding to the two parabolas 
which can be described through the given points* 
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CHAPTER XL 

EQUATIONS OF THE SECOND DEGREE REFEBRED TO THE 

CENTRE AS ORIGIN. 

152. In investigating the properties of the ellipse and hyper- 
bola, we shall find our equations much simplified by choosing 
the centre for the origin of co-ordinates. If we transform the 

. general equation of the second degree to the centre as origin, we^ 
saw (Art. 140) that the coefiicients of x and y will = in the 
transformed equation, which will be of the form 

aa? + '^hxy + hy^ + c' = 0. 

It is sometimes useful to know the value of c in terms of the co- 
efficients of the first given equation. We saw (Art. 134) that 

c' = ax'^ + ^hxy' + hy'^ + 2gx 4- 2^' + c, 

where x\ y* are the co-ordinates of the centre. The calculation 
of this may be facilitated by putting c into the form 

' c' ^ax' + hy' ^g)x'^ {hx[ 4- by' + /) yjh gx' +fy' + c. 

The first two sets of terms are rendered = by the co-ordi- 
nates of the centre, and the last (Art. 140) 

_^ ¥-f>9 , J^9-<^f , ahc'\-2fgh'-af-'lg^'-ch^ ^ 

153. If the numerator of this fraction were =0, the trans- 
formed equation would be reduced to the form 

ax^ + 2hxy + J/ = 0, 

and would, therefore (-^rt. 73), represent two real or imaginary 
right lines, according as ab — fi^ is negative or positive. Hence, 

* It is evident in like manner that the result of substituting x'y'j the co-ordinates 
of the centre, in the equation of the polar of any point x"y"f viz. 

{ax' + hy' + g) x" + {hx' + h%f +/) f + gx' +fy^ + c, 

is the same as the result of substituting x'y' in the equation of the curve. For the 
first two sets of terms vanish in both cases. 
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as we have already seen, p. 72, the condition that the general 
equation of the second degree should represent two right lines, is 

abc + 2fgh - af*- &/ - ch^ = 0. 

For it must plainly be fulfilled, in order that when we transfer 
the origin to the point of intersection of the right lines, the 
absolute term may vanish. 

Ex. 1. Transform Sj;* + 4xy + y^ - 5a; - 6y - 3 = to the centre (^, - 4). 

Ans, 12a;2 + IGxy + 4^ + 1 = 0. 

Ex. 2. Transform x^ + 2xy -y^ + Sx + 4y -S = Oto the centre (- 3, - 1). 

Ans, x^ + 2xy-'y^ = 22. 

154. We have seen (Art. 136) that when satisfies the 

condition 

a cos''^ -{■ 2 A cos d Bin0 + b s\n^0 = 0, 

the radius vector meets the curve at infinity; and also meets 
the curve in one other point, whose distance from the origin is 

_ c 

g cos0-^fBm0' 

But if the origin be the centre, we have g = 0, /= 0, and this 
distance will also become infinite. Hence two lines can be drawn 
through the centre, which will meet the curve in two coincident 
points at infinity, and which therefore may be considered as tan- 
gents to the curve whose points of contact are at infinity. These 
lines are called the asymptotes of the curve ; they are imaginary 
in the case of the ellipse, but real in that of the hyperbola. We 
shall show hereafter that though the asymptotes do not meet the 
curve at any finite distance, yet the further they are produced 
the more nearly they approach the curve. 

Since the points of contact of the two real or imaginary tan- 
gents drawn through the centre are at an infinite distance, the 
line joining these points of contact is altogether at an infinite 
distance. Hence, from our definition of poles and polars (Art. 89) 
the centre may he considered as the pole of a line situated altogether 
at an infinite distance. This inference may be confirmed from 
the equation of the polar of the origin, .^JJ+^-f c = 0, which^ 
if the centre be the origin, reduces to c = 0, an equation which 
(Art. 67) represents a line at infinity. 



CENTRAL EQUATIONS OF THE SECOND DEGREE. 161 

155. We have seen that by taking the centre for origin, the 
coefficients g and f in the general equation can be made to 
vanish ; but the equation can be further simplified by taking a 
pair of conjugate diameters for axes, since then (Art. 143) A will 
vanish, and the equation be reduced to the form 

ax' 4 &/ 4 c = 0. 

It is evident, now, that any line parallel to either axis is bisected 
by the other ; for if we give to x any value, we obtain equal and 
opposite values for y* Now the angle between conjugate diame^ 
ters Is not in general right; but we shall show that there is 
always one pair of conjugate diameters which cut each other at 
right angles. These diameters are called the axes of the curve, 
and the points where they meet it are called its vertices. 

We have seen (Art. 143) that the angles made with the axis 
by two conjugate diameters are connected by the relation 

h tan^ tan 5' 4 A (tan ^ 4 tan^') 4 a = 0. 

But if the diameters are at riffht angles, tan^' = j^ 

^ ^ ' tan^ 

(Art. 25). Hence 

A tan'^4(a- J) tani?-A = 0. 

"VVe have thus a quadratic equation to determine 6. Multiply- 
ing by />*^, and writing a?, y, for p cos ^, p sin ^, we get 

hx^ —{a — h^xy — hif = 0. 

This is the equation of two real lines at right angles to each other 
(Art: 74) ; we perceive, therefore, that central curves have two, 
and only two, conjugate diameters at right angles to each other. 
On referring to Art. 75 it will be found, that the equation 
Tvhich we have just obtained for the axes of the curve is the same 
as that of the lines bisecting the internal and external angles be- 
tween the real or imaginary lines represented by the equation 

ad? 4 'ihxy 4 ly^ = 0. 

The axes of the curve, therefore, are the diameters which bisect 
the angles between the asymptotes; and (note, p. 71) they will 
be real whether the asymptotes be real or imaginary : that is to 
say, whether the curve be an ellipse or a hyperbola. 

156. We might have obtained the results of the last Article 
by the method of transformation of co-ordinates, since we can 
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thus prove directly that it is always possible to transform the 
equation to a pair of rectangular axes, such that the coefficient 
of xy in the transformed equation may vanish. Let the original 
axes be rectangular ; then, if we turn them round through any 
angle tf, we hav« (Art. 9) to substitute for aj, a; cos 5 — y sin^, 
and for y, x^\n6-Vy cos 5; the equation will therefore become 

a\x cosO-y sin^)"+2A(aj costf- y sintf) {x sintf + y cos^) 

+ J (a? sin tf + y cos^)' + c = ; 

or, arranging the terms, we shall have 

the new a = a cos*tf + 2h cos tf sin ^ 4- 5 sin*tf ; 

the new A = & sind cos^ + h (cos*^ — sin*^) — a sin ^ cos^ ; 

the new h = a sin'tf — 2A cos ^ sin ^ + J cos''^. 

Now, if we put the new A = 0, we get the very same equation, 
as in Art. 155, to determine tand. This equation gives us a 
simple expression for the angle made with the given axes by 
either axis of the curve, namely, 

2h 



tan 25 = 



a- b' 



157. When it is required to transform a given equation to 
the form ax^ + Jy' -}-<; = 0, and to calculate numerically the value 
of the new coefficients, our work will be much facilitated by the 
following theorem : If we transform an equation of the second 
degree from one set of rectangular axes to another ^ the quantities 
a 4- J, and ah — A' will remain unaltered. 

The first part is proved immediately by adding the values of 
the new a and b (Art. 156), when we have 

a 4- J' = a 4- J. 

To prove the second part, write the values in the last article, 

2a' = a + 5 + 2A sin25 + (a - J) cos25, 
2J' = a + J - 2A sin 25 - (a - J) cos25. 

Hence 4a 5' = (a + bf - {2A sin 25 + (a - b) cos 25}*. 

But W = {2A COS25 - (a - J) sin 25}'* ; 

therefore 4 (a'J' - K') = (a + by - 4Ji^ ^[a-by^^. {ah - A»). 

When, therefore, we want to form the equation transformed 
to the axes^ we have the new A = 0, 
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a' + y = a + i, aV^ah'-V. 

Having, thereforCj the sum and the product of ci and l\ we can 
form the quadratic which determines these quantities. 

Ex. 1. Find the axes of the ellipse 14a:* — 4ajy + Hy* = 60, Bnd taansform the 
equation to them. 

The axes are (Art. 155) 4:a^ + Qxy- ^y^ - 0, or (2aj - y) (a; + 2y) = 0. 

We have cH + h' = 25 j a'6' = 150 \ (C = 10 ; 6' = 16 ; and the transformed equation 
is 2rB2 + 3i/2 = 12. 

Ex. 2. Transform the hyperbola 11a;* + 84ajy - 24y* = 156 to the axes. 

a' + 5' = -13, a'5' = -2028j a' = 39, 5* = -62. 

TTransformed equation is Sas* — 4^ = 12. 

Ex. 3. Transform. aa* + 2Aa^ + 6y* = c to tfce axes. . . •' 

Am, (a + J - i?) a;* + (a + 5 + jB) 5/2 = 2c : where 22* = 4A* + (a - *)*. 

*158, Having proved that the quantities a + J and ab — t? re- 
main unaltered when we transform from one rectangular system 
to another, let us now inquire what these quantities become if 
•we transform to an oblique system. We may retain the old axis 
of a?, and if we take an axis of y inclined to it at an angle a>, 
then (Art. 9) we are to substitute a; +^ cos© for x^ and y sinai 
for y. We shall then have 

a = a, A' = a cosco + h sina>, 

h' = a cos'* ft) + 2A cosw sin© + b sin'o),. 

Hence, it easily follows 

a 4 y - 2 A' cos o) , aV - A'" , , , 

r-o = (at + 6, — ;— = — ^ao— ft • 

sin G> " sin © 

If^ihen^ we transform the equation from one pair of axes to any 

^z ^i .•.• « + J-2Acosft) job^-h^ . , , 

othex^ the quantities ;— « ana — r-? — r^onam tmalterecL 

^ sm ft) sin ft) 

We may, by the help of this theorem, transform to the axes 

an equation given in oblique co-ordinates, for we can still ex-. 

press the sum and product of the new a and i in terms of the 

old coefficients. 

Ex. 1. If cosa = f, transform to the axes, 10a:* + 6a:yjf^5y* = 10, 

- 285 , 1025 . 1-205 

a + J=-jg, «* = -ig , « = 5, J= jg. 

An$. 16a;* + 41y* = 32. 

Ex. 2. Transform to the axes, a;* - 3ajy + ^* + 1 = 0, where w = 60®. 

\ Am, a* — 15y* = 3, 
Ex. 3. Transform aaj* + 2hxy + Jy* = c to the axes. 

Am. (o + 6 - 2A cos w - 12) a;* + (a + ft - 2A 008 w + U) y* = 2c sin*(i», where 
i2« - j;2A - ((1 + b) coso)]* +{a- by sin*»; 

X 
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*159. We add the demonstration of the theorems of the last 
two articles given by Professor Boole [Camhridge Math. Jour.^ 
III. 1, 106, and New Series, vi. 87). 

Let us suppose that we are transforming an equation from 
axes inclined at an angle o), to any other axes inclined at an 
angle X2 ; and that, on making the substitutions of Art. 9, the 
quantity aa^ + ihxy + Jy" becomes a'X* + 2A'Zr+ V F*. Now 
we know that the effect of the same substitution will be to make 
the quantity aj* + 2a:!y cos©+y* become X' + 2X!rcosl2 4- F*, 
since either is the expression for the square of the distance of 
any point from the origin. It follows, then, that 

caf + ihxy + Jy* + X (a:* + 2a?y cosw +y* ) 

= a'Z* + 2A'Xr+ J' r« + X (Z» + 2Zr cosG + Y"). 

And if we determine X so that the first side of the equation may 
be a perfect square, the second must be a perfect square also. 
But the condition that the first side may be a perfect square is 

(a + X) (J + X) = (A + X cosft))", 

or X must be one of the roots of the equation 

X* sin*© -f (a + J — 2A cosco) X+ aJ — A* = 0. 

We get a quadratic of like form to determine the value of X, 
which will make the second side of the equation a perfect square ; 
but since both sides become perfect squares for the same values 
of X, these two quadratics must be identical. Equating, then, 
the coefficients of the corresponding terms, we have, as before, 

a + J-2Acos(» a' + i'— 2A' cosl2 aJ-A* a'J'-A'* 

■ o^ __^_^_____^___^_^.^_^_ • _________ — ^,^_________ 

sin*a> sin' 12 ' sin*a> 8in^X2 

Ex. 1. The sum of the squares of the reciprocals of two semi-diameteiB at right 
angles to each other is constant. 

I^t their lengths be a and ^ ; then making alternately a; = 0, y = 0, in the equation 
of the curve, we have at^ = c, h^ — c, and the theorem just stated is only the geo- 
metrical interpretation of the fact that a + bia constant. 

Ex. 2. The area of the triangle formed by joining the extremities of two conjugate 
semi-diameters is constant. 

The equation referred to two conjugate diameters is —« + 35 "= 1, and since -t-t— 

a* p* Bin •» 

is constant) we have a'/3' slnw constant. 

Ex. 3. The sum of the squares of two conjugate semi-diameters is constant. 

S™°® ^::2 isconfltant,-:-T— (-^+.s^)=: ,...^- ", is constant j and 

since o'/3' sin m is constant, so must a'* + j3'». 



r 
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THE EQUATION REFERRED TO THE AXES. 

160. We saw that the equation referred to the axes was of 
the form 

B being positive in the case of the ellipse, and negative In that 
of the hyperbola (Art. 138, Ex. 3). We have replaced the 
small letters by capitals because we are about to use the letters 
a and h with a different meaning. 

The equation of the ellipse may be written In the following 
more convenient form : — 

Let the intercepts made by the ellipse on the axes be a; =» a, 

y = J, then making y = and a; = a in the equation of the curve, 

C G 

we have Aa^ = C, and ^ = -= . In like manner 5= 75 . Sub- 

' a 

stituting these values, the equation of the ellipse may be written 

Since we may choose whichever axis we please for the axis 
of Xj we shall suppose that we hiave chosen the axes so that a 
may be greater than b. 

The equation of the hyperbola, which, we saw, only .^differs 
from that of the ellipse in the sign of the coefficient of y*, may 
be written in the corresponding form 

The Intercept on the axis of x is evidently = ± a, but that on 
the axis of y, being found from the equation y*=— J* is Imaginary ; 
the axis of y, therefore, does not meet the curve In real points. 

Since we have chosen for our axis of x the axis which meets 
the curve In real points, we are not In this case entitled to as- 
sume that a Is greater than b, 

161. To find the 'polar equation of the ellipse^ the centre being 
the pole. 

Write p costf for aj, and p sin^ for y. In the preceding equa- 
tion, and we get 

2. _ ^^^^ sin'g 
^ "" a'" ^ V ' 
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an equation which we may write in any of the equivalent forms, 

, _ a'V aV_ aV . 

^ ~ a"8in»e + 5'coB^^ "" J'^ + (a*-i*) sin*^ "" a^'-{a^' l^) QO^^e\ 

It is customary to use the following abbreviations : 

a-'b^c: — 5 — =e': 

a 

and the quantity e is called the eccentricity of the curve. 

Dividing by a* the numerator and denominator of the fraction 
last found, we obtain the form most commonly used, viz*^ 

^ ""l-e^cos'^e* 

162. To investigate the figure of the ellipse. 

The hast value that J*+(a*- J") sin*^, the denominator in 
the value of p', can have, is when 5 = 0; therefore the greatest 
value of p is the intercept on the axis of ic, and is = a. 

Again, the greatest value of 6*+ (a*- i') sin' 5, is, when 
sin0=l, or 5 = 90*j hence the least value of p is the intercept 
on the axis of y, and is = 6. The greatest line, therefore, that 
can be drawn through the centre is the axis of x^ and the least 
line, the axis of y. From this property these lines are called 
the axis major and the axis minor of the curve. 

It' is plain that the smaller d is, the greater p will be ; hence, 
the nearer any diameter is to the a^is 
major^ the greater it will he. The 
form of the curve will, therefore, be 
that here represented. 

We obtain the same value of p 
whether we suppose 5= a, or 5= — a. 
Hence, Two diameters which make 
equal angles with the axis will he equal. And it is easy to show 
that the converse of this theorem is also true. 

This property enables us, being given the centre of a conic, 
^xo determine its axes geometrically. For, describe any concen- 
tric circle intersecting the conic, then the semi-diameters drawn 
to the points of intersection will be equal ; and by the theorem 
ju9t proved, the axes of the conic will be the lines internally 
and externally bisecting the atfgle between them. 
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163. The equation of the ellipse can be put Into another 
form, which will make the figure of the curve still more ap- 
parent. If we solve for y we get 

Now, if we describe a concentric circle with the radius a, its 
equation will be 

Hence we derive the fi^Uowing construction : 

" Describe a circle on the axis major ^ and take on each ordinate 
LQ a point P, such that LP may he to 
L Q in the constant ratio b : a, then the 
locus of P will be the required ellipse.''^ 

Hence the circle described on the 
axis major lies wholly without the curve. 
We might, in like manner, construct the 
ellipse, by describing a circle on the axis 
minor, and increasing each ordinate in 
the constant ratio a : b. 

Hence the circle described on the axis minor lies wholly 
within the curve. 

The equation of the circle is the particular form which the 
equation of the ellipse assumes when we suppose J = a. 

164. To find the polar equation of the hyperbola. 
Transforming to polar co-ordinates, as in Art. 161, we get 




/»"= 



a 



«ja 



«i.a 



a 



aw 



a 



b^ cos'^ e--a' sin* d b""- {d' + h') sin' " [a'^ W) cos'^ d-^a^' 

Since formulae concerning the ellipse are altered to the corre- 
sponding formulae for the hyperbola by changing the sign of J*,. 
we must, in this case, use the abbreviation c' for a* -f i^ and 



6* for 



a" + 6^ 



a 



, the quantity e being called the eccentricity of the 



hyperbola. Dividing then by c^ the numerator and denominator 
of the last found fraction, we obtain the polar equation of the 
hyperbola, which only diflfers from that of the ellipse in the sign 
of i*', viz., 

, _ v" 
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sm0 = 



sintf = 



165. To investigate the figure of the hyperbola. 

The terms axis major and axis minor not being applicable to 
the hyperbola (Art. 160), we shall call the axis of x the trans^ 
verse axis, and the axis oi y the conjugate axis. 

Now J* — (a* + J'*) sin*tf, the denominator in the value of p', 
will plainly be greatest when = 0, therefore, in the same case, 
p will be least ; or the transverse axis is the shortest line which 
can he dravmfrom the centre to the curve. 

As 6 increases, p continually increases, until 

:^W^y (ortan^^l), 

when the denominator of the value of p becomes = 0, and p be- 
comes infinite. After this value of ^, p' becomes negative, and 
the diameters cease to meet the curve in real points until again 

WT^' (ortan«=--), 

when p again becomes infinite. It then decreases regularly as 
6 increases, until becomes = 180**, when it again receives its 
minimum value =a. 

The form of the hyperbola, therefore, is that represented by 
the dark curve on the figure, next article. 

166. We found that the axis of y does not meet the hyper- 
bola in real points, since we obtained the equation y'* = — J* to 
determine its point of intersection with the curve. We shall, how- 
ever, still mark off 
on the axis of y por- 
tions CB, CB'^±l^ 
and we shall find 
that the length CB 
has an important 
connexion with the 
curve, and may be conveniently called an axis of the curve. 
In like manner, if we obtained an equation to determine the 
length of any other diameter, of the form p* = — ^, although 
this diameter cannot meet the curve, yet if we measure on it 
from the centre lengths = ± -R, these lines may be conveniently 
spoken of as diameters of the hyperbola. 
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The I0CU8 of the extremities of these diameters which do not 
meet the curve is, by changing the sign of />' in the equation of 
the curve, at once found to be 



1 




cos'0 






a* 


= 1. 



or 

This is the equation of a hyperbola having the axis of y for 
the axis meeting it in real points, and the axis of x for the axis 
meeting it in imaginary points. It is represented by the dotted 
curve on the figure, and is called the hyperbola conjugate to the 
given hyperbola. 

167. We proved (Art. 165) that the diameters answering to 

h ^ 

tan0 = ± - meet the curve at infinity; they are, therefore, the 

same as the lines called, in Art. 154, the asymptotes of the curve. 
They are the lines CKj CL on the figure, and evidently separate 
those diameters which meet the curve In real points from those 
which m)eet it in imaginary points. It is evident also, that two 
conjugate hyperbolae have the same asymptotes. 

The expression tan tf = ± - enables us, being given the axes 

in magnitude and position, to find the asymptotes, for, if we 
form a rectangle by drawing parallels to the axes through B 
and A^ then the asymptote CK must be the diagonal of this 
rectangle. 

Again COS^ = —rj-^ rrr, = - . 

^ V(« + J') e . 

But, since the asymptotes make equal angles with the axis of a?, 
the angle which they make with each other must be = 2tf. 
Bence, heing given the eccentricity of a hyperbola^ we are^ given 
the angle between the asymptotes^ which is double the angle whose 
secant is the eccentricity. 

Ex. To find the eooentricity of a conic given by the general equation. 

We can (Art. 74) write down the tangent of the angle between the lines denoted 
by ax^ + ^hxy + fty« = 0, and thence form the expression for the secant of its half ; 
or we may proceed by the help of Art. 157, Ex. 3. 

9- 
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-^ , 1 a + b-H 1 a + b + R 

We have -=_^_, _ = __-., 

where - i2« = 4A2 + (a - ft)^ = 4^« - 4a5 + (o f 6)«. 

1 1 _R gg-jgg _ 2i? 



Hence 



/32 a« c' a* a + 6 + i2* 
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168. We now proceed to investigate some of the properties- 
of the ellipse and hyperbola. We shall find it convenient to 
consider both curves together, for, since their equations only 
diflFer in the sign of J**, they have many properties in common 
which can be proved at the same time, by considering the sign 
of &' as indeterminate. We shall, in the following Articles, use 
the signs .which apply^to the ellipse. The reader may then 
obtain the corresponding formulae for the hyperbola by changing 
the sign of J*. 

We shall first apply to the particular form — « + fi =1? some 

of the results already obtained for the general equation. Thus 
(Art. 86) the equation of the tangent at any point xy' being 
got by writing xx and y'y for x^ and ^*, .is 

a" '^ b' " ' 

The proof given in general may be repeated for this particular 
case. The equation of the chord joining any two points on 
the curve is 

ix^x')[x^x") {y-'y'){y-f) _x' v' . 

a' ^ F a» ■*■ &» ' 

a' ^ b' "^"^T""^ ' 

which, when x\ y' = x'y y'\ becomes the equation. of the tangent 
«.lready written. 

The argument here used applies whether the axes be rect- 
angular or oblique. Now if the axes be a pair of conjugate 
diameters, the coefficient of xy vanishes (Art. 143) ; the coefficients 
of X and y vanish, since the origin is the centre ; and if a and V 
be the lengths of the intercepts on the axes, it is proved exactly, 
as in Art. 160, that the equation of the curve may be written 

'2 U 

X tr 
a" ^ b" 
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And it follows from this article, that in the same case the equa- 
tion of the tangent is "^ 

L ^^ = 1 

a Q 

169. The equation of the polar, or line joining the points 
of contact of tangents from any point o^y, is similar in form to 
the equation of the tangent (Arts. 88, 89), and is therefore 

the axes of co-ordinates in the latter case being any pair of 
conjtigate dian,*tersj_ m the former case, the axes of the curve. 

OCX 

In particular, the polar ef any point on the axis of a? is -^ = 1. 

Hence the polar of any point P is found by drawing a diameter 
through the point, taking OP. CP = to the square of the semi- 
diameter, and then drawing through P' a parallel to the con- 
jugate diameter. This includes, as a particular case, the theoreni 
proved already (Art. 145), viz.. The tangent at the extremity of 
any diameter is parallel to the conjugate diameter^ 

Ex. 1. To find the condition that Xa; + /uy = 1 may tooch -2+^ = 1. 

Comparing^ + ^ = 1; Xa; + /Liy = l, we find - = Xa, j-l»bi a^^d o*X« + 5V = l« 

' Ex. 2. To find the equation of the pair of tangents from «y to the curve (see 
Art. 92). 

Ex. 3. To find the angle <p between the pair of tangents from s^t/ to the curre. 

When an equation of the second degree represents two right lines, the three highest 
terms being put = 0, denote two lines throiigh the origin parallel to the two former ; 
^ence, the angle included by the first pair of right lines depends solely on the three 
highest terms of the general equation. Arranging, then, the equation found in tluB 
last Example, we find^ by Art. 74, 

Ex. 4. Find^ the locus of a point, the taugents through which intersect at right 
angles. 

Equating to the denominator in the value of tan ^, we find aj* + y* = a* + 6', the 
equation of a circle 'concentric with the eHipse. The locus of the intersection of 
tangents which cut at a given angle is, in general, a curve of the fourth degree. 

170. To find the equation^ referred to the axesj of the diameter 
conjugate to that passing through any point x'y' on the curve. 

Y 
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The line required passes through the origin, and (Art. 169) is 
parallel to the tangent at oiy' ; its equation is therefore 

Let 9, ^ be the angles made with the axis of x by the original 
diameter and its conjugate; then plainly tand=^; and from 

the equation of the conjugate we have (Art. 21) tan^ = 5—, • 

V . . 

Hence tan 9 tank's — 5 ; as might also be inferred from Art. 143. 

The corresponding relation for the hyperbola (see Art. 168) is 

tanfltanfl'=:-5i- 

171. Since, in the ellipse, tan^ tand' is negative, if one of 
the angles d, ff^ be acute (and, therefore, its tangent positive), 
the other must be obtuse (and, therefore, its tangent negative). 
Hence, conjugate diameters in the ellipse lie on different sides of 
Ae axis minor (which answers to ^ = 90°). 

In the hyperbola, on the contrary, tan ^ tan 5' is positive, 
therefore,^ and ff must be either both acute or both obtuse. 
Hence, in the hyperbola^ conjugate diameters lie on the same side 
of the conjugate axis. 

In the hyperbola, if tan^ be less, tan^' must be greater than 

- , but (Art. 167) the diameter answering to the angle whose 

^ h 

tangent is - , is the asymptote, which (by the same Article) sepa- 
a 

rates those diameters which meet the curve from those which do 
not intersect it. Hence, if one of two conjugate diameters meet 
a hyperbola in real points^ the other will not. Hence also it may 
be seen that each asymptote is its own conjugate. 

172. To find the co-ordinates x"y'* of the extremity of the 
diameter conjugate to that passing through x*y\ 

These co-ordinates are obviously found by solving for x and 
y between the equation of the conjugate diameter, and that of 
the curve, viz., 

^\yt^c\ ^^y'^'i 
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Substituting in the second the values of x and y^ found from the 
first equation, and remembering that x', y' satisfy the equation 
of the curve, we find without difficulty 






a; 
a 




173. To express the lengths cf a diameter (a), and its conju^ 
gate {V)^ in terms of the abscissa of the extremity of the diameter. 

(1) We have a'^^x^^+y'*. 



But 



Hence 



o'» = 6» + ^I^i* «•« = 6» + e'x". 



(2) Again, we have 

or =(a'-a?'') + -»'•; 

hence ^ 4'" = a* — ^x\ 

From these values we have 

or, 2^ sum of the squares of any pair of conjugate diameters of 
an ellipse is constant (see Ex. 3, Art. 159). 

174. In the hyperbola we must change the signs of V and 
i**, and we get 

or, The difference of the squares of any pair of conjugate diameters 
of a hyperhola is constant. 

If in the hyperbola we have a = 5, its equation becomes 

S V V 

and it is called an equilateral hyperbola. 

The theorem just proved shows that every diameter of an 
equilateral hyperbola is equal to its conjugate. 

The asymptotes of the equilateral hyperhola being given by 
the equation 






*•' Ya- 



- 4 



L 



\ 
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are at right angles to each other. Hence this hyperbola Is often 
called a rectangular hyperbola. 

The coDdition that the general equation of the second degree 
should represent an equilateral hyperbola is a=— J ; for (Art. 74) 
this is the condition that the asymptotes {ax* + 2hxg + bif) 
should be at right angles to each other ; but if the hyperbola be 
rectangular it must be equilateral^ since (Ait. 167) the tangent 

of half the angle between the asymptotes = - ; therefore, if 
this angle = 45*, we have 

175. To find the length of <Ae perpendicular from the centre 
OH the temgent. 

The length of the peipendicular from the origin on the line 

a* "*" b* 
« (Art 23) --_— pt- = u^ii y J 

but we proved (Art. 173) that 

■ " a- ^ y ' 

, ah 

hence P^iJ '^ 

176. To find the angle between any pair of conjugate dia- 
meters. 

The angle between the diameters is equal to the angle be- 
tween either, and the tangent parallel to 
the other. Now 

sinapr=^=^. 

Ojl a 

Hence sinrf) (or POP') = -^ . 

^ ^ 'ah 

The equation a'J' sin^ = a5 proves, that the triangle formed 
byjoiiiing the extremities of conjugate diameters of .an ellipse or 
hyperbola has a constant area (see Art. 159, Ex. 2). 
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177. The sum of the squares of any two conjugate diameters 
of an ellipse being constant, their rectangle is a maximum when 
they are equal ; and^ therefore, in this case, sin0 is a minimum ; 
hence the acute angle between the two equal conjugate dia* 
meters is less (and, consequently, the obtuse angle greater) than 
the angle between any other pair of conjugate diameters. 

The length of the equal conjugate diameters is found by 
making cb = h' in the equation a * + h'^ = a* •+ J*, whence a* Is half 
the sum of c? and V^ and In this case 

The angle which either of the equiconjugate diameters makes 
with the axis of x Is found from the equation 



tan^tan^' = — «, 

a ' 



by making tan d = — tan 5'; for any two equal diameters make 

equal angles with the axis of a? on opposite sides of it (Art. 162), .^ 

Hence j 

tand= -• 
a 

It follows, therefore, from Art. 167, that If an ellipse and hyperr 
bola have the same axes In magnitude and position, then the 
asymptotes of the hyperbola will coincide with the equiconjugate 
diameters of the ellipse. 

The general equation of an ellipse, referred to two conjugate 
diameters (Art. 168), becomes aj'+y* = a", when a' = J'. We 
see, therefore, that, by taking the equiconjugate diameters for 
axes, the equation of any ellipse may be put Into the same form 
as the equation of the circle, cc'^-f y' = r*, but that In the case of 
the ellipse the angle between these axes will be oblique. 

178. To express the 'perpendicular from the centre on the tan* 
gent in terms of the angles whicK it makes with, the axes. 

If we proceed to throw the equation of the tangent 

(^+^ = 1] into the form a; cosa+y sma=p (Art. 23), 

we find Immediately, by comparing these equations, 

x' cos a y* _ sina 
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Substituting In the equation of the curve the valuea of x\ y V 
hence obtained, we find 

p^ = a' cos'a + V sin' a.* 

The equation of the tangent may, therefore, be written 

X cosa +y sina — V(«* cos'a + V sin* a) = 0. 

Hence, by Art. 34, the perpendicular from any point [x*y*) on 
the tangent is 

V(«* cos'a + V sin* a) — x*^ cosa — y' sina, 

where we have written the formula so that the perpendiculars 
shall be positive when x'y*^ is on the same side of the tangent 
as the centre. 

Ex. To find the locns of the intersection of tangents which cnt at right angles. 
Jje)tp,p' be the perpendiculars on those tangents, then 

i)' = a* cos* a + ft* sin* a, ^'* = a« sin«a + 6* cos'a, ^« ^-j)'* = a* + J*. 

Bnt the square of the distance from the centre, of the intersection of two lines which 
cut at right angles, is equal to the sum of the squares of its distances from the lines 
themselves^ The distance, therefore, is constant, and the required locus is a circle 
(see p. 161, Ex. 4). 

179, The chords which join the extremities of any diameter 
to any point on the curve are called supplemental chords. 

Diameters parallel to any pair of supplemental chords are 
conjugate. 

For if we consider the triangle ^ formed by joining the extre- 
mities of any diameter AB to any point on the curve D ; since, 
by elementary geometry, the line joining the middle points of 
two sides must be parallel to the third, the diameter bisecting 
AD will be parallel to BD^ and the diameter bisecting BD will 
be parallel to AD. The same thing may be proved analytically^ 
by forming the equations of AD and BD^ and showing that the 
product of the tangents of the angles made by these lines with 

the axis is = ; . 

a 

This property enables us to draw geometrically a pair of con* 

jugate diameters making any angle with each other. For if we 

describe on any diameter a segment of a circle, containing the 

* In like manner, p^ = a'^ cos^a 4- h'^ co8*/3, a and /3 being the angles the perpen- 
dicular makes with any pair of conjugate diameters. 
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given angle, and join the points where It meets the curve to the 
extremities of the assumed idlameter, we obtain a pair of supple- 
mental chords inclined at the given angle, the diameters parallel 
to which will be conjugate to each other. 

Ex. 1. Tangents at the extremities of any diameter are paialleL 

Their equations are — r + ^ = + !• 

a^ Ir ~ 

Thii also follows from the first theorem of Art. 146, and from considering that the 
centre is the i)ole of the line at infinity (Art. 154). 

Ex. 2. If any yaiiable tangent to a central conic section meet two fixed parallel 
tangents, it will intercept portions on them, whose rectangle is constant, and equal 
to the square of the semi-diameter parallel to them. 

Let us take for axes the diameter parallel to the tangents and its conjugate, then 
the equations of the curve and of the variable tangent will be 

The intercepts on the fixed tangents are found by making x alternately = :f a' in the 
latter equation, and we get 

and, therefore, their product is "Tz ( ^ — ^) > 

which, substitutmg for y^ from the equation of the curve, reduces to b\ 

Ex. 3. The same construction remaining, the xectangle under the segments of the 
Taiiable tangent is equal to the square of the semi-diameter parallel to it. 

For, the intercept on either of the parallel tangents is to the adjacent segment 
of the variable tangent as the parallel semi-diameters (Art. 149) ; therefore, the rect- 
angle under the intercepts of Hie fixed tangents is to the rectangle under the segments 
of the variable tangent as the Bquares of these semi-diameters; and, since the first 
zectangle is equal to the square of the semi-diameter parallel to it, the second rect- 
angle must be equal to the square of the semi-diameter parallel to it, 

Ex. 4. If any tangent meet any two conjugate diameters, the rectangle under its 
segments is equal to the square of the parallel semi-diameter. 

Take for axes the semi-diameter parallel to the tangent aad its conjugate ; then 
the equations of any two conjugate diameters being (Art. 170) 

the intercepts made by them on the tangent are found, by making a; = a', to be 

y = Ja', andy = -^^, 

whose rectangle is evidently = ft'*. 

IVe might, in like manner, have given a purely algebraical proof of Ex. 8. 

Hence, also, if the centre be joined to the points where two parallel tangents meet 
any tangent, the joining lines will be conjugate diameters. 

Ex. 5. Given, in magnitude and position, two conjugate semi-diameters, Oa^ Ob, 
of a central conic, to determine the axes. ^^ ■ ^U ^>^^ 



^ 
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The following construction is founded on the theorem proTed in the last 
ample : — ^Through a, the extremity of either diameter, 
draw a parallel to the other ; it must of course be a tan- 
gent to the curve. Now, on Oa take a point P, such 
that the rectangle Oa,aP= 011^ (on the side remote from 
for the ellipse, on the same side for the hyperbola), 
and describe a circle through. 0, P, having its centre on 
a (7, then the lines OA^ OB are the axes of the curve ; 
for, since the rectangle Aa,aB= Oa,aP— OH'f the lines 
OAj OB are conjugate diameters, and since AB is a dia- 
meter of the circle, the angle A OB is right. 

Ex. 6. Given any two semi-diameters, if from the extremity of each an ordinate 
be drawn to the other, the triangles so formed will be equal in area. 

Ex. 7. Or if tangents be drawn at the extremity of each, the triangles so formed 
will be equal in area. 

THE NORMAL. 

180. A line drawn through any point of a curve perpen- 
dicular to the tangent at that point is called the Normal. 

Forming, by Art. 32, the equation of a line drawn through 

(^y) perpendicular to f— 5- +^=5lj,we find for the equati 
of the normal to a conic 



on 



X 



or 



c?x 



X' y' -"' 

c* being used, as In Art. 161, to denote a* — J*. 

Hence we can find the portion CW intercepted by the normal 
on either axis ; for, making y = in 
the equation just given, we find 



,«^' 




a? = -5 aj , or a; = ex . 

We can thus draw a normal to 
an ellipse from any point on the axis? 
for given CNwe can find a;', the abscissa of the point through 
which the normal is drawn. 

The circle may be considered as an ellipse whose eccentricity 
= 0, since c* = a' — J'* = 0. The intercept CN^ therefore, is con- 
stantly = in the case of the circle, or every normal to a circle 
passes through its centre. 



I 
I 



V 
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181. The portion MN intercepted on the axis between the 
normal and ordinate is called the Subnormal, Its length is, by 
the last Article, 

' ^' V — ^ /*.' 

a a 

The normal, therefore, cuts the abscissa into parts which are in 
a constant ratio. 

If a tangent drawn at the point P cut the axis in T, the In- 
tercept MT is, in like manner, called the Suhtangent, 

^ Since the whole length CT= ~ (Art. 169), the subtangent 

a , a —X 



— , 0(f — 



X X 

The length of the normal can also be easily found. For 

But if b' be the semi-diameter xioiyugate to (7P, the quantity 
within the parentheses = J" (Art. 173). Hence the length of the 

nonnalPiV=^'. 

a 

If the normal be produced to meet the axis minor, it can be 

proved, in like manner, that its length = -j- . Hence, ^ vect^ 

angle under the segments of the normal is equal to the square of 
the conjugate semi-diameter. 

Again, we found (Art. 175) that the perpendicdlar from the 

nh 

centre on the tangent = tt • Hence, the rectangle under the 

normal and the perpendicular from the centre *on the tangent^ is 
constant and equal to the square of the semi^axis minor » 

Thus, too, we can express the normal in terms of the angle 
it makes with the axis, for 

p~ V(«* cos'a + 6' sin-a) ^^^ ' ' ~ V(l - e" sui'tt) " 

ISss.. 1. T0 draw a normal to an ellipse or hyperbola passing through a given point. 

The equation of the normal, c^3fy*— ll^x'y = c^^y, expresses a relation between 
the co-ordinates ajy of any point on the curve, and «?y the co-ordinates of any point 
on the normal at ^y. We express that the point on the normal is known, and the 
point on the curve sought, by removing the accents from the co-ordinates of thc/latter 

Z 
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point, and aooentnating those of the former. Thna we find that the points on the 
curve, whose normals will pass through {x'y') are the points of intersection of the 
given curve with the hyperbola 

c^ = a Vy — 6y 0?. 

Ex. 2. If through a given point on a conic any two lines at right angles to each 
other be drawn to meet the curve, the line joining thdr extremities will pass through 
a fixed point on the normal. 

Let us take for axes the tangent and normal at the given point, then the equation 
of the curve must be of the form 

aa? + Vucy + 5y* + 2/y = 

(for c = 0, because the origin is on the curve, and ^ = (Art. 144), because the tan- 
gent is supposed to be tlie axis of x, whose equation is y = 0). 
Now, let the equation of an^f two lines through the origin be 

«« + 2pxy + j/ = 0. 
Multiply this equation by a, and 'subtract it from that of the curve, and we get 

2 (A - op) ajy + (ft - a^) y* + 2/y = 0. 
This (Art. 40) is the equation of a locus passing through the points of intersection 
of the lines and conic ; but it may evidently be resolved into y = (the equation of 
the tangent at the given point), and 

2 (A - qp) a; + (6 - oj) y + 2/= 0, 

which must be the equation of the chord joining the extremities of the given lines. 

2/ 
The point where this chord meets the normal (the axis of y) is y = — ^— rj but if 

the lines are at right angles ^ = — 1 (Art. 74), and the intercept on the normal haa 
the constant length 

If the curve be an equilateral hyperbola, a + ft = 0, and the line in question is 
constantly parallel to the normaL Thus then, if through any point on an equilateral 
hyperbola be drawn two chords at right angles, the perpendicular let fall on the line 
joining their extremities is the tangent to the curve. 

Ex. 3. To find the co-ordinates of the intersection of the tangents at the points 
ar'y',aj'y'. 

The co-ordinates of the intersection of the lines 






are ^-"^^-^^-^ ^- ^W-^' ) 

Ex. 4. To find the co-ordinates of the intersection of the normals at the points 

»y «"y" 

* ' (a«-^)^V^r (y-a«jyy--y 
AtUf. X- , y_ ^ , 

where X, 7 are the co-ordinates of the intersection of tangents, found in the last 
Example. 

* This theorem will be equally true if the lines be drawn so as to make with the 

normal, angles the product of whose tangents is constant, for, in this case, q is con- 

2/ 
stant ; and, therefore, the intercept — ^-^ is constant. 
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The values of X and Y may be written in other forms, since by combining the 
equations 

we get the results, » V'* - y'^^"* = ** (»^ - a;"«) = - c« (y'* - y"*). 

Hence ^- y + y" ' ^- «.'+«" ' 

We can also prove ^ _ ^SliSilL-. y - (y'+y^O 

THE FOCI. 

182. K on the axis major of an ellipse we take two points 
equidistant from the centre^ whose com- ^^^r^ 

mon distance 

= ± V(«*-i')j or =±c, 

these points are called the foci of the 

curve. "^ ^^^,iii 

The foci of a hyperbola are two points on the transverse 
axis, at a distance from the centre still ^±c^ c being in the 
hyperbola =V(a' + 5*). 

To express the distance of any point on an ellipse from the 
focus. 

Since the co-ordinates of one focus are (a? = + c, y = 0), the 
square of the distance of any point from it 

But (Art. 173) 

a;'«-i.y'» = J» + 6«a?'«, and h^ + d'^a'. 

Hence FP^ = a* - 2cx' + eV» ; 

and recollecting that o = ae, we have 

JRP=r a - ex\ 

[We reject the value {ex* — a) obtained by giving the other 
sign to the square root. For, since x' Is less than a, and e less 
than 1, the quantity ex' --a Is constantly negative, and, there- 
fore, does not concern us, as we are now considering, not the 
direction, but the absolute magnitude of the radius vector FF,] 

We have, similarly, the distance from the other focus 

F'F=a-¥ex\ 
since we have only to wrife — c for +c in the preceding formuJae. 



J 
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Hence FP\ FP^ 2a, 

or, The sum of the distances of any point on an ellipse from the 
foci is constant^ and equal to the axis major, 

183. In applying the preceding proposition to the hyperbola, 
we obtain the same value for FP^ ; but In extracting the square 
root we must change the sign in the value of FP^ for in the 
hyperbola x' is greater than a, and e is greater than 1. 

Hence, a — ex' is constantly negative; the absolute magni- 
tude, therefore, of the radius vector is 

FP^^ex'-a. 
In like manner, F'P= ex' + a. 

Hence F'P^FP=2a. 

Therefore, in the hyperbola^ the difference of the focal radii is 
constant^ and equal to the transverse a^is^ 

The rectangle under the focal radii = + (a* — eV), that is, 
f Art. 173) = h'\ 

184. The reader may prove the converse of the above results 
by seeking the locus of the vertex of a triangle,, if the base and 
either sum or difference of sides be given. 

Taking the middle point of the base (=2c) for origin, the 
eauatlouj is 

which,; when cleared of radicals, becomes 

"^^^ ^1 

a a — c 

IfoWy If the sum of the sides be given, since the sum must 
always be greater than the base, a is greater than c, therefore 
the coefficient of y'^ Is positive, and the locus an ellipse. 

If the difference be given, a is less than c, the coefficient of y* 
is negative, and the locus a hyperbola. 

185. By the help of the preceding theorems, we can describe 
an ellipse or hyperbola mechanically. 

If the extremities of a thread be fastened at two fixed polntg 
-Fand F\ it is plain that a pencil moved about so as to keep the 
thread always stretched will describe an ellipse whose foci are F 
and J?", and whose axis major is equal to the length of the thread. 
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In order to describe a hyperbola, let a ruler be fastened at 
one extremity (-F), and capable of moving 
round it, then if a thread, fastened to a 
fixed point F\ and also to a fixed point on 
the ruler (JS), be kept stretched by a ring 
at P, as the ruler is moved round, the point 
P will describe a hyperbola ; for, since the sum of F'P and PR 
is constant, the difference of FP and F'P will be constant. 

186. The polar of either focus is called the directrix of the 

conic section. The directrix must, therefore 

(Art. 169), be a line perpendicular to the axis 

a* 
major at a distance from the centre = ± - . 

Knowing the distance of the directrix firom 
the centre, we can find its distance from any 
point on the curve. It must be equal to 

X. or = - (a - ea; ) = - (a — ea? ). 

c c e ' 

But the distance of any point on the curve from the focus 
^^a — ex*. Hence we obtain the important property, that the 
distance of any point on the curve from the focus is in a constant 
ratio to its distance from the directrix^ viz., as 6 to 1. 

Conversely, a conic section may be defined as the locus of a 
point whose distance from a fixed point (the focus) is in a con- 
stant ratio to its distance from a fixed line (the directrix). On 
this defiaition several writers have based the theory of conic 
sections. Taking the fixed line for the axis of a;, the equation 
of the locus is at once written down 

which it is easy to see will represent an ellipse, hyperbola, or 
parabola, according as e is less, greater than, or equal to 1. 

Ex. If a curve be such that the distance of any point of it from a fixed point 
can be expressed as a rational function of the first degree of its co-ordinates, then the 
curve must be a conic section, and the fixed point its focus (see O'Brien's Co-ordinate 
Geometry, p. 86). 

For, if the distance can be expressed 

since Ax -h Bi/ + C is proportional to the perpendicular let fall on the right line whose 
equation is {Ax + By -{• C = 0), the equation signifies that the distance of any point of 
the curve from the fixed point is in a constant ratio to its distance from this line. 
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187. To find the length of the perpendicular from the focva on 
the tangent. 

The length of the perpendicular from the focus (+ e^ 0) on 

the line f ^ + ^ = l) is, by Art. 34,. 

ex* 
1 — — 



bat, Art. 175, ^ g' + ^) = ^ ' \ 

Hence FT=^ | (« - eajO = J FP. 

Likewise J" 2" = |^ (a + ea;') = |, J?"P. 

Hence i?'2'J?"2" = &' (8inceo»-e»a!'»=J'^, 

or. The rectangle under ^ focal perpendiculars on the tangent is 
constant, and equal to the square of the semi-axis minor. 

This property applies equally to the ellipse and the hyperbola. 

188. The focal radii maJee equal angles toith ^e tangent. 
For we had ^T= | ZP, or ^ = | j 

FT 
but ^ = sini^PZ 

FF 

Hence the sine of the angle which the focal radii 

h 

makes with the tangent =t,» But we find, in liW mani^, 

the same value for sini^^PjT', the sine of the angle which^he 
other focal radius vector jPP makes with the tangent. - 

The theorem of this article is true both for the ellipse and 
hyperbola^ and, on looking at the 
figures, it is evident that the tangent 
to the ellipse is the external bisector 
of the angle between the focal radii, 
and the tangent to the hyperbola the 
internal bisector. ^ 

Hence, if an ellipse and hyperbola^ 
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having the same fod^ pass through the same pointy they mil cut 
each other at right angles^ that is to say, the tangent to the ellipse 
at that point will be at right angles to the tangent to the 
hyperbola. 

Ex. 1. Prove analytically that confocal oonics cut at right angles. 
The co-ordinates of the intersection of the conica 

satisfy the relation obtained by subtracting the equations one from the other, viz. 

But if the conies be confocal, a'^ — a'^ = ll^ — J**, and this relation becomes 

But this is the condition (Art. 32) that the two tangents 

^4.^-1 ^4.^-1 

should be perpendicular to each other. 

i 
Ex. 2. Find the length of a line drawn through the centre parallel to either focal 

radius vector, and terminated by the tangent. 

This length is found by dividing the perpendicular from the centre on the tangent 

\v) ^^ (^) ' ^^ ^^^ ^ ^^ angle between the radius vector and tangent, and is 
therefore = a. 

Ex. 3. Yerify that the normal, which is a bisector of the angle between the focal ^ 

radii, divides the distance between the foci into parts which are proportional to the 
focal radii (Euc. vi. 3). The distance of the foot of the normal from the centre is 
(Art. 180) = 6V. Hence its distances from the foci are c + eV and c — eV, quantities 
which are evidently e times a + ex' and a — eas'. 

Ex. 4. To draw a normal to the ellipse from any point on the iuds minor. 
Arts, The circle through the given point, and the two foci, will meet the curve at 
the point whence the normal is to be drawn. 

189. Another important consequence may be deduced from 
the theorem of Art. 187, that the rectangle under the focal per- 
pendiculars on the tangent is constant. 

For, if we take any two tangents, we have (see figure, next 
page) - 

FT.FT^Ft.Fi, or^=-^,; 

FT 
but -^ is the ratio of the sines of the parts into which the line 

F't* 
FP divides the angle at P, and -^^r^, is the ratio of the sines of 
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the parts into which i^'P divides the same angle ; we have, there- 
fore, the angle TPF= iPF. 

If we conceive a conic section to pass 
through P, having F and F for foci, it 
was proved in Art. 188, that the tangent 
to it must be equally inclined to the lines 
ZP, FP\ it follows, therefore, from 
the present Article, that it must be also 
equally inclined to PT, Ft ; hence we learn that if through any 
point (P) of a conic section we draw tamgents [FT^ Ft) to a con- 
focal conic section^ these tangents will he equally inclined to the 
tangent at P. 

190. To find the locus of the foot of the perpendicular let fall 
from either focus on the tangent. 

The perpendicular from the focus is expressed in terms of 
•fhe angles it makes with the axis by putting a;' = c, y' = in the 
formula of Art. 178, viz., 

p = sj{a^ cos*a + W sin* a) - x cosa — y sin a. 

Hence the polar equation of the locus is 

p = ^J{a^ cos^a + V^ sin* a) — c cosa, 

or ;p* + 2cp cosa + c* cos*a = a* cos*a + i* sin' a, 

or p* + 2cp cosa == V\ 

This (Art. 95) is the polar equation of a circle whose centre 
is on the axis of a*, at a distance from the focus = — c ; the circle 
is, therefore, concentric with the curve. The radius of the circle 
is, by the same Article, = a. 

Hence, If we describe a circle having for diameter the transverse 
axis of an ellipse or hyperbola^ the perpendicular from the focus 
will meet the tangent on the circumference of this circle. 

Or, conversely, if from any point F (see figure, p. 171) we 
draw a radius vector FT to a given circle^ and draw TFperpen' 
dicular to FT^ the line TFwill always touch a conic section^ having 
Ffor its focus ^ which will be an ellipse or hyperbola^ according as 
F is within or without the circle. 

It may be inferred from Art. 188, Ex. 2, that the line OT, 
whose length = a, is parallel to the focal radius vector FF. 
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191. To find the angle subtended at the focus ly the tangent 
drawn to a central conic from any point {xy). 

Let the point of contact be (a?'y'), the centre being the origin, 
then, if the focal radii to the points {xy)^ {x'y')y be p, p', and 
make angles 0^ ff^ with the axis, it is evident that 

cos5= , sin5=^; cos5'=— ^, sin^ = ^,, 

P 9 p ^ P 

Hence c^,{^0^ff)^^'^±MiX^l±yi. 

PP 
but from the equation of the tangent we must have 

xc^ yy^__ 

Substituting tins value o{yy\ we get 

V 

PP cos f^—^)=a;a?' + caj +caj' + c* ^xx' + b\ 

a 

or =e*icaj' + ca; + caj' + a* = (a + «»)(a + ea?'); 

or, since p' = a + ea?', we have, (see O'Brien's Co-^ordinate 

Geometry, ^.Ue)^ ^^^ 

cos (^ — ^ ) = . 

p 

Since this value depends solely on the co-ordinates x^ und does 
not involve the co-ordinates of the point of contact, either tan- 
gent drawn from xy subtends the «ame angle at the focus* 
Hence, The angle subtended at the focus by any chord is bisected 
by the line joining the focus to its pole, iA>>4c:b JL^ ^wjbL<^ .^,^i<ifil^ ^^ 

192. The line joining the focus to the pole of any chord pass-' ^^ 
ing through it is perpendicular to that ^chord. 

This may be deduced as a particular case of the last Article, 
the angle subtended at the focus being in this case 180"; or di- 
rectly as follows : — The equation of the perpendicular through 

any point x'y' to the polar of that point {^ + ^ = 1 J is, as in 

Art. 180, a^x Vy _ ^ 

But if a?'y' be anywhere on the directrix, we have «'==: — , and 

c 

it will then be found that both the equation of the polar and that 
of the perpendicular are satisfied by the ce-ordinates of the focus 
(a; = c,y = 0). 

A A 
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When in any curve we use polar co-ordinates, the portion 
intercepted bj the tangent on a perpendicular to the radius vector 
drawn through the pole is called the polar aubtangent. Hence 
the theorem of this Article may be stated thus : The focus being 
the pole J the locus of the extremity of the polar subtangent is the 
directrix. 

It will be proved (Chap, xil.) that the theorems of this and 
the last Article are true also for the parabola. 

Ex. 1. The angle ia oonstaat which is subtended at the focus, hj the portion in- 
teicepted on a yariable tangent between two fixed tangents. 

By Art. 191, it is half the angle subtended by the chord of contact of the fixed tangents. 

Ex.2. If any chord PP* cut the diiec- p' 

trlx in Df then FD is the external bisector 
of the angle PJtP, For /»r is the internal 
bisector (Art. 191) ; but D is the pole of 
FT (sinoe it is the intersection of PP', the B 

polar of r, with the directrix, the polar of 
F) ; therefore, DFia perpendicular to FT,^ \^j^ 
and is therefore the external bisector. ^ 

[The following theorems (communica- 
ted to me by the Bey. W. B. Sadleir) are 
founded on the analogy between the equations of the polar and the tangent.] 

Ex. 3. If a point be taken anywhere on a fixed perpendicular to the axis, the per- 
pendicular from it on its polar wUl pass through a fixed point on the axis. For the 
intercept made by the perpendicular will (as in Art. 180) be eV, and will therefore be 
constant when a/ is constant, 

Ex. 4. Find the lengths of the perpendicular from the centre and from the fod on 
the polar of «y . 

Ex. 5. Prove CM, PN' = h\ This is analogous to the theorem that the rectangle 
under the normal and the central perpendicular on 
tangent is constant. G- 

Ex. 6. Prove PN'. NN' = ^ (a« -W^. Whei 
P is on the curve thise^[2S^io»''giV^'us the ki^^vm ^ 
expression for the normal = — "XArt, Ifil}, 

Ex. 7. Prove FG.F'G' = CM.NN'. When P is 
on the curve this theorem becomes FG.F'G' ^ b\ 

193. Tofnd the polar equation of the ellipse or hyperbola^ the 
focus being the pole. 

The length of the focal radius vector (Art. 182) =a-«c'; 
but x' (being measured from the centre) =p cos^ + c. 

Hence p^a — ep cos5 — ec^ 

^ l+ecosd a'1+ecostf' 




I 



THE FOCI. 179 I 

The double ordinate at the focus is called the parameter ; its 
half is found by making d = 90' in the equation just given^ to be 

= — =a(l — e*). The parameter is commonly denoted by the 

letter^. Hence the equation is often written 

^p 1 

^ 2*l + ecos5' 

The parameter is also called the Latus Rectum. 

Ex. 1. The harmonic mean between the segments of a focal chord is constant, 
and equal to the semi-parameter. 

For, if the radios vector FP^ when produced backwards through the focus, meet ' 

the curve again in P', then FP being ^ , ^ -, FF, which answers to (6 + 180°), 

- 2 l + ecosO ' ^ " 

•n -^ 1 

'^"-2'1-ecosd' 

TT 114 

fience v.»^ "4* .-.—; . — -- • 

FP FF p 

. £z« 2. The rectangle under the segments of a focal chord is proportional to the 
whole diord. 

This is merely another way of stating the result of the last Example ; but it ma^ 
be proved directly by calculating the quantities FP. FF, FP + FF, which are easily 
seen to be, respectively 

h* 1 W 1 

o«l-e«cos»e* a l-e«co8«0' 

Ex. 8. Any focal chord is a third proportional to the transverse axis and the 
parallel diameter. 

For it will be remembered that the length of a semi-diameter making an angle 
with the transverse axis is (Art. 161) 



l-e«cos««' 



2JP 
Hence the length of the chord FP + FF found in the last Example = — . 

Ex. 4. The sum of two focal chords drawn parallel to two conjugate diameters is 
constant. 

For the sum of the squares of two conjugate diameters is constant (Art. 173). 

Ex. 5. The sum of the reciprocals of two focal chords at right angles to each other 
is constant. 

194. The equation of the ellipse, referred to the vertex, is 

a« ^ i* ~ ' 

^ a a* -^ a' 

Hence, in the ellipse, the square of the ordinate is lesfi than the 
rectangle under the parameter and abscissa. 

The equation of the hyperbola is found in like manner, 
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Hence, in the h jperbola, tbe scpiare of tbe ordinate exceeds the 
rectangle under the parameter and abscif^sa. 

We shall show, in the next chapter^ that in the parabola 
these quantities are equal. 

It was from this property that the names parabola^ liyperbola^ 
and ellipse^ were first given (see Pappus, Math. C(t>ZZ.,Book vii.). 

THE ASYMPTOTES. 

195. We have hitherto discussed properties common to the 
ellipse and the hyperbola. There is, however^ one class of pro- 
perties of the hyperbola which have none corresponding to them 
in the ellipse, those, namely, depending on the asymptotes, 
which in the ellipse are imaginary. 

We saw that the equation of the asymptotes was always 
obtained by putting the highest powers of the variables = 0, the 
centre being the origin. Thus the equation of the curve, re- 
ferred to any pair of conjugate diam^ters^ being 

a'- r "" ' 

that of the asymptotes is 

-T,-^=0, or -7-f^ = 0, and -, + g = 0. 
a o ^ a ah 

Hence the asymptotes are parallel to* the diagonals of the paral- 
lelogram, whose adjacent sides are any pair of conjugate semi- 
diameters. Fgr, the equation of 

CTia ^ =s — and must, therefore, 

coincide with one asymptote, while 

the equation of AB ( ^ + I; = 1 j 

isparallel to the other (see Art.167). 

Hence, given any two conjugate diameters, we can find the 
asymptotes ; or, given the asymptotes, we can find the diameter 
conjugate to any given one j for if we draw AO parallel to one 
asymptote, to meet the other, and produce it till OB^AO^"^^ 
find B^ the extremity of the conjugate diameter. 

196. The portion of any tangent intercepted lyyfhe asymptotes 
is Bisected at the curve^ and is equal to the conjugate diameter. 

This appears at once from the last Article, where we have 
proved A T= V = AT'\ or, directly, taking for axes the diameter 





THE ASYSIPTOTES. 181 

through the point and its conjugate, the equation of the asymp- 
totes is aj* y^ 

"^ =0 

a 

Hence, if we take x=a\ we have y=: + J'; but the tangent at 
JL being parallel to the conjugate diameter, this value of the 
ordinate is the intercept on the tangent. 

197. If any line cut a hyperbola^ the portions DE^ FO^ in- 
tercepted between the curve and its asymptotes^ are equal* 

For, if we take for axes a <^ 5. 

diameter parallel to DG and 
its conjugate, it appears from 

the last Article, that the por- \ ^^^^^^^^^^""Tt/ ^ 

tion DG h bisected by the 
diameter ; so is also the portion 
^F] henee DF:=FG. 

The lengths of these hues can immediately be found, for, 

from the eqaatioa «f the asymptotes (~>i~^=o]) 'we have 

a 
Again, from the equatloa ef the eurre 

■we have y{=EM^ FM) = ± V J{^^ -\\. 

Hence i?^(=J^6^) = J'{| - ^(J. -l)}, 

and i>^(=^^) = i'{| + yg-l)}. 

198. From these equations it at once follows, that the rect- 
angle DE.DF is constant^ and = 6'^ Hence, the greater i>^is, 
the smaller will DE be. Now, the further from the centre we 
draw DF the greater will it be, and it is evident from the value 
given in the last article, that by taking x suflScIently large, we 
can make DF greater than any assigned quantity. Hence, 
the further from the centre we draw any line^ the less will he the 
intercept between the curve and its asymptote^ and by increasing 
the distance from the centre,^ we can make this intercept less than 
any assigned quantity. 

199. If the asymptotes be taken for axes, the coefficients g 
and f of the general equation vanish, since the origin Is the 
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centre ; and the coefficients a and h vanish, since the axes meet 
the curve at infinity (Art. 138, Ex. 4) : hence the equation re- 
duces to the form ^^ _ ]^^ 

The geometrical meaning of this equation evidently is, that 
the area of ^e parallelogram formed hy the co-ordinates is constant 

The equation heing given in the form xy ^ T^\ the equation 
of any choKd is (Art. 86), 

{x-x'){y-y")^xy-k% 

or x'y + y"x = i" + a?'y ". 

Making x'^x** and y' z=zy"^ we find the equation of the tangent, 

x'y-\-y'x = 2l^^ 
or (writing x'y' for 1^) 

X y 

From this form it appears that the Intercepts made on the 
asymptotes by any tangent = 2aj' and 2/ ; their rectangle is, 
therefore, 4i*» Hence, the triangle which any tangent forms with 
the asymptotes has a constant area^ and is eq^l to double the area 
cf the parallelogram formed hy the co-ordinates, 

Ex. 1. If two fixed points (x'y', a/y') on a hyperbolk be Joined to any variable 
point on the curve {x^"y'"), the portion which the joining lines intercept on either 
asymptote is constant. 

The equation of one .of the joining lines being 

tx^"y + i/x = faf" + Jfi, 
the intercept made by it ^m the origin on the axis of x is found, by making y = 0, to 
be x'" + x'. Similarly the intercept from the origin made by the other joining line is 
x'" + x"y and the difference between these two (o^ — a/') is independent of the position 
of the point x"Y\ 

Ex. 2. Find the co-ordinates of the intersection of the tangents at ^y, o^'if'. 
Solve for x and y from 

afy + y^x = 2^, x"y + y"a: = 2**, 

and we find a = -r^ 1-^, 

xy'-^x" 

which, if we substitute for y', y", ^, —becomes ^'^' 



Similarly y = _XIL.^. 

200. To express the quantity T^ in terms of the lengths of the 
axes of the curve. 

Since the axis bisects the angle between the asymptotes, the 
co-ordinates of its vertex are found, by putting x=^y in the 
equation ary = ft*, to be a? = y = i. 
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Hence, if be the angle between the axis and the asymptote, 

(since a is the base of an isosceles triangle whose sides = Js and 
base angle = fl), but (Art. 165) 

a 



cos 5 = 



hence 



,_ V(a'4y) 



And the equation of the curve, I'eferred to its asymptotes, is 

201. The perpendicular from the /ecus on the asymptote is 
equal to the conjugate semt-axie b. 

For it is CF sin 5, but CF= ^[c? + J»), and sin = ,, , yv . 

This might also have been deduced as a particular case of the 
property,.that the product of the perpendiculars from the foci on 
any tangent is constant, and = — i*. For the asymptote may be 
considered as a tangent, whose point of contact is at an infinite 
distance (Art. 154), and the perpendiculars from the foci on it 
are evidently equal to each other, and on opposite sides of it. 

202. The distance of the focus from any point on the curve is 
equal to the length of a line drcwm through the point parallel to an 
asymptote to meet the directrix. 

For the distance from the focus is e times the distance from 
the directrix (Art. 186), and the distance from the directrix is to 

the length of the parallel line as cosfl [= - , Art. 167 j is to 1. 

Hence has been derived a method of describing the hyperbola 
by continued motion. A ruler ABR^ bent 
at Bj slides along the fixed line BB' ^ a 
thread of a length = RB is fastened at the 
two pomts jB and F^ while a ring at P keeps 
the thread always stretched; then as the 
ruler is moved along, the point P will de- 
scribe an hyperbola, of which i^ is a focus, 
Djy a directrix, and BR parallel to an 
asymptote, since PF must always = PB. 
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CHAPTER XIL 

THE PAKABOLA. 
REDUCTION OF THE EQUATION. 

203. The equation of the second degree (Art. 137) will re- 
present a parabola, when the first three terms form a perfect 
square, or when the equation is of the form 

We saw (Art. 140) that we could not transform this equation 
so as to make the coefficients of x and y both to vanish. The 
form of the equation however, points at once to another method 
of simplifying it. We know (Art. 34) that the quantities 
ax + /8y, 2ffx + 2fy 4 c, are rflfipflptivftly proportional to the 
lengths of perpendiculars let fall from the point {xy) on the 
right lines, whose equations are 

ax + l3t/ = 0^ 2ffx + 2fi/-^c = 0. 

Hence, the equation of the parabola asserts that the square of 
the perpendicular from any point of the curve on the first of 
these lines, is proportional to the perpendicular from the same 
point on the second line. Now if we transform our equa- 
tion, making these two lines the new axes of co-ordinates, then 
since the new x and y are proportional to the perpendiculars 
from any point on the new axes, the transformed equation must 
be of the form t/^ =px. 

The new origin is evidently a point on the curve ; and since 
for every value of x we have two equal and opposite values of y, 
our new axis of x will be a diameter whose ordinates are parallel 
to the new axis of y. But the ordinate drawn at the extremity 
of any diameter touches the curve (Art. 145) ; therefore the new 
axis of y is a tangent at the origin. Hence the line ax-^fyia 
the diameter passing through the origin, and 2ffx + 2jy + c is 
the tangent at the point where this diameter meets the curvc- 
And the equation of the curve referred to a diameter and 
tangent at its extremity, as axes, is of the form y'*=px. 
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204. The new axes to wfaidi we were led in the last article, 
are in general not rectangular. We shaU now show that it is 
poBsible to transform the equation to the form y^ =p^y the new 
axes being rectangular. If we introduce the arbitrary constant 
kj it is easy to verify that the equation of the parabola may be 
written in the form 

Hence, as in the last article, oas + iSy + A; is a diameter, 
"2 (gr — ofc) a? + 2 (/— fik) y -^-c — k^ is the tangent at its ex- 
tremity, and if we take these lines as axes, the transformed 
equation is of the form y^ ^px. Now the condition that these 
new axes should be perpendicular is (Art. 25) 

■whence Jc= ^ — d.. 

Since we get a simple equation for k^ we see that there is one 
diameter whose ordinates cut it perpendicularly, and this dia- 
meter is called the axis of the carve. 

205. We might also have reduced the equation to the form 
iy*r=fpx by direct transformation of co-ordinates. In Chap. xi. 
we reduced the general equation by first transforming to parallel 
-axes through a new origin, and then turning round the axes so 
as to make the coefficient of xy vanish. We might equally 
well have performed this transformation in the <>pposite order ; 
^und in the case of the parabola this is mor« convenient, since 
we cannot by transformation to a new origin, make the coeffi- 
<cient8 of x and y both vanish. 

We take for our new ax^s the line ouc^^y, and the line 
p^pendicular to it /Sa;- ay. Then since the new X and Fare 
to denote the lengths of perpendiculars from any point on the 
new axes, we have (Art. 34) 

If for shortness we write o? + )S' = 7*, the formulae of trans- 
formation become 

7F=aa? +y9y, yX=^fix^—ay] 
whence jx^^aY+lSX^ 7y = j8F-aX 

BB 
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Making these substitutions in the equation of the curve, it becomes 

7»r» + 2 Gyy9-ya) X+ 2 {gtx^fP) r+7c= 0. 
Thus, by turning round the axes, we have reduced the equation 
to the form jy 4 2/a: + 2/'y + c' = 0. 

If we change now to parallel axes through any new origin xy' ; 
substituting a; + a;', y + y', for x and y, the equation becomes 

jy + ^g'x + 2 (jy +/') y + jy- + 2/a;' + 2/y + c' = 0. 

The coefficient of a? is thus unaltered by transformation, and 
therefore cannot in this way be made to vanish. But we can 
evidently determine x' and y', so that the coefficients of y and 
the absolute term may vanish, and the equation thus be reduced 
to y =^px. The actual values of the co-ordinates of the new 

origm are y =— t> j a? =' ^ ,., ; and p is evidently "-^ r^** 
in terms of the original coefficients 

When the equation of a parabola is reduced to the form y = i?a?j 
the quantity p is called the parameter of the diameter which is 
the axis of x ; and if the axes be rectangular, p is called the 
principal parameter (see Art. 194)^ 

Ex. 1. Find the principal paiameter of the parabola 

9a5» + 24ajy + 16y« + 22» + 46y + 9 = 0. j 

First, if we proceed as in Art. 204, we determine £ = 5, The equation may then 
be written (3a? + 4y + 6)»=r.2 (4r-5y + 8). 

Now if the distances of any point from 30 + 4y + 5, and 4a; — 8y + 8 be F and X, w? 
^^ 6r=3« + 4y + 6, 6i: = 4a;-3y + 8, 

and the equation may be written T^ = |X 

The proceas of Art. 205 is jtot to transform to the lines 8« + 4y, 4a; — 8y as axes, 

when ^he equation becomes 

26r« + 60r-10X+9=:0, 

or 26(F+l)« = 10i:+16, 

which becomes r« =i f X when transfonned to parallel axes throngh (- f, - 1). 
Ex. 2. Find the parameter of the parabola 

a* 2aJw «« 2aj 2w ^ ^ . 4a«6* 

a« o6 6« o h (a« + 6V 

This yalue may also be deduced directly by the help of the following theorem, 
which will be proved afterwards :— *' The focus of a parabola is the foot of a perpendi- 
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onlar let fall from the inteniection of two tangents which cnt at right angles on their 
chord of contact f and ''The parameter of a conic is found by dividing four times the 
rectangle under the segments of a focal chord, by the length of that chord" (Ait. 193 
Ex. 1). 

Ex. 3. If a and JTbe the lengths of two tangents to a parabola which intersect at, 
xi£fht angles, and ta one quarter of the parameter, prove 

206. If in the original equation gfi = fxj the coefficient of a: 
vanishes in the equation transformed as in the last article ; and 
that equation Vy* + 2f*y + c' = 0^ being equivalent to one of the 

'onn 5'(y-X)(y-,*)=0, 

represents two real, coincident, or imaginary lines parallel to the 
new axis of x. 

We can verify that in this case the general condition that 
the equation should represent right lines is fulfilled* For this 
condition may be written 

c{ab-h*)=af-2hfy^'bg\ 

But if we substitute for a, A, i, respectively, a", aj8, j8", the left- 
hand side of the equation vanishes, and the right-hand side 
hecomes (yit— ^^8)*. Writing the condition ya=^y9 in either 
of the forms ya* = (9ra/3, /a/8=^^, we see that the general equa- 
tion of the second degree represents two parallel right lines 
•when A' = aJ, and also either af= hg^ or fh = bg, 

*207. If the original axes were oblique, the equation is still 
reduced, as in Art. 205, by taking for our new axes the line 
€ix + /3y^ and the line perpendicular to it, whose equation is 

(Art, 26) (^ - a cos ft)) aj - (a - )S cosw) y = 0. 

And if we write 7* = a' + )8'— 2a/8 cosa>, the formulae of trans- 
formation become, by Art, 34, 

ryY=^ (ax + Py) sin®, rfX^ [0" ol coso) o; — (a — y9 cosw) y ; 

whence 7a? sin o) = (a — /8 coso)] Y-^ fiX sin© : 

yy sinoi = ()8- a cosa») F— aX sin©. 

^ Making these substitutions, the equation becomes 

yr'' + 2sin«a>(^/9-/a)Z 

+ 2 sino) [(7 (a — )8 cos ft>) +/(/S — a cos w)} F+ 7c sin'© = 0. 
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And the transformation to parallel axes proceeds as in Art. 205. 
The principal parameter is 

y_ 2(/a-ffi9)8m'a. 
*' (a"'+;3'-2a/3co8(»)* 



Ex. Fuad the principal parameter of 



ar' 2xy . y' 2a? 2tf . . 



4a2ft« siii*<» 



06 62 



(a« + J2 + 2a6ooB»)* 




FIGURE OF THE CURVE. 

208. From the equation y' =px we can at once perceive the 
figure of the curve. It must be symmetrical on both sides of the 
axis of a?, since every value for x gives two- 
equal and opposite for y. None of it can 
lie on the negative side of the origin, since 
if we make x negativcy y will be imagi-- 
nary, and as we give increasing positive 
values to x^ we obtainr increasing values 
for y. Hence the figure of the curve is 
that here represented. 

Although the parabola resembles the hyperbola in having In- 
£nite branches, yet there is an important difference between the 
nature of the infinite branches of the two curves. Those of the 
hyperbola, we saw, tend ultimately to coincide with two diverg- 
ing right lines ; but this is not true for the parabola,^ since, if we 
seek the points where any right line (a? =» % + 1) meets the 
parabola (t/^ =i?a?), we obtain the quadratic 

whose roots can never be infinite as long as Jc and I are finite. 

There is no finite right line which meets the parabola in two 
coincident points at infinity; for any diameter (y = »w), which 
meets the curve once at infinity (Art. 142), meets it once also in 

the point a?= — ; and although this value increases as m in- 
creases, yet it will never become infinite as long as m is finite. 

209. The figure of the parabola may be more clearly con- 
ceived from the following theorem : -If we suppose one vertex 
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and focQS of an ellipse given, wliile its axis major increases with- 
out limit, the curve will ultimately become a parabola. 

The equation of the el- 
lipse, referred to its vertex, _t^ 
is (Art. 194) 

^ a d^ 

We wish to express h in terms of the distance Fi^(=«i), 
which we suppose fixed. We have w = a — V(«* - V) (Art. 182), 
whence J* = 2am- m', and the equation becomes 

Now, if we'suppose a to become infinite, all but the first term of 
the right-hand side of the equation will vanish, and the equation 
becomes y« ^ 4,,j^^ 

the equation of a parabola. 

A parabola may also be considered as an ellipse whose eccen- 

tricity is equal to 1. For e' = 1 § . Now we saw that -, , 

which is the coefficient oia? in the preceding equation, vanished 
as we supposed a increased according to the prescribed condi- 
tions; hence e' becomes finally = 1. 

THE TANGENT. 

210. The equation of the chord joining two points on the 
curve is (Art. 86) {y^y'){rf^y")=^f^px, 
or (y' + y") y ^px + y'y". 

And if we make y*^ ^y\ and for y*^ write its equal ^x', we have 
the equation of the tangent 

Vy=i^(^+aj')- 

If in this equation we put y = 0, we get x=^- d \ hence TM 
(see fig. next page) (which is called the Subtangent) is bisected 
at the vertex. 

These results hold equally if the axes of co-ordinates are 
oblique; that is to say, if the axes are any diameter and the 
tangent at its vertex, in which case we saw (Art. 203) that the 
equation of the parabola is still of the form y* =/?'a:. 
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' Thi» Article enables us, there- 
fore, to draw a tangent at any 
point on the parabola, since we 
have only to take Tr= VM and 
join FT\ or again, having found' 
this tangent, to draw an ordinate 
from P to any other diameter,, 
since we have only to take VM' ^T*V'\ and join PM\ 

21 L The equation of the polar of any point odif is similar in 
form to that of the tangent (Art. 89) ^ and is, therefore, 

Putting y ^ 0, we find that the intercept made by this polar 
on the axis of a; is —a?'. Hence the intercejft which the polars cf 
any two points cut off on the axis is equal to the intercept between 
perpendiculars from those points on that axis; each of these 
quantities being equal to {x' — x'), 

DIAMETERS. 

212. We have said, that if we take for axes any diameter 
and the tangent at its extremity, the equation wilf be of the 
form y^ ==px. 

We shall prove this again by acttial transformation of the 
equation referred to rectangular axes (y*=s^a?)y becauseit is^de- 
sirable to express the new j?' in terms of the old p. 

If we transform the equation y* =px to parallel axes through 
any point [x*y) on the curve, writing x-\-x* and^ 4 y for a? and 
y, the equation becomes 

Now if, preserving our axis of a?, we take a new axis of y^ 
inclined to that of x at an angle fl, we must substitute (Art. 9), 
y sind for y, and x-\-y cos^ for a;, and our equation becomes 

. y' sin*'* + 2yy, sin 0=px 4 py cos 0. 

In order that this should reduce to the form y* =^a?, we must 

have p 

2y' sin0=p cosd, or tan^= ^, . 

Now this is the very angle which the tangent makes with the 
axis of Xj as we see from the equation 

2y y =j> (a; 4 a;'). 
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This equation, Iherefore/referred to a diameter anditangent, will 
take the fomi ^ 



The quantity^' is called the parameter corresponding to the 
diameter F'Jf', and we see that the parameter of any diameter is 
inversely proportional to (he square of the sine of (he angle which 

its ordinates make toith the axis^ since ^' = . 



sin* I? ' 



We can express the parameter cff any diameter in terms of the 
co-ordinates of its vertex, from the equation tan^= ^, ; hence, 



h^ice 



p' ^p+Ax'. 
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213, The equation of a line through (o?*^') -perpendioular to 
the tangent 2yy' =jp (a? + a?') is 

If we seek the intercept on 
the axis of ar, we have 

aj(-Fir) = aj' + ip.;' 

and, since VM=i a?', we must have 

MN (the stdmormaly Art. 181) = J^. 

Hence in the pardhola the subnormal is constant^ and equal to 
the semi-par armter. The normal itself 




THE FOCUS. 

214. A point situated on the axis of a parabola, at a distance 
from the vertex equal to one-fourth of the principal parameter, 
is called the focus of the curve. This is the point which. Art. 209, 
has led us to expect to find analogous to the focus of an ellipse; 
and we shall show, in the present section, that a parabola may 
in every respect be considered as an ellipse, having one of its 
foci at this distance, and the other at infinity. To avoid frac^ 
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tioDS we shall often, in the following Articles, use the abbrevia- 
tion m = \p. 

To find the distance of any point on the curve from the focus. 
The co-ordinates of the focus being (w, 0), the square of its 
distance from any point is 

(a;' - my + y* = a?" - 2wia;' + w' + 4»ia?' = [x' + m^. 

Hence the distance of any point from the focus = x' + wi. 

This enables us to express more simply the result of Art. 212, 
and to say that the parameter of any diameter is four times the 
distance of its extremity from the focus. 

215. The polar of the focus of a parabola is called the 
directrix^ as in the ellipse and hyperbola. 

Since the distance of the focus from the vertex = m, its polar 
is (Art. 211) a line perpendicular to the axis at the same dis^ 
tance on the other side of the vertex. The distance of any point 
from the directrix must, therefore, = a?' + wi. 

Hence, by the last Article, the distance of any point on the 
curve from the directrix is equal to its distance from the focus. 

We saw (Art. 186) that in the ellipse and hyperbola, the 
distance from the focus is to the distance from the directrix in 
the constant ratio 6 to 1. We see, now, that this is true for the 
parabola also, since in the parabola e = l (Art. 209). 

The method given for mechanically describing an hyperbola, 
Art. 202, can be adapted to the mechanical description of the 
parabola, by simply making the angle ABR a right angle. 

216. The point where any tangent cuts the axisj and its point 
of contact J are equally distant from the focus. 

For, the distance from the vertex of the point where the 
tangent cuts the axis =aj' (Art. 210), its distance from the focus 
is, therefore, a?' + wi. 

217. Any tangent makes equal angles with the axis and toith 
the focal radius vector. 

This is evident from inspection of the isosceles triangloi 
which, in the last Article, we proved was formed by the axis, 
the focal radius vector, and the tangent. 

This is only an extension of the property of the. ellipse 
(Art. 188), that the angle TPF^ TPF'-^ for, if we suppose the 
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focus ^ te go off to infinity, the line PF' will become parallel to 
the axis, and TPF= PTF. (See figure, p. 189.) 

Hence the tangent at the extremity of the focal ordinate cuts 
the axis at an angle of 45°. 

218. To find the length of the perpendicular from the focus on 
the tangent. 

The perpendicular from the point (w, 0) on the tangent 
{yy* = 27n (a; + x)] is 

2m[x'-\-m) 2m(aj' + w) ., . , ., 

Hence (see fig., p. 191) FR is a mean proportional between FV 
and-FP. 

It appears, also, from this expression, and from Art. 213, that 
FR IS half the normal, as we might have inferred geometrically 
fipom the fact that TF^ FN. 

219. To eocpress the perpendicular from the focus in terms of 
the angles which it makes vnih the ^xxis. 

We have 

cosa=8inF2B = (Art. 212) /^{p^^ • 
Theref(w:e (Art. 218), 



cos a 

The equation of the tangent, the focus being ihe origin^ can 
therefore be expressed 

a? cosa+y 8ma + =0, 

^ cosa ' 

and hence we can express the perpendicular from any other 
point in terms of the angle it makes with the axis. 

220. The locus of the extremity of the perpendicular from the 
ybcus on the tangent is a right line* 

For, taking the focus for pole, we have at once the polar 

equation ^ 

ps= , pcosa=sm: 

^ cosa ' ^ 

■which obviously represents the tangent at the vertex. 

Conversely, if from any point F we draw FR a radius vector 

cc 
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to a right line VB^ and draw PB perpendicular to it, the line 
FB will always touch a parabola having F for its focus. 

We shall show hereafter how to solve generally questions of 
this class, where one condition less than is sufficient to determine 
a line is given, and it is required to find its envelope^ that is 
to say, the curve which it always touches. 

We leave, as a useful exercise to the reader, the investiga- 
tion of the locus of the foot of the perpendicular by ordinary 
rectangular co-ordinates. 

221. To find the locus of the intersection of tangents which 
cut at right angles to each other. 

The equation of any tangent being (Art. 219) 

X cos*a +y sina cosa + w = ; 
the equation of a tangent perpendicular to this (that is, whose 
perpendicular makes an angle = 90'' + a with the axis) is found 
by substituting cos a for sina, and —sina for cos a, or 

X sin'a — y sina cosa + w = 0. 
a is eliminated by simply adding the equations, and we get 

a?+2m = 0, 
the equation of the directrix^ since the distance of focus from 
directrix = 2m. 

222. The angle between any two tangents is half the angle 
between the focal radii vectores to their points of contact. 

For, from the isosceles PFT^ the angle PTF which the tan- 
gent makes with the axis is half the angle PFN^ which the focal 
radius makes with it. Now, the angle between any two tangents 
is equal to the difference of the angles they make with the axis, 
and the angle between two focal radii is equal to the difference 
of the angles which they make with the axis. 

The theorem of the last Article follows as a particular case 
of the present theorem: for if two tangents make with each 
other an angle of 90"^, the focal radii must make with each other 
an angle of 180**, therefore, the two tangents must be drawn at 
the extremities of a chord through the focus, and, therefore, 
from the definition of the directrix, must meet on the directrix. 

223. The line joining the focus to the intersection of two tangents 
bisects the angle which their points of contact subtend at ike focus. 
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Subtracting one from the other, the equations of two tan- 
gents, viz., 

X cos'a + y sina co8a + m = 0, x cos'/S + y sinjS cosj8 + wa=0; 

we iSnd for the line joining their intersection to the focus, 

X sin(a + i8) — y cos(a + i8) = 0. 

Thb is the equation of a line making the angle a + 13 with the 
axis of X. But since a and are the angles made with the axis 
by the perpendiculars on the tangent, we have VFP^ 2a and 
VFP' = 2)8 ; therefore the line making an angle with the axis 
= a + /8 must bisect the angle FFP. This theorem may also be 
proved by calculating, as in Art. 191, the angle [0 — &) subtended 
at the focus by the tangent to a parabola from the point xy ; when 

it will be found that cos(^ — ^')= , a value which, being 

independent of the co-ordinates of the point of contact, will 
be the same for each of the two tangents which can be drawn 
through Qcy. (See O'Brien's Co-ordinate Geometry^ p. 156.) 

Cor. 1. If we take the case where the angle FFP = 180*, 
then PP passes through the focus ; the tangents TP^ TP will 
intersect on the directrix, and the angle TFP^ 90**. (See Art. 
192). This may also be proved directly by forming the equa- 
tions of the polar of any point (— m, y') on the directrix, and 
also the equation of the line joining that point to the focus. 
These two equations are 

y'y = 2w (a? - in), 2m (y - y') + y' (aJ + »») « 0, 

which obviously represent two right lines at right angles to 
each other. p' 

COK. 2. If any chord PF 
cut the directrix in 2>, then FD 
is the external bisector of the 
angle PFP. This is proved as 
at p. 178. 

Cor. 3. If any variable tan- 
gent to the parabola meet two fixed tangents, the angle sub- 
tended at the focus by the portion of the variable tangent 
intercepted between the fixed tangents, is the supplement of 
the angle between the fixed tangents. For (see next figure) 
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the angle QRT is half pFq (Art. 222), and, by the pre- 
sent Article, PFQ is obviously also half pFq^ therefore, PFQ 
i^^QRT^ or is the supplement of PR^. 

Cor. 4. The circle circumscribing the triangle formed hg any 
three tangents to a 
parabola will pass 
through the focus. 
For the circle de- 
scribed through T 
PRQ must pas» 
through Fj since 
the angle contained 
in the segment PFQ will be the supplement of that contained 
inPfl^. 

224. To find the polar eqiuition of the parabola^ the Jbcus 
being thepole^ p 

We proved (Art. 214) that the focal 
radius 

=raj'-fw=Filf-Hn=Z3f+2m=/} cos^ + 2m. 

Hence p = ^ . 

•^ l — cos^ 

This is exactly what the equation of Art. 193 becomes, if we 
suppose 6 = 1 (Art. 209). The properties proved in the Ex- 
amples to Art. 193 are equally true of the parabola. 

In this equation is supposed to be measured from the side 
FM] if we suppose it measured from the side FVj the equation 
becomes ^m 

^"^l + cosd' 

This equation may be written 

p C0S'^5 = 7W, 

or p* cos|^ = (7w)*, 

and is, therefore,, one of a class of equations, 

p" co8w^ = a**, 
some of whose properties we shall mention hereafter. 
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CHAPTER XIIL 

EXAMPLES AND MISCELLANEOUS PROPERTIES OF CONIC SECTIONS. 

- 225. The method of applying algebra to problems relating 
to conic sections is essentially the same as that employed in the 
case of the right line and circle, and will present no difficulty to 
any reader who has carefully worked out the Examples given in 
Chapters ill. and VII. We, therefore, only think it necessary to 
select a few out of the great multitude of examples which lead to 
loci of the second order, and we shall then add some properties 
of conic sections, which it was not found convenient to insert in 
the preceding chapters. 

Ex. 1. Through a fixed point P is drawn a line LK (see fig., p. 40) terminated by 
two given lines. Find the locus of a point Q taken on the line, so that PL = QK, 

I Ex. 2. Two equal rulers, AB^ BC^ are connected by 
a piYot at B j the extremity A is fixed, while the ex- 
tremity Cis made to traverse the right line AC'j find 
the locus described by any fixed point P on BC. 

Ex. 3. Given base and the product of the tangents 
<pf the halves of the base angles of a triangle : find the 
locus of vertex. 

Expressing the tangents of the half angles in terms of the sides, it will be found 
that the sum of sides is given ; and, therefore, that the locus is an ellipse, of which the 
eztrranities of the base are the foci. 

Ex. 4. Given base and sum of sides of a triangle ; find the locus of the centre o€ 
the inscribed circle. 

It may be immediately inferred, from the Is^st example, and from Ex. 4, p. 47, that 
the locus is an ellipse, whose vertices are the extremities of the given base. 

Ex. 5. Given base and sum of sides, find the locus of the intersection of bisectors 
of sides. 

Ex. 6. Find the locus of the centre of a circle which makes given intercepts on 
two given lines, 

Ex. 7. Find the locus of the centre of a circle which touches two given circles ; or 
which touches a right line and a given circle. 

Ex. 8. Find locus of centre of a circle which passes through a given point and 
makes a given intercept on a given line. 

' Ex. 9. Or which passes through a given point, and makes on a given line an in- 
tercept subtending a given angle at that point. 

' Ex. 10. Two vertices of a given triangle move along fixed right lines j find the 
locus of the third. « 
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Ex. 11. A triangle ABC ciicanucribes a given ciide ; the anglie at Ciis giyen, and' 
B moves along a fixed line ; find the locus of A, 

Let us use polar co-ordinates, the centre being the pole, and the angles bein^; 
measured from the perpendicular on the fixed line ; let the co-ordinates of Ay By be p, 
6 J p'f 0*. Then we have p' cos0' =p. But it is easy to see that the angle AOBia 
given (= o). And since the perpendicular of the triangle AOB is given, we have 

pp'sina 
r= — 



4{p^ + p'^-2pp'co8a)' 

But + Q^=a; therefore the polar equation of the locus is 

j?Vsin»a 



r» = 



p^ cos« (o - 6) +p^ -2ppcoaa cos (a - 6) ' 
which represents a conic. 

Ex. 12. Find the locus of the pole with respect to one conic A of any tangent to 
another conic B. 

Let a/3 be any point of the locus, and Xa; + /ly + v its polar with respect to the conic 
Af then (Art. 89) X, fi, v are functions of the first degree in a, /3. But (Art. 151) the 
condition that Xx + /ly + v shouM toudi j8 is of the second degree in X, /u, v; The 
locus is therefore a conic. 

\ Ex. 13. Find the locus of the intersection of the perpendicular from a focus on any 

tangent to a central conic, with the radius vector from centre to the point of contact. 

Ans. The corresponding directrix. 

Ex. 14. Find the locus of the intersection of the perpendicular from the centre on 
any tangent, with the radius vector from a focus to the point of contact. Ans, A circle.. 

Ex. 15. Find the locus of the intersection of tangents at the extremities of conju- 
gate diameters. **" y* « 

This is obtained at once by squaring and adding the equations of the two tangents, 
attending to the relations Art. 172. 

Ex. 16. Trisect a given arc of a circle. The points of trisection are found as the 
intersection of the circle with a hyperbola. See Ex. 7, p. 47. 

Ex. 17. One of the two parallel sides of a trapezium is given in magnitude and 
position ; and the other in magnitude. The sum of the remaining two sides is given ; 
find the locus of the intersection of diagonals. 

Ex. 18. One vertex of a parallelogram circumscribing an ellipse moves along one 
directrix ; prove, that the opposite vertex moves along the other, and that the twx) re- 
maining vertices are on the circle described on the axis major as diameter. 

226. We give in thi& Article some examples on the focal 
properties of conies. 

Ex. 1. The distance of any point on a conic from the focus is equal to the whole 
lengfth of the ordinate at that point, produced to meet the tangent at the extremity of 
the focal ordinate. 

Ex. 2. If from the focus a line be drawn making a given angle with any tangent, 
find the locus of the point where it meets it. 

Ex. 3. To find the locus of the pole of a fixed line with regard to a series of con- 
centric and conf ocal conic sections. 

We know that the pole of any line (-+^ = 1^ with regard to the conic 
^-j + ^ = 1 1 , is found from the equations mx::^^ and «y = b^ (Art. 169), 
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Now, if the foci of the conic are given, a^ — lflzz c*"ifl given j hence, the lociiB of the 
pole of the fixed line ia ^j. — ny — <? 

the equation of a right line perpendicular to the given line. 

If the given line touch one of the conies, its pole will be the point of contact- 
Sence, given two confocal conies, if we draw any tangent to one and tangents to the 
second where this line meets it, these tangents will intersect on the normal to the 
first conic. 

Ex.4. Find the locus of the points of contact of tangents to a series of confocal 
ellipses from a fixed point on the a^^ major." Ans, A circle. 

Ex. 6. The lines joining each focus to the foot of the perpendicular from the other 
focus on any tangent, intersect on the corresponding normal and bisect it. 

Ex. 6. The focus being the pole, prove that the polar equation of the chord 
through points whose angular co-ordinates are a + /3) a — /3, is 

n 

^ = e cos6 + sec/3 cos (6 — a). 

This expression is due to Mr. Frost {Cambridge and Dttblin Math, Journalj I., 68, 
cited by Walton, Examples, p. 875). It follows easily from Ex. 3, p. 37. 

Ex. 7. The focus being the pole, prove that the polar equation of the tangent, at 

the point whose angular coordinate is a, is £ = e cosfl + coe{e - a). 

This expression is due to Mr. Davies {Philosophical Magazine for 1842, p. 192, 
cited by "Walton, Examples, p. 368). 

Ex. 8. If a chord- PP' of a conic pass through a fixed point 0, then 

tm^FFO.iasiiP'EO 
is constant. 

The reader will find an investigation of this theorem by the help of the equation of 

'Ex.. 6 (Walton's Examples, p. 377). I insert here the geometrical proof given by 

3£r. MacCullagh, to whom, I believe, the theorem is due. Imagine a point taken 

anywhere on FP* (see figure, p. 195), and let the distance FO be e' times the distance 

of from the directrix ; then since the distances of P and from the directrix* are 

proportional to PD and ODj we have 

FP,FO_e^ smPDF , BmODF _ e 

FD'^On'^e" ^^ emPFn'^ miOFB' e'' 



Hence (Art. 192) ^PFT^ -' 



cos OFT e_ 
s' 

or, since (Art.191) PFT is half the sum, and OFT half the difEerence, of PFO KodP'FO, 

taa^PFO.taa^P'FO -tzl., 

» 6 + 6 

It is obvious that the product of these tangents remains constant if be not fixed, but 
"be anywhere on a conic having the same focus and directrix as the given conic. 

Ex. 9. To express the condition that the chord joining two points ay, x"y" on the 
curve passes through a focus. 

This condition may be expressed in several equivalent forms, two of the most 
useful of which are got by expressing that 0" = 6' + 180° where 6', Q" are the angles 
made with the axis by the lines joining the focus to the points. The condition 
■in0" = — Bins' gives 

-^, + -^, = i a (»• + y") = . W + c^'iTl- 
a ~ ex « — «x 
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The oondition oos O'' = — oosO' gives 

— ^^, + -^„ = : lea^a^ - (a + ce) («' + «") + 2ac = 0. 
a — ex a— ex ' \ / \ i 

Ex. 10. If normals be drawn at the extremities of any focal chord, a line drawn 
through their intersection parallel to the axis major will bisect the chord« [This 
solution is by Larrose, NouveUes Annates XIX. 85] . 

Since each normal bisects the angle between the focal radii, the intersection of 
normals at the extremities of a focal chord is the centre of the circle inscribed in the 
triangle whose base is that chord, and sides the hnes joining its extremities to the other 
focus. Now if a, 6, c be the sides of a triangle whose vertices are x'y'f a^^y" , x"y"f 
then, Ex. 6, p. 6, the co-ordinates of the centre of the inscribed circle are 



7/ 



_ aa^ + bx^* + caf** aif + by" + cjf 

*~ oTTTc * ^~ a + b + e * 

In the present case the co-ordinates of the vertices are a;', y' j a", y" ; — c, ; and 
the lengths of opposite sides are a + eai", a 4- ex\ 2a — eaf — ex". We have therefore 

_ (o + egQ y" + (g + ex") tf 

or, reducing by the first relation of the last Example, y = ^ (y' + y'0» which proves the 
theorem. 

In like manner we have 

__ {a + ex'*) g^ -f (q + feg" ) x" - (2a - ea/ - ex!*) c 

which, reduced by the second relation, becomes 

_ (o + ec) {a! '\- xf*) - 2ac 

We could find, similarly, expressions for the co-ordinates of the intersection of 
tangents at the extremities of a focal chord, since this point is the centre of the cirele 
exscribed to the base of the triangle just considered. The line joining the intersectioli 
of tangents to the corresponding intersection of normab evidently passes through a 
focus, being the bisector of the vertical angle of the same triangle. 

Ex. 11. To find the locus of the intersection of normals at the extremities of a 
focal chord. 

Let a, /3 be the co-ordinates of the middle point of the chord, and we have, by the 
last Example, 

If, then, we knew the equation of the locus described by o/3, we should by making 
the above substitutions have the equation of the locus described by ay. Now the 
polar equation of the locus of middle point, the focus being origin, is (Art. 198) 

« - 

1 / / m "■ *' ecose 

which transformed to rectangular axes, the centre being origin, becomes 

h^a^ + a^^ = b^ca. 
The equation of the locus sought is, therefore, 

a«i2 {x + c)^ + (o« + c«)V = i*c (a«+ c*) {x + c). 
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Ez« 12. If be the angle between the tangents to an ellipse from any point P ; 
and if /o, /o' be the distances of that point from the ^p 

foci, prove that cosia = - — ^ — -, . 

For (Art. 189) T 

FT F'T' fi« ^^ 

But ooaFPr -coaTPt = 2an TPF.BmtPF-, 
and 2/t)p'cosJjP/" = p« + p'*-4c«. 

Ex. 13. If from any point two lines be drawn to the foci (or touching any 
tconfocal conic) meeting the conic in B, E^; Sj 8'; then 

oR'-m^oa^m'' [^-^-^^rts-] 

It appears from the quadratic, by which the radius rector Ib determined (Art. 136), 
-tliat the difference of the reciprocals of the roots Will be the same for two yalues 
•of 6, which give the same value to 

(ac - g^ co^e + 2 (cA - a/*) COS0 an0 + (ftc -/«) sin«0. 

I^ow it is easy to see that A cos^O + 2J7 cos6 sin0 + B sin'6 has equal values for any 
t^wo values of 6, which correspond to the directions of lines equally inclined to the 
two represented by Axi^ + 2Sxy + B^ = 0. But the function we are considering 
becomes = for the direction of the two tangents through (Art. 147) : and tangents 
to any confbcal are equally inclined to these tangents (Art. 189). It follows from this 
example that chords which touch a confocal conic sae proportional to the squares of 
the j>arallel diameters (see Ex. 15, p. 210). 

227. We give in this Article some examples an tbe parabola. 
The reader will have no difficalty in distinguishing those of the 
examples of the last Article, the proofs of which apply equally 
to the parabola. 

Ex. 1. Find the oo-ordinates«f the intersection of the two tangents at the points 
aJ'y', a/'y, to the parabdla y« =i?a;. «-y'+y" ^-S^^" 

•arts, jf — 9~~''f * ~ ~~^ • 

- Ex. 2. Find the locus of the intersection of the perpendicular from focufi on tan- 
gent with the radius vector from vertex to the point ^f contact. 

Ex. 3. The three perpendiculars of the trian^e formed by three tangents intezsect 
•on the directrix (Sterner, Gergonne, Annales, xix. 59 ; Walton, p. 119), ^ 

The equation of one of those perpendiculars is (Art. 82) 

- i/T - y'y" r y"y"'N , 9"' - 9" L f + r \ ^ ^ . 

'^rhich, after ^viding by y"' — y", may be written 

^ r+4;""7~"^ 2" 4 ""• 

The symmetry of the equation shows that the three perpendiculars inteesoct on the 
'directrix at a height 

^" i>« 2 * 

Ex. 4. The area of the triangle formed by three tangents is half thai; of the tri- 
angle formed by joining their points of contaot (Gregory, Cambridge Journal, n. 16 ; 
Walton, p. 137. See also Letsons on Higher Algebra, Ex. 12, p. 14). 
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Subetituting the co-ordinates of the vertices of the triangles in the expression of 

Art. 36, we find for the latter area, g" (^ - y") Cy" - 1/") (y"' - y') ; and for the former 
area half this quantity. 

Ex. 5. Find an expression for the radius of the circle circumscribing a tiiiuigle 

inscribed in a parabola. 

The radius of the circle circumscribing a triangle, the lengths of whose sides aie 

dtf 
dj e,/, and whose area = 2 is easily proved to be 7^ . But if d he the length of the 

chord joining the points ar'y, x"y", and 6' the angle which this chord makes with 
the axis, it is obvious that d Biad' ^ y" — y"'. Using, then, the expression for the 

P 
area found in the hist Example, we have E = a - of - art - a^n • "W"e might ex- 

^ ' z sm (r sm tr ran a 

press the radius, also, in terms of the focal chords parallel to the sides of the 

triangle. For (Art. 193, Ex. 2) the length of a chord making an angle 6 with the axis 

p „ ^ (fc"(f" 
w c = -~r^ . Hence B? = — : — . 
sm*0 4p 

It follows from Art. 212 that c', c", 0'" ore the parameters of the diameters which 
bisect the sides of the triangle. 

Ex. 6. Express the radius of the circle circumscribing the triangle formed by thiee 
tangents to a parabola in terms of the angles which they make with the axis. 
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-4fM. R = a . Of ^ Off ' tinf ; or iP = ^^.^ , where »', »", p'" are the para- 
8 sma sm0" sm6 64p ' f y r y r 

meters of the diameters through the points of contact of the tangents (see Art. 212). 

Ex. 7. Find the angle contained by the two tangents through the point a'/ to 
the parabola y* = Amx, 

The equation of the pair of tangents is (as in Art 92) found to be 

(y'2 - ^mx") iy^ - 4mx) = {yy'-2m(x + a/)}«. 

A parallel pair of lines through the origin is 

x't/* — t/xy + mx'^ = 0. 

The angle contained by which is (Art. 74) tan </> = ^ , — -^ , 

, X "T" J^ 

Ex. 8. Find the locus of intersection of tangents to a parabola which cut at 
a given angle. 

Ant. The hyperbola, y* - 4mar = {x + mf tan^ </>, or y« + (ar - m)« = (a; + »»)* 8e6»<(». 
From the latter form of the equation it is evident (see Art. 186) that the hyperbola 
has the same focus and directrix as the parabola, and that its eccentricity =: sec^. 

Ex. 9. Find the locus of the foot of the perpendicular from the focus of a parabola 
on the normal. 

The length of the ^rpendioular from (w, 0) on 2/» (y - y') + y* (a; — a;*) = is 

y' {x' + to) • 

But if 6 be the angle made with the axis by the perpendicular (Art. 212) 

Hence the polar equation of the locus is 

to cos 6 - 
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Ex. 10. Find the co-ordinates of the intersection of the normak at the points 

Am. x = 2m+ ^ , y = - ^ g^, ■ 

Or if a, /3 be the co-ordinates of the corresponding intersection of tangents, 
then(Ex.l) ^ 

a: = 2m + ^- — «, « = i-. 

Ex. 11. Find the co-ordinates of the points on the cnrve, the normals at which 
pass through a given point x't^. 

Solving between the equation of the normal and that of the curve, we find 

2y8 4-(i>2-2pa;')y=i>y, 

and the three roots are connected by the relation yi+y2 + y3 = 0» The geometric 
meaning of this is, that the chord joining any two, and the line joining the third to 
tl» vertex, make equal angles with the axis. 

Ex. 12. Find the locus of the intersection of normals at the extremities of chords 
which pass through a given point x'^. 

We have then the relation /V = 2m (a/ + o) ; and on substituting in the results 
of Ex. 10 the v&lue of a derived from this relation, we have 

2maj + /3y' = W+ 2/32 + 2»Mj'j 2mhf = 2fimx^ - ^ ; 

wh^ce, eliminating /3, we find 

2 {2»* (y - yO + y' (a; - ajO}* = (4ma;' - y'2) (y'y + 2ar'aj - 4m«' - 2a:'*), 

the equation of a parabola whose axis is perpendicular to the polar of the given 
point. If the chords be parallel to a fixed line, the locus reduces to a right line, as 
is also evident from Ex. 11. 

Ex. 13. Find the locus of the intersection of normals at right angles to each other. 
In this case a = -m, a; = 3f» + — , y = /3, ^z=m{z-- Bm), 

Ex. 14. If the lengths of two tangents be a, 5, and the angle between them w ; 

find the parameter. 

Draw the diameter bisecting the chord of contact; then the parameter of that 

tf* «2sin*0 w2y2 
diameter is p' = — , and the principal parameter is ^ := = -r-j- (where « is the 

X X 4iiB 

length of the perpendicular on the chord from the intersection of the tangents). But 
2»y = ab sinw, and 16(c* = a^ + ^ + 2a6 cosm ; hence 

j> = (see p. 188). 

(a2-|-6« + 2a5costo)* 

Ex. 15. Show,, from the equation of the circle circumscribing three tangents to 
a parabola, that it passes through the focus. 

The equation of the circle circumscribing a triangle being (Art. 124) 

/9y sin^ + ya sin-B + a^ sin C = 0, 

the absolute term in this equation is found (by writing at full length for a^ 
X eosa + y sina — ^, Ac.) to be p'p" 8in(/3 — y) +p"p sin(y — a) +pp' sin (a — /3), 
But if the line a be a tangent to a parabola, and the origin the focus, we have (Art. 219) 

m 

P = — — - , and the absolute term 
cos a' 

{sin 08 - y) cosa + sin (y - a) oos^+ Bin(a - /8) cosy}. 



OOSa cos/3 cosy 
which vanishes identically. 
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Ex. 10. Find the locua of the interBection of tangents to a parabola, being given 
either (1) the product of sines, (2) the product of tangents, (3) the sum or (4) difference 
of cotangents of the angles they make with the axis. 

Ana, (1) a dicle, (2) a right line, (8) a right line, (4) a parabola. 

228. We add a few miscellaneous examples. 

Ex. 1. If an equilateral hyperbola circumscribe a triangle, it will also pass through 
the intersection of its perpendiculars (Brianchon and Ponoelet; Gergonne, AnnakSf 
XI., 205 ; Walton, p. 283). 

The equation of a conic meeting the axes in given points is (Ex. 1, p. 143) 

And if the axes be rectangnlar, this will represent an equilateral hyperbola (Art. 

174) if XA.' = — fifji*. If, therefore, the axes be any side of the given triangle, and 

the perpendicular on it from the opposite vertex, the portions \, \', /i are given, there- 

XX' 
fore, !»! is also given ; or the curve meets the perpendicular in the fixed point y =- — i 

which is (Ex. 7, p. 27) the intersection of the perpendiculars of the triangle. 

Ex. 2. What is the locus pf the centres of equilateral hyperbolas through three 
given points ? 

Ant, The circle through the middle points of sides (see Ex. 3, p. 148). 

Ex. 3. A conic being given by the general equation, find the condition that the 
pole of the axis of x should lie on the axis of y, and vice versa. Ant. he =Jg» 

Ex. 4. In the same cafie, what is the condition that an asymptote should pass 
through the origin ? Ant. ap - 2fgh + bg^ = 0. 

Ex. 5. The circle circumscribing a triangle, self -conjugate with regard to an equi- 
lateral hyperbola (see Art. 99), passes through the centre of the curve. (BiiaQcfaon 
and Poncelet ; Gergonne, xi. 210 ; Walton, p. 304). [This is a particular case of the 
theorem that the six vertices of two self-conjugate triangles lie on a conic (see Ex. 1, 
Art. 375).] 

The condition of Ex. 3 being fulfilled, the equation of a circle pacing through 
the origin and through the pole of each axis is 

A (a^ + 2xy coauf + y*) +/x + ffy = 0, 

or X {hx + by +f) + y {ax + hy + g) — {a -^ b — 2h cobw) xyj 

an equation which wUl evidently be satisfied by the co-ordinates of the centre, pro- 
vided we have a + 6 = 2A cosco, that is to say, provided the curve be an equilateral 
hyperbola (Arts. 74, 174). 

Ex. 6. A circle described through the centre of an equilateral hyperbola, and 
through any two points, will also pass through the intersection of lines drawn through 
each of these points parallel to the polar of the other. 

Ex. 7. Pind the locus of the intersection of tangents which intercept a given 
length on a given fixed tangent. 

The equation of the pair of tangents from a point x'y' to a conic given by the 
general equation, is given Art. 92, Make y = 0, and we have a quadratic whose roots 
are the intercepts on the axis of x. 

Forming the difference of the roots of this equation, and putting it equal to a 
constant, we obtain the equation of the locus required, which will be in general of 
the fourth degree ; but if ^r* = ac, the axis of x wiU touch the given conic, and the 
equation of the locus wiU become divisible by y*, and will reduce to the second 
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degree. We conld, by the help of the same equation, find the locus of the intenection' 
of tangents ; if the sum, product, &c., of the intercepts on the axis be given. 

Ex. 8. Given four tangents to a conic to find the locus of the centre. [The 
solution here given is by P. Serret, Nouvellea Annalea, 2nd series, iv. 145.] 

Take any axes, and let the equation of one of the tangents be x cos a +^ sin a —p = 0, 
then a is the angle the perpendicular on the tangent makes with the axis of x ; and 
if 6 be the unknown angle made with the same axis by tiie axis major of the conic, 
then a — 6 is the angle made by the same perpendicular with the axis major. If then 
X and y be the co-ordinates of the centre, the formula of Art. 178 gives us 

(a? oosa + y ema -pf = o* C08«(a - d) + 6* sin*(a - 6). 

We have four equations of this form from which we have to eliminate the 
three unknown quantities a^, b^, 0. Using for shortness the abbreviation a for 
X cos a + y Bma—p (Art. 53), this equation expanded may be written 

o* = (a« cos^e + 62 sm«e) cos«a + 2 (a« - 6^) ^qs 6 sin cosa sin a + (a« sin«e + J* C08«d) sia«a. 

It appears then that the three quantities o* cos'0 + 6* sin*0, (a* — 6*) cos sin 0, 
a* sin* + 6' 008*0, may be eliminated linearly from the four equations} and the 
result comes out in the form of a determinant 

a^, cos* a, cos a sin a, sin* a 
/3*, cos*/3, cos /3 sin /3, sin*/3 
y*, cos*y, cosy sin y, sin*y 
S^f co6*d, cosd Bind, Bin*d 



= 0, 



which expanded is of the form Aa^ + B/3* + Cy* 4- i>^ = 0, where -4, P, C, 2> are 
known constants. But this equation though apparently of the second degree is in 
leality only of the first ; f(vr if, before expanding the determinant, we write a*, Ac, 
at full length, the coefficients of x* are cos* a, oos*/3, cos*y, cos*d ; but these being 
the same as one column of the determinant^ tiie part multipUed by sc^ vanishes on 
expansion. Similarly, the coefScients of the terms xy and y* vanish. The locus is 
therefore a right line. The geometrical determination of the line depends on prin- 
ciples to be proved afterwards : namely, that the polar of any point with regard to 

the conic is 

Aa'a + B^fi + Cy'y + D6'6 = ; 

and therefore that the polar of the point a/3 passes through yi. But when a conic 
reduces to a line by the vanishing of the three highest terms in its equation, the polar 
of any point is a parallel Une at double the distance from the point. Thus it is seen 
that the line represented by the equation bisects the lines joining the points a/S, yS j 
ay, /3d J adf /3y. Conversely, if we are given in any form the equations of four 
lines a = 0, &c., the equation of the line joining the three middle points of diagonals 
of the quadrilateral may, in practice, be most easily formed by determining the 
cxJnstants so that -4a* + 5/3* + Cy* + -Dd* = shall represent a right line. 

Ex. 9. Given three tangents to a conic and the sum of the squares of the axes, 
find the locus of the centre. We have three equations as in the last example, and 
a fourth o* + 6* = A*, which may be written 

ifc* = (a* 0080 + 6* sin*0) + (a* sm*0 4- 6* cos*0), 

and, as before, the result appears in the form of a determinant 

a*, cos* a, cos a sin a, sin*o 
/3*, C08*/3, cos/3 sin/3, Bm*/3 



y*, C08*y, cosy smy, sm*y 



^*, 







= 



L. 
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which expanded is of the form Aa? + JB/3* + Cy^ + D = 0. It is seen, as in the last 
example, that the coefficient of xy vanishes in the expansion, and that the coefficients 
of 3? and y^ are the same. The locus is therefore a circle. Now if ^o* + B^ + Cy' = 
represents a circle, it will afterwards appear that the centre is the intersection of 
perpendiculars of the triangle formed by the lines a, /3, y. The present equation there- 
fore, which differs from this by a constant, (Art. 81) represents a circle whose centre 
is the intersection of perpendiculars of the triangle formed by the three tangents. 

Ex, 10. Given four points on a conic to find the locus of either focus. The 
distance of one of the given points from the focus (see Ex., p. 173) satisfies the equation 

p = ^x' + Bj/ + C, 

We have four such eq.uations from which we can linearly eliminate A^ 5, C, and we 

get the determinant / ,/ ^ 

9 i * i y > *• 

9 J ^ > y > 1 
9'\ ^"', y'", 1 

/>'", a:"", y"", 1 =0, 
which expanded is of the form Ip + mp' + np" +pp"' = 0. If we look to the actual 
values of the coefficients Z, m, n, j9, and their geometric meaning (Art. 36), this 
equation geometrically interpreted gives us a theorem of Mbbius, viz. 

OA.BCD + OC.ABD = OB. ACD + OD.ABC, 

where is the focus, and BCD the area of the triangle formed by three of the points 
(compare Artf 94). It is seen thus that l + m-hn + p = 0. If we substitute for p 
its value J{(a; — x')^ + (y — y')^}> ^^'j *^d clear of radicals, the equation of the locus 
is found to be of the sixth degree. 

If the four given points be on a circle, Mr. Sylvester has remarked that the locus 
breaks up into two of the third degree, as Mr. Bumside has thus shewn. We have 
by a theorem of Feuerbach's, given Art. 94, 

Z/o« + mp"^ + n/)"2 +pp"'^ = 0. 
We have then {I + m) {Ip^ + mp'^) = (n +p) {np"^ +P9'"^)j 

{Ip + mp'f =: inf^" + pp"y, 
whence, subtracting lm{p — p'Y = np (/>" — p'"Yi 

which obviously breaks up into factors. 

THE ECCENTRIC ANGLE.* 

229. It is always advantageous to express the position of a 
point on a curvey if possible, by a single independent variable, 
rather than by the two co-ordinates x'y\ We shall,, therefore, 
find It useful, in discussing properties of the ellipse, to make a 
substitution similar to that employed (Art. 102) in the case of 
the circle j and shall write 

aj' = a cos^, y = 5 sin^, 

a substitution, evidently, consistent with the equation 

+ 



(y 




* The use of this angle was recommended by Mr. O'Brien, CamMdge Mathematical 
Journal, vol. iv., p. 99, 
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The geometric meaning of the angle <^ is easily explained. 
If we describe a circle on the axis major as diameter, and 
produce the ordinate at P to meet the circle at $, then the angle 

CCL= A, for CL=CQ cosQCL, or x'=^a cos6 ; and Pi =- QL 

a 

(Art. 163) ; or, since QL = a sin<^, we have y' = b sin^. 

230. If we draw through F a parallel PiV^ to the radius CQj 
then PMiS^:: PL : QL :: b : a, 
but CQ = a, therefore FM= b. ^^^^^ ^^ 

FN parallel to GQ is, of course, = a. 

Hence, if from any point of an ellipse a! 
a line = a be inflected to the minor axis, 
its intercept to the axis major = b. If 
the ordinate FQ were produced to meet 
the circle again in the point $', it could 
be proved in like manner, that a parallel through P to the 
radius GQ is cut into parts of a constant length. Hence, con- 
versely, if a line MN^ of a constant length, move about in the 
legs of a right angle, and a point P be taken so that MF may 
be constant, the locus of P is an ellipse, whose axes are equal 
to MF and NF. (See Ex. 12, p. 47). 

On this principle has been constructed an instrument for de- 
scribing an ellipse by continued motion, called the Elliptic Gom- 
passes. GAy GIf are two fixed rulers, MN a third ruler of a 
constant length, capable of sliding up and down between them, 
then a pencil fixed at any point of MN will describe an ellipse. 

If the pencil be fixed at the middle point of MN it will de- 
scribe a circle. (O'Brien's Go-ordinate Geometry^ p. 112). 

231. The consideration of the angle <^ afibrds a simple me- 
thod of constructing geometrically the diameter conjugate to a 

given one, for ^' j 

tan5='^ = - tan0. 

Hence the relation 



X 



a 



becomes 
or 



tan 5 tan 5' = - ^ (Art. 170) 

tan^ tan<^' = - 1, 
- f = 90\ 
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Hence we obtain the following construction. Let the ordi- 
nate at the given point P, when produced, , 
meet the semicircle on the axis major at 
Q^ join CQy and erect CQ' perpendicular 
to it; then the perpendicular let fall on 
the axis from Q^ will pass through P', a 
point on the conjugate diameter. 

Hence, too, can easily be found the co-ordinates of P' given 
in Art. 172, for, since 

coso =sm6, we have — = ^ j 




and since sin^' = — cos^, we have ^ = • 



From these values it appears that the areas of the triangles 
P(7i/,P'(7ilf' are equal. 

Ex. 1. To express the lengths of two conjugate semi-diameters in teims of the 
angle <p, Ans. o'^ = a« cos* </> + &« sin* </> ; b'^ = a« sin* </> + 6* <»b«<^. 

Ex. 2. To express the equation of any chord of the ellipse in terms of </> and ^' 



(see p. 94). 



Ans, ^ cos^ (4> + <^') + 1 sini (<^ + 4>') = cos^ {4> - 4>0. 



a 



Bx. 3. To express similarly the equation of the tangent. 



X 



Ans, -cos<6 +T8inA = 1. 
a ^ 

Ex. 4. To express the length of the chord joining two points a, /?, 

JOf^-a^ (cos o - cos/3)2 + J* (sin o - 9in/3)*, 

D =2sin^(a-/9){a«sin*^(a + i3) + J»cos2i(aH-/3)}*. 

But (Ex. 1) the quantity between the parentheses is the semi-diameter conjugate to 
that to the point ^ (a -I- /3) ; and (Ex. 2, 3) the tangent at the point ^ (a + /3) is parallel 
to the chord joining the points a, /3} hence, if h' denote the length of the aemi- 
diameter parallel to the given chord, Z> = 2&' sin^ (o - j3). 

Ex. 5. To find the area of the triangle formed by three given points a, jS, -y. 
By Art. 36 we have 

22 = aJ {8in(a - /3) -I- sinQS - y) + sin(y - a)} 

= oi {2 sin^(a - jS) cos^(a - /3) - 2 sin^ {<i-^ cos J (o + ^ - 2y)} 

= 4aJ sin^ (a - j3) sin j- 03 —y) sin^ (y - a) 

S = 2ai sin^ (a - /3) sin^ (/3 - y) sin^ (y - o). 

Ex. 6. If the bisectors of sides of an inscribed triangle meet in the centre, its 
area is constant. 

Ex. 7. To find the radius of the circle circumscribing the triangle formed by three 
given points a, /3, y. 
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If (/, «f / be the sides of the triangle formed by the three pomts, 

where b', b", h"' are the semi-diameters parallel to the sides of the triangle. If 
c', c", c"' be the parallel focal chords, then (see Er. 6, p. 202) J2* = —7 — . (These 
expressions are due to Ifr. MacOull^h, Dublin Exam. Papers, 1836, p. 22.) 

Ex, 8. To find the equation of the>dzde dxcmnscribing this triang^. 

Ans, a^ + y*- — — cosj^ (a + /8) cos^'(/3 + 7) «osi (7 +^) 

2(ft«_a«)« 
^— J— ^^sinf(a + /^sini03 + 7)Bini(y + a) 

= i(a« + &«) - i(a« - J«) {cob(4» + /9) + co8(/3 + 7) + 003(7 + a)}. 
From this equation the oO'Ordinates of the centre of this circle are at once obtained. 
Ex. 9. The areaof the triangle formed by three tangents is, by Art. 89, 

ab tan^ (a - ^) tan J (/3 - 7) tui^ (7 -a). 

Ex. 10. The area el the triangle formed by thiee normals is 

^ tan^ (a - /8) taai (/3 - y) tan| (y - a) {8in(/J 4- 7) + nn(y + «) ■♦• 8m(« + /^)1«, 

consequently three normals meet in a point if 

sin (j3 + 7) + sin (7 + o) + sin (a + /9) = 0. [Mr. Bnmside.] 

Ex. 11. To find the locus of the intersection of the focal radius Tcctor FP with 
the radius of the'dicle CQ. 

Let the central coordinates of P be o^y, of ^, xy, then we haTe, from the similar 
triangles, FON, FPM, 

y _ ^ _ ft8in0 



aj+.c a:' + c o(e + cos^) 

Now, since ^ is the angle made with the axis by the 
radius vector to the point Oj we at once obtain the polar 
equation of the locus by writing p cos <f>fiyrXf p sin <^ for y^ 
and we find 

p _ * 



c + /oco8^ a(e + cos<^)' 




or 



he 



^ c+ {a — b)coB<^' 

Hence (Art. 193) the locus is tm ellipse, of which C is one focus, and it can easily be 
proved that Fin the other. 

Ex. 12. The normal at P is produced to meet CQ ; the locus of their intersection 
is a circle concentric with the ellipse. 
The equation of the normal is 



€US 






co8<^ 8in4> 

but we may, as in the last example, write /> cos<^ and /o sin^ for a; and y, and the 
equation becomes (a-6) ^ = c», or p = « + 6. 



Ex. 13. Prove that tan ^PPC = J(rx^) tan^</>. 



EE 
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Ex. 14. If from the rertex of an ellipse a radius vector be drawn to any point 
on the curve, find the locus of the point where a parallel radius through the centre 
meets the tangent at the point. 

The tangent of the angle made with the axis by the radius vector to the vertex 

— , ; therefore^ the equation of the parallel radius through the centre is 

y _ y' _ & sin (/> _ ^ 1 ~ cos 

aj ~ x' + a ~ a (1 + COS0) ~ o sin</) * 

y X X 

or 7 sind) + - cosd) =-, 

and the locus of the intersection of this line with the tangent 

f/ X 

rsind) + -cosd) = 1, 
a 

X 

is, obviously, - = 1, the tangent at the other extremity of the axis. 
ct 

The same investigation will apply, if the first radius vector be drawn through 

any point of the curve, by substituting a' and b' for a and b ; the locus will then be 

the tangent at the diametrically opposite point. 

Ex. 15. The length of the chord of an ellipse which touches a confocal ellipee, 

2hb'^ 
the squares of whose semiaxes are a« — A*, 6* - A«, is — r- [Mr. Bumside]. 

The condition that the chord joining two points a, /9 should touch the confocal 
conic, is 

/»2 hi 7»2 hZ 

— ^ CosH (« + /?) + -p— Bm^ (a + i3) = cos^^ (a - /3), 

or Binma-p) = ^^{b^coBma + ^) + a^smma+fi)} = ^^b'*. (Ex.4.) 
But the length of the chord is 

By the help of this Example several theorems concerning chords through a fociB 
may be extended to chords touching confocal conies. 

232. The methods of the preceding Articles do not apply to 
the hyperbola. For the hyperbola, however, we may substitute 

x' = a sec^, y = 5 tan^. 
Since 



(f)-(i)-- 



This angle may be represented geometrically by drawing 

a tangent MQ from the foot of — .^ ^ ^ 

the ordinate M to the circle de- 
scribed on the transverse axis, 
then the angle QCM=:<f>^ since 

CM=CQ3ecQCM. 
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We have also Qilf=atan^, but PM=b tan^. Hence, if 
from the foot of any ordinate of a hyperbola we draw a tangent 
to the circle described on the transverse axis, this tangent is in 
a constant ratio to the ordinate. 

Ex. If any point on the conjugate hyperbola be expressed similarly y" = 6 sec<^', 
x" = a taxKp', prove that the relation connecting the extremities of conjugate dia- 
meters ia cl> = cj)'. [Mr. Turner.] 

SIMILAR CONIC SECTIONS. 

233. Any two figures are said to be similar and similarly 
placed^ if radii vectores drawn to the first from a certain point 
are in a constant ratio to parallel radii drawn to the second from 
another point o. If it be possible to find any two such points 

and 0, we can find an V ^^ 

infinity of others ; for, take 
any point C, draw oc parallel 

to OC, and in the constant q"* 

op 
ratio ~p^ then from the similar triangles OCP, ocp^ cp is parallel 

to GP and in the given ratio. In like manner, any other radius 
vector through c can be proved to be proportional to the parallel 
radius through C. 

If two central conic sections be similar and similarly placed, 
all diameters of the one are proportional to the parallel diameters 
of the other, since the rectangles OP.OQj op.oq^ are propor- 
tional to the squares of the parallel diameters (Art. 149). 

234. To find the condition that two conies, given by the 
general equations, should be similar and similarly placed. 

Transforming to the centre of the first as origin, we find 
(Art. 152) that the square of any semi-diameter of the first is 
equal to a constant divided by a co&^ff ■{'2h coaO ain0-\-b sin*^, 
and in like manner, that the square of a parallel semi-diameter 
of the second is equal to another constant divided by 

a cos' e + 2h' cos ^ sin 5 + b' sin' 0. 
The ratio of the two cannot be independent of unless 

a ^ h b 

Hence, two conic sections will be similar^ and similarly placed^ 
if the coefficients of the highest powers of the variables are the 
same in botk^ or only differ by a constant multiplier. 
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235. It is evident that the directions of the axes of these 
conies must be the same, since the greatest and least diameters 
of one must be parallel to the greatest and least diameters of 
the other. If the diameter of one become infinite, so must also 
the parallel diameter of the other, that Is to say, the asymptotes 
of similar and similarly placed hyperbolas ate parallel. The 
same thing follows from the result of the last Article, since 
(Art. 154) the directions of the asymptotes are wholly determmed 

by the highest terms of the equation. 

a* — 6* 
Similar conies have the same eccentricity; for — ^ — must 

be = r"a — . Similar and similarly placed conic sections 

have hence sometimes been defined as those whose axes are 
parallel, and which have the same eccentricity. 

If two hyperbolas have parallel asymptotes they are similar, 
for their axes must be parallel, since they bisect the angles be- 
tween the asymptotes (Art. 155), and the eccentricity wholly 
depends on the angle between the asymptotes (Art. 167). 

236. Since the eccentricity of every parabola is =1, we 
should be led to infer that all parabolas are similar and similarly 
placed, the direction of whose axes is the same. In fact, the 
equation of one parabola, referred to its vertex, being y^ = j?a;, or 

_p cos^ 

it is plain that a parallel radius vector through the vertex of the 
other will be to this radius in the constant ratio p' : p. 

Ex. 1, If on any radius vector to a conic section through a fixed point (7, OQ be 
taken in a constant ratio to OPy find the locus of Q. We have only to snbstitnte 
mp for p in the polar equation, and the locus is found to be a oenic similar to the given 
conic, and similarly placed. 

The point O may be called the centre of similitude of the two conies; and it is 
obviously (see also Art. 116) the point where common tangents to the two conies 
intersect, since when the radii vectores OP, OF to the first conic become equal, bo 
must also OQ, OQ! the radii vectores to the other. 

Ex. 2. If a pair of radii be drawn through a centre of similitude of two sunilar 
conies, the chords joining their extremities will be either parallel, or will meet on the 
chord of intersection of the conies. 

This is proved precisely as in Art. 116. 

Ex. 3. Given three conies, similar and similarly placed, their six centres of simili- 
tude will lie three by three on right lines (see figure, page 108), 
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Ex. 4. If any line cut two similar and concentric conies, its parts intercepted 
between the conies will be equal. 

Any chord of the outer conic which touches the interior will be bisected at the 
point of contact 

These are proved in the same manner as the theorems at page 181, which ore but 
particular cases of themj for the asymptotes of any hyperbola may be considered 
as a conic section similar to it, since the highest terms in the equation of the asymp- 
totes are the same as in the equation of the curve. 

Ex. 5. If a tangent drawn at F*, the vertex of the inner of two concentric and 
similar ellipses, meet the outer in the points T and 7"', then any chord of the inner 
drawn through V is half the algebraic sum of the parallel chords of the outer 
through T and T\ 

237. Two figures will be similar, although not similarly 
placed, if the proportional radii make a constant angle with 
each other, instead of being parallel ; so that, if we could imagine 
one of the figures turned round through the given angle, they 
would be then both similar and similarly placed. 

To find the condition that two conic sections^ given hy the 
general equations^ should he similar^ even though not similarly 
placed. 

We have only to transform the first equation to axes making 
any angle 6 with the given axes, and examine whether any 
value can be assigned to 6 which will make the new a, A, J, pro- 
portional to a', A', V. Suppose that they become wa', mh\ mh\ 

Now, the axes being supposed rectangular, we have seen 
(Art. 157) that the quantities a + J, ah-V^ are unaltered by 
transformation of co-ordinates ; hence we have 

a + J = m(a 4 ft'), 
ah-h^ = m^{a'b'-h'^), 
and the required condition is evidently 

. ab-K" _ a'V - r 

(a + by ■" {a' + b'f ' 

If the axes be oblique It is seen in like manner (Art. 158) that 
the condition for similarity is 

ab-h' ^ a'b'-h" 

(a + J - 2A cos ft))'* "" (a -I- 6' - 2h' coscd)' * 

It will be seen (Arts. 74, 154) that the condition found ex- 
presses that the angle between the (real or imaginary) asymptotes 
of the one curve is equal to that between those of the other. 
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THE CONTACT OF CONIC SECTIONS. 

238. Two curves of ike m^ and w*^ degrees respectively^ inter- 
sect in mn points. 

For, if we eliminate either x or y between the equations, the 
resulting equation in the remaining variable, wiU in general 
be of the rnii^ degree [Higher Algebra^ p. 58; Todhunter's 
Theory of Equations ^ p. 169). If it should happen that the 
resulting equation should appear to fall below the mn*^^ degree, 
in consequence of the coefficients of one or more of the highest 
powers vanishing, the curves would still be considered to inter- 
sect in mn points, one or more of these points being at infinity 
(see Art. 135). If account be thus taken of infinitely distant 
as well as of imaginary points, it may be asserted that the two 
curves always intersect in mn points. In particular two conies 
always intersect in four points. In the next Chapter some of 
the cases will be noticed where points of intersection of two 
conies are infinitely distant ; at present we are about to consider 
the cases where two or more of them coincide. 

Since four points may be connected by six lines, viz. 12, 34 ; 
13, 24 ; 14, 23 ; two conies have three pairs of chords of intersection. 

239l When two of the points of intersection coincide, the 
conies touch each other, and the line joining the coincident points 
is the common tangent. The conies will in this case meet in two 
real or imaginary points i, M distinct from the point of contact. 
This is called a contact of the first order. The contact is said to 
be of the second order when three of the points of intersection 
coincide, as for instance, if the point Jf move up until it coincide 



with T. Curves which have contact of an order higher than 
the first are also said to osculate; and it appears that conies 
which osculate, must intersect in one other point. Contact of 
the third order is when two curves have four consecutive points 
common ; and since two conies cannot have more than four 
points common, this is the highest order of contact they can 
have. 
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Thus, for example, the equations of two conies, both passing 
through the origin, and having the line x for a common tangent 
are, (Art. 144) 

aa? + 2hxy + ly" + 2gx = ; a V + ^h'xy H- jy -f 2gx = 0. 

And, as in Ex. 2, p. 170, 

X [[aV - ah) aj + 2 {hU - h'h) y-\-2{gV -g'h)} = 0, 

represents a figure passing through their four points of inter- 
section. The first factor represents the tangent which passes 
through the two coincident points of intersection, and the second 
factor denotes the line LM passing through the other two points. 
If now gh'=ff'hj LM passes through the origin, and the conies 
have contact of the second order. If in addition hb' = h'b^ the 
equation of LM reduces to a: = ; XJf coincides with the tangent, 
and the conies have contact of the third order. In this last 
case. If we make by multiplication, the coefficients of y^ the same 
in both the equations, the coefficients of try and x will also be 
the same, and the equations of the two conies may be reduced 
to the form 

aaj* + 2hxy + Jy' + 2gx = 0, a V + 2hxy 4- by^ + 2gx = 0. 

240. Two conies may have double contact^ If the points of 
intersection 1, 2 coincide and also the points 3, 4. The condition 
that the pair of conies, considered In the last article, should 
touch at a second point, is found by expressing the condition 
that the line LM^ whose equation is there given, should touch 
either conic. Or, more simply, as follows : Multiply the equa- 
tions by g' and g respectively, and subtract, and we get 

{ag' - a'g) x" 4 2 {hg' - h'g) xy + [hg' - Vg) f = 0, 

which denotes the pair of lines joining the origin to the two 
points in which LM meets the conies. And these lines will 
coincide if («y _ a-g) (jy _ j.^) = ^jy. _ i,.gY, 

241. Since a conic can be found to satisfy any five conditions 
(Art. 133), a conic can be found to touch a given conic at a 
given point, and satisfy any three other conditions. If it have 
contact of the second order at the given point, it can be made 
to satisfy two other conditions ; and if it have contact of the 
third order, it can be made to satisfy one other condition. Thus 
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we can determine a parabola having contact of the third order 
at the origin with 

aa?" + 2Aa;y + Jy* + 2^aj = 0. 

Beferring to the last two equations (Art. 239), we see that 
it is only necessary to write a' instead of a, where a' is deter- 
mined by the equation a!h = l?. 

We cannot, in general, describe a circle to have contact of the 
third order with a given conic, because two conditions must be 
fulfilled in order that an equation should represent a circle ; or, in 
other words, we cannot describe a circle through four consecutive 
points on a conic, since three points are sufficient to determine 
a circle. We can however easily find the equation of the circle 
passing through three consecutive points on the curve. This 
circle is called the osculating circle^ or the circle of curvature. 

The equation of the conic to oblique or rectangular axes, 
being, as before, ^^. ^ ^hxy + hf + 2gx = 0, 

that of any circle touching it at the origin is (Art. 84, Ex, 3) 

a?* + 2xy cos© +y — 2rx sina> = 0. 

Applying the condition gh'^^g'b (Art. 239), we see that the 
condition that the circle should osculate is 

^r= — risino), or r= ^ — r^ .* 
^ ' h smw 

The quantity r is called the radius of curvatwre of the eonic 
at the point 1\ 

242. To find the radius of curvature at any point on a central 
conic. 

In order to apply the formula of the last Article, the 
tangent at the point must be made the axis of y. Now the 

* In the Examples which follow we find the absolute magnitude of the ladinB of 
curvature, without regard to sign. The sign, as usual, indicates the direction in which 
the radius is measured. For it indicates whether the given curve is osculated by 
a circle whose equation is of the form 

a:* + 2ary cos w + y* ^ 2rx sin w = 0, 

the upper sign signifying one whose centre is in the positive direction of the axis 
of X ; and the lower, one whose centre is in the negative direction. The formula in 
the text then gives a positive radius of curvature when the concavity of the curve 
Is turned in the positive direction of the axis of ar, and a negative radius when it is 
turned in the opposite direction. 
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equation referred to a diameter through the point and its con- 
jugate f -72 + ^2 = 1 J J is transferred to parallel axes through the 
given point, by substituting a? + a' for a?, and becomes 

L ^ 4_ —0 

aba 
Therefore, by the last Artide, the radius of curvature is 

Kow d sino) is the perpendicular from the centre on 




a smo) 

the tangent ; therefore the radius of curvature 

= ^\or(Art.l75) = ^'. 

243. Let N denote the length of the normal PN^ and let -^ 
denote the angle FPN between the normal 
and focal radius vector ; then the radius of 

curvature is — s— , For N-= — (Art. 181). 

cos '^ a ^ ^ 

and cos'^= Tj (Art. 188), whence the truth of the formula is 

manifest. 

Thus we have the following construction : Erect a perpen- 
dicular to the normal at the point where it meets the axis, and 
again at the point §, where this perpendicular meets the focal 
radius, draw GQ perpendicular to it, then G will be the centre 
of cui'vature, and GP the radius of curvature. 

244. Another useful construction is founded ©a the principle 
that if a circle intersect a conicj its <:hords of intersection will 
make equal angles with the aans. For, the rectangles under the 
segments of the chords are equal (Euc. ill. 35), and therefore 
the parallel diameters of the conic are equal (Art. 149)^ and, 
therefore, make equal angles with the axis (Art. 162). 

Now in the case of the circle of curvature, the tangent at T 
(see figure, p. 214) is one chord of intersection, and the line TL 
the other; we have, therefore, only to draw IX, making the 
same angle with the axis as the tangent, and we have the point 
L] then the circle described through the points T, L^ and, 
touching the conic at T^ is the circle of curvature. 

FF 
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This construction shows that the osculating circle at either 
vertex has a contact of the third degree. 

Ex. 1. Using tlie notation of the eccentric angle, find the condition that four 
points Of fit Yt 6 should lie on the same circle (Joachimsthal, CreUe, XXXYI. 95). 

The chord joining two of them must make the same angle with one side of the 
axis as the chord joining the other two does with the other ; and the chords being 

^ cos it (a + /3) + I sin i (a + ^) = COB i (a - ^) J 

I cosi (y + d) + 1 sini (y + d) = cosi (r - *) J 

we hare tan^ (o + /3) + tan^ (y + ^)=0; a + /3 + y + d = 0j or=: 2mir. 

Ex. 2. Find the co-ordinates of the point where the osculating circle meets the 

conic again. 

Ax'* 4v'* 

We hare o = /3 = y j hence ^ = - 8a j or X= -j- - 3»' j r= -^ - 3/. 

Ex. 3. There are three points on a conic whose osculating circles pass throngh 
a given point on the curve ; these lie on a circle passing through the point, and form 
a triangle of which the centre of the curve is the intersection of bisectors of sides 
(Steiner, Crelk^ xxxii. 300 ; Joachimsthal, Crelle, XXXVI. 95). 

Here we are given d, the point where the circle meets the curve again, and from 
the last Example the point of contact is a = — ^d. But since the sine and cosLne 
of i would not alter if ^ were increased by 360°, we might also have o = — ^ + 120°, 
or = — ^i + 240°, and from Ex. 1, these three points lie on a circle passing through i. 
If in the last Example we suppose X, Y given, since the cubics which determine 
a;' uid if want the second tenns, the sums of the three values of of and of ^ are 
respectively equal to nothing ; and therefore (Ex. 4, p. 5) the origin is the intersectioii 
of the bisectors of sides of the triangle formed by the three points. It is easy to see 
that when the bisectors of sides of an inscribed triangle intersect in the centre, the 
normals at the vertices are the three perpendiculars of this triangle, and therefore 
meet in a point. 

245. To find the radius of curvature of a parabola. 

The equation referred to any diameter and tangent being 

y^z^p'x^ the radius of curvature (Art. 241) is \ ^ , where 6 

N 
is the angle between the axes. The expression — s-y , and the 

construction depending on it, hold for the parabola, since 

N^\p* sin 5 (Arts. 212, 213) and i^ = 90*-^ (Art. 217). 

Ex. 1. In all the conic sections the radius of curvature is equal to the cube of the 
normal divided by the square of the semi-parameter. 

- Ex. 2. Express the radius of curvature of an ellipse in terms of the angle which' 
the normal makes with the axis. 
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Ex. 3. Find the lengths of the choids of the circle of curvature which pasa 

through the centre or the focus of a central conic section. . 26"' , 26'* 

® Aru, —r 1 and — . 

a a 

Ex. 4. The focal chord of curvature of any conic is equal to the focal chord of 
the conic drawn parallel to the tangent at the point. 

Ex. 6. In the parabola the focal chord of curvature is equal to the parameter of 
the diameter passing through the point. 

246. To find the co-ordinates of the centre of curvature of a 
central conic. 

These are evidently found by subtracting from the co-ordi- 
nates of the point on the cooic the projections of the radius of 
curvature upon each axis. Now it is plain that this radius is to 
its projection on y as the normal to the ordinate y. We find the 
projection, therefore, of the radius of curvature on the axis of 

y (by multiplying the radius — by ^j =-^- The y of the 
centre of curvature then is — 75 — y'. But J'* = J" + ^ y**, there- 

fore the y of the centre of curvature is — jj — y". In like 

., . a — « 
manner its x is — 7 — x . 

« 

We should have got the same values by making a = /3 = 7 
in Ex. 8, p. 209. 

Or again, the centre of the circle circumscribing a triangle is 
the intersection of perpendiculars to the sides at their middle 
points; and when the triangle is formed by three consecutive 
points on a curve, two sides are consecutive tangents to the 
curve, and the perpendiculars to them are the corresponding 
normals, and the centre of curvature of any curve is the intersec- 
tion of two consecutive normals. Now if we make x* = x" = X, 
y' =^y" = Yj in Ex. 4, p. 170, we obtain again the same values as 
those just determined. 

247. To find the co-ordinates of the centre of curvature of a 
parabola. 

The projection of the radius on the axis of y is found in like 

/ . . . N y'\ 

manner (by multiplying the radius of curvature -^-irb ^7 %) 

"sin* 5' 
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and subtracting this quantity from y\ we have 

In like manner its X is oj'-l- ^ \ ^^ = a?' + ^-— - — = 3x + i o. 

2 sm d/ 2 ^-^ 

The same values may be found from Ex. 10,^ p. 203. 

248. The evolute of a curve Is the locus of the centres of 
curvature of its different points. If it were required to find the 
evolute of a central conic, we should solve for xy' in terms of the 
X and y of the centre of curvature, and, substituting in the eqaa- 

tlon of the curve, should have f writing — = -4, -^ = JB) , 

— + — = 1. 

In like manner the equation of the erolate of a parabola is found 
•which represents a curve called tlie aemi-cubical parahoh. 



v 



( 221 ) 



CHAPTER XIV. 

METHODS OF ABEIDGED NOTATION, 

24^ If 8=0j S' =-0^ be the equations of two conies, then 
the"equatIon of any conic passing through their four, real 
or imaginary, points of intersection, can be expressed in the 
form S=Jc8'. For the form of this equation shows (Art. 40), 
that it denotes a conic passing through the four points common 
to 8 and >8'; and we can evidently determine Jc so that 8=k8' 
shall be satisfied by the co-ordinates of any fifth point. It must 
then denote the conic determined by the five points.* 

This will of course still be true, if either or both the quan- 
tities 8j 8' be resolvable into factors. Thus /S=Aa^, being 
evidently satisfied by the co-ordinates of the points where the 
right lines a, ^8, meet /S, represents a conic passing through the 
four points where 8 is met by this pair of lines; or, in other 
words, represents a conic having a and 13 for a pair of chords of 
intersection with 8. If either & or ^ do not meet 8 in real 
points, it must still be considered as a chord of imaginary inter- 
section, and will preserve many important properties in relation 
to the two curves, as we have already seen in the case of the 
circle (Art. 106). So again, ay = JcfiS denotes a conic circum- 
scribing the quadrilateral a^yB^ as we have already seen (Art, 
122.t It is obvious that in what is here stated, a need not 

* Since five conditions determine a conic, it is evident that the most general 
equation of a conic satisfying four conditions must contain on6 independent constant, 
whose- value remains undetermined until a fifth condition is given. In like manner, 
the most general equation of a conic satisfying three conditions contains two in- 
dependent constants, and so on. Compare the equations of a conic passing through 
three points or touching three lines (Arts. 124, 129). 

If we are given any four conditions, in the expression of each of which the co- 
efficients enter only in the first degree, the conic passes through four fixed points ; 
for by eliminating all the coefficients but one, the equation of the conic is reduced 
to the form 8=kS'. 

t If o)3 be one pair of chords joining four points on a conic S, and yS another 
pair of chords, it is immaterial whether the general equation of a conic passing 
through the f oiu: points be expressed in any of the forms 8 — ka^j S — kydy a/3 — kyd, 
where k is indeterminate ; because, in virtue of the general principle, S is itself of the 
form a/3 — kyS, 
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be restricted, as at p. 53, to denote a line whose equation has 
been reduced to the form a; cosa+^ sina^p; but that the 
argument holds if a denote a line expressed by the general 
equation. 

250. There are three values of A, for which S—Ic8' re- 
presents a pair of right lines. For the condition that this shall 
be the case, is found by substituting a — ka\ h — W^ &c. for 

a, 5, &c. in 

cSbc + 2)^ A - a/* - 5/ - cA* = 0, 

lind the result evidently is of the third degree in ^, and is 
therefore satisfied by three values of A. If the roots of this 
cubic be Ti, r, ft'", then B-liS\ 8-k"8\ S^k"'8\ denote 
the three pairs of chords joining the four points of intersection 
of 8 and 8' (Art. 238). 

Ex. 1. What IB the equation of a eonic pasBing through the points where a girea 
conic 3 meets the axes ? 

Here the axes x = 0, y = 0, are the chords of intersection, and the equation must 
be of the form 8 = hey, where k is indeterminate. See Ex. 1, p; 148. 

Ex. 2. Form the equation of the conic passing through five given points ; for 
example (1, 2), (3, 5), (— 1, 4), (- 3,-1), (- 4, 3). Forming the equations of the sides 
of the quadrilateral formed by the first four points, we see that the equation of the 
required conic must be of the form 

(3a;-2y+l) (6a? - 2y + 13) = ife (a; - 4^^ f 17) (3a:-4y + 5). 

Substituting in this, the co-ordinates of the fifth point (- 4, 8), we obtain k= — ^. 
Substituting this yalue i^d reducing the equation, it becomes 

79a2 - 320ary + SOly* + 1101a; - 1666y + 1586 = Ol 

251.yThe conies 8^ 8—Jeal3 will touch;, or, in other words, 
two of their points of intersection will coincide ; if either a or ^ 
touch 8j or again, if a and ^ intersect in a point on 8. Thus if 
T= be the equation of the tangent to ;S at a given point on it 
x'y\ then 8= T(?aj + 7»y + w),' is the most general equation of a 
conic touching 8 at the point xy' ; and if three additional con- 
ditions are given, we can complete the determination of the 
conic, by finding Z, tw, w. 

Three of the points of intersection will coincide iflx+my + n 
pass through the point xy' ; and the most general equation of a 
conic osculating 8 at the point x't/'^ is 8—T[lx frilly — Ix—my'). 
If it be required to find the equation of the osculating circh^ 
we have only to express that the coefficient xy vanishes in this 
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equation, /and that the coefficient of ic*= that of y*; when we 
have twof equations which determine I and m. 

The iconics will have four consecutive points common if 
he + my fr n coincide with T, so that the equation of the second 
conic isiof the form 8=^kT\ Compare Art. 239. 

Ex. i./lf the axes of >8^ be parallel to those of S', so will also the axes of 
S — kS'. f For if the axes of co-ordinates be parallel to the axes of 5, neither S nor 
S' will contain the term ary. If j8' be a circle, the axes of >8^ — ^iS" are parallel to 
the axes jof S, Ji S— hS' represent a pair of right lines, its axes become the internal 
and external bisectors of the angles between them; and we have the theorem of 
Art. 244. 

Ex. 2. If the axes of co-ordinates be parallel to the axes of Sy and also to those 
of S— ka^f then a and /3 are of the forms ir + my + n, he — my + n'. 

Ex. 3. To find the equation of the circle osculating a central conic. The equation 
must be of the form 

S+g-i=g'+-?-i)(^+'»y-^-'»»^- 

Expressing that the coefficient of xy vanishes, we reduce the equation to the form- 

* \f^ y^ x\_('^' yy' Af^' y^ «'*.y'*\ 

in 
And expressing that the coefficient of a^ = that of y*, we find X = ^_ ^ , and 

the equation becomes 

^ a* 6* 

Ex. 4. To find the equation of the cirde osculating a parabola. 

Ans. (i>2 + 4px) (y2 -px) = {2yy* -p (x + xT)} {2jfy' +px - Bpx'}. 






__^_ We have seen that S^Jcafi represents a conic passing 
through the four points 
PyQ] Pj j, where a, 13 meet 
8] and it is evident that 
the closer to each other 
the lines a, fi are, the 
nearer the point P is to p^ 
and Q to q. Suppose then that the lines a and jS coincide, then 
the points P^ p] Qj q coincide, and the second conic will touch 
the first at the points P, Q. Thus, then, the equation 8=koL^ 
r^esents a conic having double contact with 8^ a being the chord 
of c^ontact. Even if a do not meet 8y it is to be regarded as an 
Imaginary chord of contact of the conies 8 and 8-'ko?, In 
like manner ay = kfi'^ represents a conic to which a and 7 are 
tangents and /S the chord of contact, as we have already seen 
(Art. 123). The equation of a conic having double contact 
with 8 at two given points x't/\ x"y" may be also written in the 



224 METHODS OP ABRIDGED NOTATION. 

form 8^kTT\ where T and T represent the tangents at these 
points. 

253. If the line a he parallel to an asymptote of the conic 
8^ it will also be parallel to an asymptote of any conic repre- 
sented by >8= ha^^ which then denotes a system passing through 
three finite, and one infinitely distant point. In like manner, 
if in addition ^ were parallel to the other asymptote, the system 
would pass through two finite and two infinitely distant points. 
Other forms which denote conies having points of intersection 
at infinity, will bo recognized by bearing in mind the prin- 
ciple (Art. 67) that the equation of an infinitely distant line is 
0.a; + 0.y-f £7=0; and hence (Art. 69) that an equation, appa- 
rently not homogeneous, may be made homogeneous in form, if 
in any of the terms which seem to be below the proper degree of 
the equation we replace one or more of the constant multipliers 
by O.a? + O.y +(7. Thus, the equation of a conic refen-ed to its 
asymptotes xy = T^ (Art. 199), is a particular case of the form 
aY = y8' referred to two tangents and the chord of contact 
(Arts. 123, 252). Writing the equation xy=^[i).x + 0.y-\-Jc)\ 
it is evident that the lines x and y are tangents, whose points of 
contact are at infinity (Art. 154). 

254. Again, the equation of a parabola if^px is also a par- 
ticular case of 07=^8^*. Writing the equation x{^.x\ 0,y-\-p) =/; 
the form of the equation shows not only that the line x touches 
the curve, its point of contact being the point where x meets jy, 
but also that the line at infinity touches the purve, its point of 
contact also being on the line y. The same inference may be 
drawn from the general equation of the parabola 

(our 4 /3y)* + (25ric + 2/^ + c) (O.aj + O.y + 1) = 0, 

which shews that both 2gx + 2fy + Cj and the line at infinity are 
tangents, and that the diameter oa? + y% joins the points of con- 
tact. Thus, then, every parabola has one tangent altogether at an 
infinite distance. In fact, the equation which determines the 
direction of the points at infinity on a parabola is a perfect 
square (Art. 137); the two points of the curve at infinity 
therefore coincide; and therefore the line at infinity is to be 
regarded as a tangent (Art. 83). 
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Ez. The general equation 

«aj2 + 2hxy + hf + Zgx + 2^ + c = 0, 

may be regarded as a particular case of the form (Art. 122) ay = hfi^. tor the first 
three terms denote two hues a, y passing through the origin, and the last three tenna 
denote the line at infinity /3, together with the line 5, 2gx + 2fy + c. The form of the 
equation then shows that the lines a, y meet the curve at infinity, and also that 5 re- 
presents the line joining the finite points in which ay meet the curve. 

255. In accc^dance with Art. 253, the equation S=kfi is to 
be regjtfded as a particular case g( 8= a/8, and denotes a system 
of conies passing through the two finite points where fi meets 8j 
and also through the two infinitely distant points wherfe 8 is 
met by 0.x-\-0,y + k,- Now it is plain that the coefficients of 
a^y of a?y, and of y*, are the same in 8 and in /§^— Jcfi^ and there- 
fore (Art. 234) that these equations denote conies similar and 
similarly placed. We learn therefore that two conies similar 
and similarly placed meet each other in two infinitely distant 
points^ and consequently only in two finite points. 

This is also geometrically evident when the curves are 
hyperbolas: for the asymptotes of similar conies are parallel 
(Art. 235), that is, they intersect at in- 
finity; but each asymptote intersects 
its own curve at infinity; consequently 
the infinitely distant point of intersect 
tion of the two parallel asymptotes is 
also a point common to the two curves. 
ThuS) on the figure, the infinitely distant 
points of meeting of the lines OX, Ox^ 
and of the lines OY^ Oy^ are common to the ctirves. One of 
their finite points of intersection is shown on the figure, the 
other is on the opposite branches of the hyperbolas. 

If the curvea be ellipses, th^ only difference is that the 
asymptotes are imaginary instead of being real. The directions 
of the points at infinity^ on two similar ellipses, are determined 
from the same equation [aa? + 2hxy 4 J/ = 0) (Arts* 136, 234). 
Now although the roots of this equation are imaginary, yet 
they are, in both cases, the same imaginary roots, and therefore 
the curves are to be considered as having two imaginary points 
at infinity common. In fact, it was observed before, that even 
when the line a does not meet 8 in real points, it is to be re- 
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garded as a chord of imaginary intersection of S and 8— haffj 
and this remains true when the line a is infinitely distant. 

If the curves be parabolas, they are both touched by the line 
at infinity (Art. 254) : but the direction of the point of contact, 
depend!]]^ only on the first three terms of the equation, is the 
same for both. Hence, two similar and similarly placed para-- 
holas touch each other at infinity. In short the two infinitely 
distant points common to two similar conies, are real, imaginary, 
or coincident, according as the curves are hyperbolas, ellipses^ 
or parabolas. 

256. The equation 5^=4, or /S= Z;(0. a? + 0.y + l)** is mani- 
festly a particular case of S= hof^ and therefore (Art. 252) de- 
notes a conic having double contact with 8^ the chord of contact 
being at infinity. Now S-^h differs from 8 only in the constant 
term. Not only then are the conies similar and similarly placed, 
the first three terms being the same, but they are also con- 
centric. For the co-ordinates of the centre (Art. 140) do not 
involve c, and therefore two conies whose equations differ only 
in the last term are concentric (see also Art. 81). Hence, two 
similar and concentric conies are to he regarded as touching each 
other at two infinitely distant points. In fact, the asymptotes of 
two such conies are not only parallel but coincident ; they have 
therefore not only two points at infinity common, but also the 
tangents at those points ; that is to say, the curves touch. 

If the curves be parabolas, then, since the line at infinity 
touches both curves, 8 and 8—T(? have with each other, by 
Art. 251, a contact at infinity of the third order. Two para- 
bolas whose equations differ only in the constant term will be 
equal to each other ; for the curves y^ =^a?, if =j? [x + n) are 
obviously equal, and the equations transformed to any new axes 
will continue to differ only in the constant term. We have seen, 
too, (Art. 205) that the expression for the parameter of a para- 
bola does not involve the absolute term. The parabolas then, 
8 and 8'-k^^ are equal, and we learn that two equal and similarly 
placed parabolas whose axes are coincident may he considered as 
having with each other a contact of the third order at infinity, 

257. All circles are similar curves, the terms of the second 
degree being the same in all. It follows then, from the last 
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Articles, that all circles pass through the same ttoo imaginary 
points at infinity^ and on that account can never intersect in more 
than two finite points, and that concentric circles totich each other 
in two imaginary points at infinity / and on that account can 
never intersect in any finite point. It will appear hereafter 
that a multitude of theorems concerning circles are but parti- 
cular cases of theorems concerning conies which pass through 
two fixed points* 

258. It is important to notice the form Pa' + m^/S" = ?i Vi 
which denotes a conic with respect to which a, ^8, 7 are the 
sides of a self-conjugate triangle (Art. 99). For the equation 
may be written in any of the forms 

The first form shews that ny + m^^ ny^rnfi (which intersect 
in ^y) are tangents, and a their chord of contact. Consequently 
the point /Sy is the pole of a. Similarly from the second form 
7a is the pole of /9. It follows then, that a^ is the pole of 7 ; 
and this also appears from the third form which shows that the 
two imaginary lines la ± mff V(— 1) are tangents whose chord 
of contact is 7. Now these imaginary lines intersect in the 
real point a/8 which is therefore the pole of 7 ; although being 
within the conic, the tangents through it are imaginary. 
It appears, jn like manner, that 

oa" + 2Aai8 + S/S* = C7" 

denotes a conic, such that a^ i» the pole of 7 ; for the left-hand 
side can be resolved into the product of factors representing 
lines which intersect in aj3. 

279*. If a? = 0, y = be any lines at right angles to each 
other through a focus, and 7 the corresponding directrix, 
the equation of the curve is 

a particular form of the equation of Art. 258. Its form shows 
that the focus {xy) is the pole of the directrix 7, and that the 
polar of any point on the directrix is perpendicular to the line 

♦ In changing the place of this Article I retain the numbering of the last edition 
for the reason given p. 113. 
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joining it to the focus (Art. 192) ; for y^ the polar of (0:7) is 
perpendicular to x^ but x may be any line drawn through the 
focus. 

The form of the equation shows that the two Imaginary 
lines a? + y* are tangents drawn through the focus. Now, since 
these lines are the same whatever 7 be, it appears that all conies 
loMch have the same focus have two imaginary common tangents 
passing through this focus. All conies, therefore, which have hoik 
foci common, have four imaginary common tangents, and maj 
be considered as conies inscribed in the same quadrilateral. The 
imaginary tangents through the focus (a:* + y* = 0) are the same 
as the lines drawn to the two imaginary points at infinity on any 
circle (see Art. 257). Hence we obtain the following general 
conception of foci : " Through each of the two imaginary points 
at infinity on any circle draw two tangents ta the conic ; these 
tangents will form a quadrilateral, two of whose vertices will be 
real and the foci of the curve, the other two may be considered 
as imaginary foci of the curve." 

Ex. To find the foci of the conic given bjr the general equation. We haTe 
only to express the. condition that a; — a' + (y — y') J(— 1) should touch the curve. 
Substituting then in the formula of Art. 151, for X, /i, v respectively, 1, 4(- 1)» 
— {x' + y* ^(— 1)} ; and equating separately the real and imaginary parts to cypher, 
we find that the foci are determined as the intersection of the two loci 

C {x^-y^ + 2Ff/ - 2Gx + ^ - jB = 0, Cxy- Fx- Gf/ + E = 0, 

which denote two equilateral hyperbolas concentric with the given conic. "Writing 
the equations 

{Cx -G)^-{Cy-F)^=G^-AC-{F^-BC)-A{a- b\ 

(Cx - G) (Cy - F) = FG - CHz= Ah; 

the co-ordinates of the foci are immediately given by the equations 

(Cx -'G)i^^A{R + a-b); {Cy - F)^ = ^A{E + b - a),- 

where A has the same meaning as at p. 148, and R as at p. 153. If the curve is a 
parabola, C = 0, and we have to solve two linear equations which give 

{F^+G^x=FH+i{A-B) G'y {F^+G^.y=Gff+l{B--A)F. 

259. We proceed to notice some inferences which follow on 
interpreting, by the help of Art. 34y the equations we have 
already used. Thus (see Arts. 122, 123) the equation a^^lc^ 
implies that the product of the perpendiculars from any point of 
a conic on two fixed tangents is in a constant ratio to the square 
of the perpendicular on their chord of contact. 

The equation ay = k^8^ similarly interpreted, leads to the 
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Important tlieorem : The prodiict of the perpendiculars let fall 
from any point of a conic on two opposite sides of an inscribed 
quadrilateral is in a constant ratio to the product of the perpen^ 
diculars let fall on the other two sides. 

From this property we at once infer, that the anharmonic 
ratio of a pencil^ whose sides pass through four fixed points of a 
conic^ and whose vertex is any variable point of it^ is constant. 

For the perpendicular 



a = 



OA. OB. sin A OB 
AB 



y 



7 = 



OC.OD.smCOD 
CD 



&c. 



Now if we substitute these values 
in the equation ay + k^B^ the con- 
tinued product OA.OB.OG.OD 
will appear on both sides of the 
equation, and may therefore be 
suppressed, and there will remain 

sin^O^. sinCOi? 
sinj50(7.sin^OZ> 




= i. 



AB.CD 
BG.AI)' 



but the right-hand member of this equation is constant, while 
the left-hand member is the anharmonic ratio of the pencil 0-4, 
OB, 00, OD. 

The consequences of this theorem are so numerous and im- 
portant, that we shall devote a section of another chapter to 
develope them more fully. 

260. If ;8= be the equation to a circle, then (Art. 90) 8 iff 
the square of the tangent from any point xy to the circle ; hence 
8— JcajS = (the equation of a conic whose chords of intersection 
with the circle are a and 13) expresses that the locus of a point, 
such that the square of the tangent from it to a fixed circle is in a 
constant ratio to the product of its distances from two fixed lines j 
is a conic passing through the four points in which the fixed lines 
intersect the circle. 

This theorem is equally true whatever be the magnitude of 
the circle, and whether the right lines meet the circle in real or 
imaginary points ; thus, for example, if the circle be infinitely 
small, the locu^ of a point, the square of whose distance from a . 
fixed point is in a constant ratio to the product of its distances from 



/ 
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two fixed lines J is a canic section; and the fixed lines may be 
considered as chords of imaginary intersection of the conic with 
an infinitely small circle whose centre is the fixed point. 

261. Similar inferences can be drawn from the equation 
fif— ia' = 0, where S ib b, circle. We learn that the locus (^a 

pointy such that the tangent from it to a fixed circle is in a constant 
ratio to its distance from a fixed line^ is a conic touching, the circle 
at the two points where the fixed line meets it; or, conversely, that 
if a circle have double contact toith a conic^ the tangent drawn to 
the circle from any point on the conic is in a constant ratio to the 
perpendicular from the point on the chord of contact. 

In the particular case where the circle is infinitely small, we 

obtain the fundamental property of the focus and directrix, and 

we infer that the focus of any conic may he considered as an in-- 

finitely small circle^ touching the conic in two imaginary^ points 

situated on the directrix. 

262. In general, if in the equation of any conic the co-ordi- 
nates of any point be substituted^ the result will be proportional to 
the rectangle under the segments of a chord drawn through the 
point parallel to a given line,* 

For (Art. 148) this rectangle 



a cos'*^ + 2h cos5 sln^ + J sin*5 ^ 

where, by Art. 134, c' is the result of substituting in the equa- 
tion the co-ordinates of the point ; if, therefore, the angle be 
constant, this rectangle will be proportional to c\ 

Ex. 1. If two conies have double contact, the square of the peipendicular from 
any point of one upon the chord of contact, is in a constant ratio to the rectangle 
under the segments of that perpendicular made by the other. 

Ex. 2. If a line parallel to a given one meets two conies in the points P, Q,^, ^, 
and we take on it a point (?, such that the rectangle OP,OQ may be to C^.O; in 
a constant ratio, the locus of ia a conic through the points of intersectiaii of the 
^ven conies. 

Ex. 3. The diameter of the circle circumscribing the triangle formed by two 

tangents to a central conic and their chord of contact is — ; where h\ h" are the 

p ' 

semi-diameters parallel to the tangents, and i? is the perpendicular from the centre 

on the chord of contact. [Mr. Bumside] . 



I 



♦ This is equally true for curves of any degree. 
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It will be convenient to suppose the equation divided by such a constant, that the 
result of substituting the ^co-oidinates of the centre shall be unity. Let t', i!' be the 
lengths of the tangents, and let B' be the result of substituting the co-ordinates 
of their intersection ; then 

But also if o be the perpendicular on the chord of contact from the vertex of the 
triangle, it is easy to see, attending to the remark. Note, p. 149, 

w :2> :: 5' : 1, 

Hence — = — . 

cr p 

But the left-hand side of this equation, by Elementary Geometry, represents the 
diameter of the circle circumscribing the triangle. ' 

Ex. 4. The expression (Art. 242) for the radius of the osculating circle may be 
deduced from the last example by supposing the two tangents to coincide; or also 
from the following theorem due to Mr. Boberts : If n, n' be the lengths of two in- 
tersecting normals ; p^ p' the corresponding central perpendiculars on tangents ; V 
the semi-diameter parallel to. the chord joining the two points on the curve, then 
np + n'p' = 2b\ For if £f' be the result of substituting in the equation the co-ordi- 
nates of the middle point of the chord, cr, «ar' the perpendiculars from that point 
on the tangents, and 2/3 the length of the chord, then it can be proved, as in the 
last example, that §^=.h'^S\ v=pS*, ia—p'8% and it is very easy to see that 
fits + » V = 2/3«. 

/^63^ If two conics have each double contact with a third^ their 
chorda of contact with the third conic^ and a pair of their chords 
of intersection with each other^ tvill all pass through the same 
pointj and tvill form a harmonic pencil. 

Let the equation of the third conic be /S=0, and those of 
the other two conics, 

Now, on subtracting these equations, we find U - M^ = 0, 
which represents a pair of chords of intersection {L±M=0) 
passing through the intersection of the chords of contact (L and 
Jf), and forming a harmonic pencil with them (Art. 57). 

Ex. 1. The chords of contact of two conics with their common tangents pass 
through the intersection of a pair of their common chords. This is a particular <»8e 
of the precediQg, S being supposed to reduce to two right lines. 

Ex. 2. The diagonals of any inscribed, and of the corresponding circumscribed 
quadrilateral, pass through the same point, and form a harmonic pencil. This is 
also a particular case of the preceding, 8 being any co^ic, and S + L^j S + M^ being 
supposed to reduce to right lines. The proof may also be stated thus : Let fi, t^ C| ; 
hi hi ^ ^ ^wo pairs of tangents and the corresponding chords of contact. In other 
words, Ci, C2 are diagonals of the corresponding inscribed quadrilateral. Then the 
equation of S may be written in either of the forms 

hh-ci^ = ^i tA-Cz^ = 0. 
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The eeoond equation mu&t therefore be identical with the first, or can only differ 
from it by a constant mnltiplier. Hence tit^ — \t^^ must be identical with Ci* - Xc/. 
Now Ci' ~ Xcs^ = represents a pair of right lines passing through the intersection of 
«i, c^ and harmonically conjugate with them ; and the equivalent form shows that 
these right lines join the points t^t^ t^^ and tit^ t^^. For tit^ — }\t^^ = must denote 
a locus passing through these points. 

Ex. 8. If 2a, 2/3, 2y, 2d be the eccentric angles of four points on a central conic, 
form the equation of the diagonals of the quadrilateral formed by their tangents. 
Here we have 

«. =-C0fl2a + |-sin2a.-l, «• = - cos2/3 + ?sin2/3- 1, 

Ci = ^ C0B(a + /3) + 1 8in(a + /3) - cos(a - /3), 
4uid we easily verify 

«i^,-Ci« = -dn«(a-^){^ + ^-l}. 

Hence reasoning, as in the last example, we find for the equations of the diagonals 

sin (a — /3) ~~ sin (y — 5) ' 

264, If three conies have each double contact with a fourth, 
six of their chords of intersection will pass three hy three through 
the same points^ thus forming the sides and diagonals of a 
quadrilateral. 

Let the conies be 

By the last Article the chords will be 

i + Jf=0, M+N^Oy N-L^O 

i-if=0, M+N=0, N+L^O. 

As in the last Article, we may deduce hence many particular 
theorems, by supposing one or more of the conies to break up 
into right lines. Thus, for example, if S break up into right 
lines, it represents two common tangents to 8+M\ 8+N*] 
and if L denote any right line through the intersection of those 
common tangents, then 8-\-L* also breaks up into right lines, 
and represents any two right lines passing through the intersec- 
tion of the common tangents. Hence, if through the intersection 
of the common tangents of two conies we draw any pair of right 
lines ^ the chords of each conic joining the extremities of those lines 
will meet on one of the common chords of the ccmics. This is the 
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extension of Art. 116. Or, again, tangents at the extremities of 
either of these right lines will meet on one of the common chords, 

(^^§5 ) If S+U, 8+M% 8-{-N% all break up into pairs of 
rightlines, they will form a hexagon circamscribiug 8y the 
chords of intersection will he diagonals of that hexagon, and 
we get Brianchon's theorem : " The three opposite diagonals of 
every hexagon circumscribing a conic intersect in a pointJ*^ By 
the opposite diagonals we mean (if the ^ides of the hexagon b^ 
numbered 1, 2, 3, 4, 5, 6) the lines joining (1, 2) to (4, 5), (2, 3J 
to (5, 6), and (3, 4) to (6, 1); and by changing the order in 
which we take the sides, we may consider the same lines as 
forming a number (sixty) of different hexagons, for each of 
which the present theorem is true. The proof may also be stated 
as in Ex. 2, Art. 263. If 

be equivalent forms of the equation of 8^ then c^rrc^ssc, re- 
presents three intersecting diagonals.^ 

(^^266y If three conic sections have one chord common to all^ their 
three other common chords will pass through the same point. 

Let the equation of one be ;S= 0, and of the common chord 
i = 0, then the equations of the other two are of the form 

8+LM=0j S-^^LN^Oj 

which must have, for their intersection with each other, 

i(ilf-J^)=0; 

but M—N is a line passing through the point [MN), 

According to the remark in Art. 257, this is only an extension 
of the theorem (Art. 108), that the radical axes of three circles 
meet in a point. For three circles have one chord (the line at 
infinity) common to all, and the radical axes are their other 
common chords. 

♦ Mr. Todhnnter has with justice objected to tihis proof, that since no rule is given 
which of the diagonals of t{t^^^ is C| = + Cj, aU that is in strictness proved is that the 
lines joining (1, 2) to (4, 5) and (2, Z) to (&, 6) intersect either on the line joining 
(3, 4) to (6, 1), or on that joining (1, 3) to (4, 6), But if the latter were the case the 
trian^es 123, 456 would be homologous (see Ex. 8, p. 69), and therefore the inters 
sections 14, 25, 86 on a right line ; and if we suppose five of these tangents fixed, the 
sixth instead of touching a conic would pass through a fixed point. 

H II 
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The theorem of Art. 264 may be considered as a still further 
extension of the same theorem, and three conies which have 
each doable contact with a fourth may be considered as having 
four radical centres, through each of which pass three of their 
common chords. 

The theorem of this Article may,, as in Art. 108, be other- 
wise enunciated : Given four points on a conic section^ its chord of 
intersection with a fixed conic passing through two of these points 
will pass through a fixed point. 

Ex. 1. If through one of the points of intersection of two conies we draw any line 
meeting the oonics in the points P, |7, and through any- 
other point of intersection B a line meeting the conies in 
the points Q; q_^ then the lines PQ, pq^t will meet on CD^ 
the other chord of intersection. This is got by supposing 
one of the conies to reduce to the pair of lines OA, OB, 

Ex. 2. If two right lines, drawn through the point of 
contact of two conies, meet the curves in points P, pj Qy q^ 
then the chords PQj pq, will meet on the chord of inter- 
section of the oonics. 

This is also a particular case of a theorem given in Art. 264, since one intersection 
of common tangents to two conies which touch, reduces to the point of contact (Cor., 
Art. 117). 

(^2g^The equation of a conic circumscribing a quadrilateral 
(ay = kffS) furnishes us with a proof of " Pascal's theorem," that 
the three intersections of the opposite sides of any hexagon inscribed 
in a conic section are in one right line. 

Let the vertices be abcdef and let db = denote the equation 
of the line joining the points a, b ; then, since the conic circum- 
scribes the quadrilateral ahcd^ its equation must be capable of 
being put into the form 

ab,cd—bc,ad= 0. 

But since it also circumscribes the quadrilateral defa^ the same 
equation must be capable of being expressed in the form 

de.fa-'ef.ad=0. 
From the identity of these expressions, we have 

ah.cd'-'de,fa={bc — ef)ad. 

Hence we learn that the left-hand side of this equation (which 
from its form represents a figure circumscribing the quadrilateral 
formed by the lines oJ, de, cd^ af) is resolvable into two factors, 
which must therefore represent the diagonals of that quadri- 
lateral. But ad is evidently the diagonal which joins the vertices 
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a and d^ therefore hc — ef must be the other, and must join the 
points (ai, de\ {cdj of) ; and since from its form it denotes a line 
through the point (Jc, ef)^ it follows that these three points are 
in one right line. 

268. We may, as in the case of Brianchon's theorem, obtain 
a number of different theorems concerning the same six points, 
according to the different orders in which we take them. Thus 
since the conic circumscribes the quadrilateral bcef^ its equation 
can be expressed in the form 

be.cf—bc,ef=0. 

Now, from identifying this with the first form given In the last 

Article, we have ai.crf- be.cf= {ad- ef) he ; 

whence, as before, we learn that the three points (a J, cf\ [cd^ ie), 
(at?, ef) lie in one right line, viz. ad— ef^O, 

In like manner, from identifying the second and third forms 
of the equation of the conic, we learn that the three points 
[de^ cf), {fa^ be) J (at?, be) lie in one right line, viz. bc — ad=0. 
But the three right lines 

bc — ef=Oj ef—ad=:Oj ad—bc^Oj 

meet in a point (Art. 41). Hence we have Steiner's theorem, 
that " the three Pascal's lines which are obtained by taking the 
vertices in the orders respectively, ahcdef adcfeb^ afcbed^ meet 
in a point." For some further developments on this subject we 
refer the reader to the note at the end of the volume. 

Ex. 1. If a, 5, c be three points on a right line; a\ h% d three points on another 
line, then the intersections (6c', ft'c), (ca', c'a), {ab', a'h) lie in a right line. This is 
a particular case of Pascal's theorem. It remains true if the second line be at infinity 
and the lines ba'j ca' be parallel to a given line, and similarly for c6', a6' ; (ic% bc\ 

Ex. 2. From four lines can be made fbor triangles, by leaving out in turn one 
line. The four intersections of perpendiculars of these triangles lie in a right line. 
Let o, bj c, d he the right lines ; a', 6', c', df lines perpendicular to them j then the 
theorem follows by applying the last example to the three points of intersection of 
a, b, c with dy and the three points at infinity on a', 6', c\* 

♦ This proof was given me independently by Prof. De Morgan and by Mr. Bumside. 
The theorem itself follows at once from Steiner's theorem, Ex. 3, p. 201, For the four 
intersections of perpendiculars must lie on the directrix of the parabola, which has the 
four lines for tangents. It follows in the same way from Cor. 4, p. 196, that the circles 
circumscribing the four triangles pass through the same point, viz. the focus of the 
same parabola. If we are given five lines M. Auguste Miquel has proved (see 
Catalan's Theorenies et Problemes de Geometrie Elementairef p. 93) that the foci of 
the five parabolas which have four of the given lines for tangents lie on a drcle. 



L.. 
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Ex. 8. Steiner's theorem, that the perpeudiculaiB of the triangle formed by three 
tangents to a parabola intersect on the directrix js a particular case of Brianchon's 
theorem. For let the three tangents be a,b,e'f let three tangents perpendiciilar to 
them be a', b'y c^, and let the £ne at infinity, which is also a tangent, (Art. 254) be oo . 
Then consider the six tangents a, d, c, c*, oo , of ; and the lines joining ab, <f op ; 
bCfa'co; cc^^ aa* meet in a point. The first two are perpendiculars of the triangle ; 
and the last is the directrix on which intersect every pair of rectangular tangenfes 
(Art. 221). This proof is by Mr. John C. Moore^ 

Ex. 4. Given five tangents to a oonie, to find the point of contact of any. Let 
ABODE be the pentagon formed by the tangents ; then M AC and BE intersect in 
Of DO passes through the point of contact of AR, This is derived from Brianchon'sL. 
theorem by supposing two sides of the hexagon tOt be indefinitely near, anoe any 
tangent is intersected by a consecutive tangent at its point of contact (p. 144). 

269. Pascal's theorem enables us, given five points A^ 5, C, 
D^ JS', to construct a conic ; for if we draw any line AP through 




one of the given points we can find the point F in which that 
line meets the conic again, and can so determine as manj points 
on the conic as we please. For, by Pascal's theorem, the points 
of intersection [AB^ DE\ [BG^ EF)^ [CD^ AF) are in one right 
line. But the points [AB^ 2>i?), ( CD^ AF) are by hypothesis 
known. If then we join these points 0, P, and join to E the 
point Q in which OP meets J5(7, the intersection of QE with AP 
determines F. In other words, F is the vertex of a triangle 
FPQ whose sides pass through the fidced 'points -4, E^ 0, and whose 
base angles P, Q move along the fixed lines CD^ GB (see Ex. 3, 
p. 42). The theorem was stated in this form by MacLaurin. 

Ex. 1. Given five points on a conic, to find its centre. Draw AP parallel to BC 
and determine the point F, Then AF and BC axe two parallel chords and the line 
joining their middle points is a diameter. In like manner, by drawing QE parallel 
to CD we can find another diameter, and thus the centre. 

Ex. 2. Given five points on a conic, to draw the tangent at any one of them. 
The point F must then coincide with A, and the line QF drawn through E must 
therefore take the position qA. The tangent therefore must be pA, 
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Ex. 3. Investigate by trUlnear oo-ordinAtes (Art. 62) Mac Laxmn's method of 
generating conies. In other words, find the locus of the yertex of a triangle whose 
sides pass through fixed points and base angles move on fixed lines. Let a, j3, y 
be the sides of the triangle formed by the fixed points, and let the fixed lines be 
la + m/S + wy = 0, Va + m'/3 + n'y = 0. Let the base be o = fi^. Then the line 
joining to /Sy, the intersection of the base with the first fixed line, is 

{Ifk + m) /3 + »y = 0. 

And the line joining to ay, the intersection of the base with the second line, is 

(?/* + m')a + n*fjiy - 0. 

Eliminating /x frOxn the last two equations, the equation of the locus is found to be 

fo»'o/3 = (m/3 + «y) {I' a + n'y)> 

a conic passing through the points 

/5y> y«> («> ?o + f»j3 + »y), (/9, /'a + m'/3 + n'y). 

EQUATION REFERRED TO TWO TANGENTS AND THEIR CHORD. 

270. It much facilitates computation (Art. 229) when the 
position of a point on a curve can be expressed by a single 
variable : and this we are able to do in the case of two of the 
principal forms of equations of conies already given. First, let 
Zf, M be any two tangents and It their chord of contact. Then 
the equation of the conic (Art. 252) is LM— iZ* ; and if yJj = B 
be the. equation of the line joining LIL to any point on the 
curve, (which we shall call the point /t), then substituting in the 
equation of the curve, we get M=fiR and yi^L^^M for the 
equations of the lines joining the same point to MR and to LM, 
Any two of these three equations therefore will determine a 
point on the conic. 

The equation of the chord joining two points on the curve 

/^> /*'» IS ^lilL -{,i-{.pL')R + M= 0. 

For it is satisfied by either of the suppositions 

{plL =^B^ fLB = M ), (ji'L = R, fi'R = M). 
If jx and fi coincide we get the equation of the tangent, viz. 

/a"X - 2/iiS + M= 0. 
Conversely, if the equation of a right line [fi^L'-2fiR+M=0) 
involve an indeterminate fi in the second degree^ the line will 
always touch the conic LM= R** 

271. To find the equation of the polar of any point. 

The co-ordinates L\ M\ R' of the point substituted in the 
equation of either tangent through it, give the result 

fjL^L' - 2fiR H- il/' = 0. 
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Now at the point of contact /t' = -= , and f^= j (Art. 270). 

Therefore the co-ordinates of the point of contact satisfy the 
equation j|/x' _ 2BIi' + LM' = 0^ 

which is that of the polar required. 

If the point had been given as the intersection of the lines 
aL = Iij bB = if, it is found by the same method that the equa- 
tion of the polar is 

abL - 2aR + M= 0. 

272. In applying these equations to examples it is useful to 
take notice that, if we eliminate B between the equations of 
two tangents 

/i'i - 2fiR + M= 0, fi'^L - 2fi'B + M= 0, 

we get ^11 L = M for the equation of the line joining LM to 
the intersection of these tangents. Hence,, if we are given the 
product of two /ea's, /a/a' = a, the Intersection of the corresponding 
tangents lies on the fixed line aL = M, In the same case, sub- 
stituting a for fill! in the equation of the chord joining the points, 
we see that that chord passes through the fixed point {aL + Jf, R). 

Again, since the equation of the line joining any point /a to 
LM is fj!^L = My the points + /a, — /a lie on a right line passing 
through LM, 

Lastly, if iif = JS'^, iif = E^ be the equations of two conies 
having 2/, M for common tangents; then since the equation 
/A*i = M does not Involve R or R\ the line joining the point 
+ /t on one conic to either of the points ± /a on the other, passes 
through LM the intersection of common tangents. We shall 
say that the point 4- /t on the one conic corresponds directly to 
the point + /a and inversely to the point — /* on the other. And 
we shall say that the chord joining any two points on one conic 
corresponds to the chord joining the corresponding points on 
the other. 

Ex. 1. Corresponding chords of two conies intersect on one of the chords of 
intersection of the conies. 

The conies LM-IP, LM - R"^ have JB? - R^ for a pair of common chords. 
But the chords 

fifi'L -(iJL + fi')R + M= 0, iJifi'L -(ji + fi')R' + M=Oy 

evidently intersect on R - R\ And if we change the signs of /n, /*' in the aeoond 
equation, they intersect on 22 + iT. 
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Ex. 2. A triangle is circtimscribed to a given conic ; two of its vertices move on 
fixed right lines : to find the locus o! the third. 

Let us take for lines of reference the two tangents through the intersection of the 
fixed lines, and their chord of contact. Let the equations of the fixed lines be 

aL-M=Oy bL-M=Oj 
while that of the conic is LM—JP = 0, 

Now we proved (Art. 272) that two tangents which noeet on aL — M must have 

the product of their /i's = a ; hence, if one side of the triangle touch at the point fi, 

a b 
the others will touch at the points - ^ - , and their equations wQl be 

fi. can easily be eliminated from the last two equations, and the locus of the vertex 
is found to be A^h 

{a + bf ' 
the equation of a conic having double contact with the given one along the line R.* 

Ex. 8. To find the envelope of the base of a triangle, inscribed in a conic, and 
whose two sides pass through fixed points. 

Take the line joining the fixed points for R^ let the equation of the conic be 
LM = R^f and those of the lines joining the fixed points to LM be 

OjL + Jf=0, bL + M=0, 

Now, it was proved (Art. 272) that the extremities of any chord passing through 

{aL + Jf, R) must have the product of their /u's = a. Hence, if the vertex be /n, the 

a J b 
base angles must be — and — , and the equation of the base must be 

obL -{a + b) fiR + /I'Jf = 0. 
The base must, therefore (Art. 270), always touch the conic 

4ab 

a conic having double contact with the given one along the line joimng the given 
points. 

Ex. 4. To inscribe in a conic section a triangle whose sides pass through three 
given points. 

Two of the points being assumed as in the last Example, we saw that the equa- 
tion of the base must be 

abL -{a + b) ijJi + fi^M^ 0. 

Now, if this line pass through the point cL — R=: 0, dR — Jf = 0, we must have 

aJb - (a + b) fic + fi?cd = 0, 

an equation sufficient to determine /u. 

Now, at the point /x we have fiL = R, y?L = 3f; hence the co-ordinates of this 
point must satisfy the equation 

abL -{a + b) cR + cdM= 0. 

* This reasoning holds even when the point LM is within the conic, and therefore 
the tangents Z, M imaginary. But it may also be proved by the methods of the 
next section, that when the equation of the conic is X^ + M^ = i?*, that of the locus 
is of the form L^ + M^ = k^R?, 
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The qnestion, therefore, admits of two solutions, for either of the points in which this 
line meets the cnrre may be taken for the vertex of the required triangle. The geo- 
metric construction of this line is given Art. 297, Ex. 7. 

Ex. 5. The base of a triangle touches a given conic, its extremities move on two 
fixed tangents to the conic, and the other two sides of the triangle pass through fixed 
points : find the locus of the vertex. 

Let the fixed tangents be X, if, and the equation of the conic LM— B?, Then 
the point of intersection of the line L with any tangent (/u'X — 2/ui? + M) wiU have 
its coordinates X, R^ M respectively proportional to 0, 1, 2^. And (by Art. 66) the 
equation of the line joining this point to any fixed point L'RM' will be 

LM' - L'M- 2fi {LK - L'R). 

Similarly, the equation of the line joining the fixed point L"K'M" to the point 
(2, fif 0), which is the intersection of the line M with the same tangent, is 

2 {RM" - R'M) = fi (LM" - L"M), 

Eliminating fi, the locus of the vertex is found to be 

(LM' - L'M) {LM" - L"M) = 4 {LBf - L'R) {RM" - R"3£)y 

the equation of a conic through the two given points. 

273. The chord joining the points fi tan^, fi cot^ (where 
<f} is anj constant angle) will always touch a conic having double 
contact with the given one. For (Art. 270) the equation of the 
chord is ^«x _ fj,R (tan^ + cot0) + M= 0, 

which, since tan0 + cot^ = 2 cosec2^, is the equation of a tan- 
gent to LM sin''2<^ = JJ" at the point fi on that conic. It can be 
proved, in like manner, that the locus of the intersection of tan- 
gents at the points fi tan^, /jl cot0 is the conic LM= B^ sin'20. 

Ex. If in Ex. 5, Art. 272, the extremities of the base lie on any conic having 

double contact with the given conic, and passing through the given points, find the 

locus of the vertex. 

Let the conies be 

LM-R^ = 0, LM an^2<p - R' = 0, 

then, if any line touch the latter at the point /*, it will meet the former in the points 
fi tan<^ and fi cot <p; and if the fixed points are /x', fi", the equations of the sides are 

Hfx' tan0Z -{f/ +fi tan</>) R + M= 0, 

fifi" cot<f>L -{fi" + fi cot</>) R + M= 0. 
Eliminating /^ the locus is found to be 

{M - fi'R) {fi"L -R)=taa^4>{M- fi"R) {fi'L - R), 

274. Given four jpotnts of a conic^ the anharmomc ratio of the 
pencil joining them to any fifth point is constant (Art. 259). 

The lines joining four points /a', /a", ix'\ fi'" to any fifth 
point /i, are 

At' (Aii-.5) + (l/-^ii)=o, yu." (/^i-i2) + (ilf-At^)=0, 
/i'" {fiL - fi) + (if- ^R) = 0, ti!'" [iiL - fi) + (If - ,iR) = 0, 
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and their anharmonic ratio is (Art. 58) 

0*'-/*"')(/*"-/*n' 

and is, therefore, independent of the position of the point fi. 

We shall, for brevity, use the expression, " the anharmonic 
ratio of four points of a conic," when we mean the anharmonic 
ratio of a pencil joining those points to any fifth point on the 
curve. 

275. Four fixed tangents cut any fifth in points whose anhar^ 
manic ratio is constant. 

Let the fixed tangents be those at the points /*', fi'\ /a'", /a"", 
and the variable tangent that at the point fi ; then the anhar- 
monic ratio in question is the same as that of the pencil joining 
the four points of intersection to the point LM. But (Art. 272) 
the equations of the joining lines are 

fi'fiL^M=0, fi^'fiL-M^O, fjJ"fiL^M^O, /i">i-lf=0, 

a system (Art. 59) homographic with that found in the last 
Article, and whose anharmonic ratio is therefore the sapie. 
Thus, then, the anharmonic ratio of four tangents is the saine. 
as that of their points of contact* 

276. The expression given (Art. 274) for the anharmonic 
ratio of four points on a conic, fi'j fi"j fi*\ fi"\ remains unchanged 
if we alter the sign of each of these quantities ; hence (Art. 272) 
if toe draw four lines through any point LMy the anharmonic 
ratio of four of the points {/jl^ /a", /a'", fi"") where these lines meet 
the conic J is equal to the anharmonic ratio of the other four points 
(—/a', — fi\ —/!'"', -^H''"') y^here these lines meet the conic. 

For the same reason^ the anharmonic ratio of four points on one 
conic is equal to thai of the four corresponding points on another ; 
since corresponding points have the same fi (Art. 272). Again, 
the expression (Art 274) remains unaltered, if we multiply each 
fi either by tan^ or cot ^: hence we obtain a theorem of Mr. 
Townsend's, " If two conies have double contact^ the anharmonic 
ratio of four of the points in which any four tangents to the one 
meet the other is the same as that of the other four points in which 
the four tangents meet the curve^ and also the same as that of the 
four points of contacts 

II 
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277. Conversely, given three fixed chords of a conic aa', 
hb\ cc' ; a fourth chord dd\ such that the anharmonic ratio of 
ahcd is equal to that of a'b'c'd'^ will always touch a certain conic 
having double contact with the given one. For let a, J, c, a', J', c 
denote the values of /jl for the six given fixed points, and /&, /i' 
those for the extremity of the variable chord, then the equation 

{a'-c){b''fi)'' {a''-c'){b'-fi')' 

when cleared of fractions, may, for brevity, be written 

Afifjk+Bfi+C/M' + I) = 0^ 

where -4, jB, C, D are known constants. Solving for jx from this 
equation and substituting in the equation of the chord 

it becomes 

or fi\BL-^AB)+ fi{DL+{0-B)B --AM] ^{DB+CM)^0, 

which (Art. 270) always touches 

. {DL + {O-B)B-AMY + 4.{BL + AB){CM+DB)^0^ 

an equation which may be written in the form 

A{BC-AD){LM^B^ + {DL + {B+G)R + AMY=0^ 

showing that it has double contact with the given conic. 

In the particular case whenj?=(7, the relation connecting 
/i, /*' becomes Afifi' + B{fA + fi')+D^O, 

which (Art. 51) expresses that the chord /ifi^L — (fj, + fi) £ + M 
passes through a fixed point. 

EQUATION BEFERBED TO THE SIDES OF A SELF-GONJUdiTE 

TRIANGLE* 

278. The equation referred to the sides of a self-conjugate 
triangle Pa* + 7?i*)8* = /i V (-A.rt. 258) also allows the position of 
any point to be expressed by a single indeterminate. For if 
we write h = ny cos^, m/3 = ny sin^, then, as at pp. 94, 206, 
the chord joining any two points is 

la cos J {<f> + <l>') + mfi sin^ {<}> + 0') = ny cos J (^ - ^'), 

and the tangent at any point is 

la cos^ H- ml3 sin (f> = ny. 
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If for symmetiy we write the equation of the conic 

then it may be derived from the last equation, that the equation 
of the tangent at any point a'/ffy' Is 

aaa' + 6^/8' -f cry' = 0, 

and the equation of the polar of any point (iff^* is necessarily 
of the same form (Art. 89). Comparing the equation last 
written with Xa 4 iifi + k7 = 0, we see that the co-ordinates of 

the pole of the last line are - , ^ , - ; and, since the pole of 

any tangent is on the curve, the condition that Xa+/i)9 + K7 

may touch the conic is — h ^ ^ — =0. When this condition 

'' a c 

is fulfilled the conic is evidently touched by all the four lines 
Xa±/K)3±K7, and the lines of reference are the diagonals of the 
quadrilateral formed by these lines (see £x. 3, p. 144). In like 
manner, if the condition be fulfilled aa'* + J^S** + 07** = 0, the 
conic passes through the four points a', ± ;3', ± 7'. 

Ex. 1. Find the locns of the pole of a given line Xa + /u/3 + vy with regard to 
a conic which passes through four fixed points a', ± /3', + y'. 

« p y 

Ex. 2. Find the locos of the pole of a given line \a + fifi + py, with regard to a 
txmic which touches four fixed lines la±mfi± »y. , Pa i»'/3 »'y _ ^ 

\ fl V 

These examples also give the locns of centre; since the centre is the pole of the 
line at infinity a einA + fi smB + y sinC. 

Ex. 8. What is the equation of the circle having the triangle of reference for a 
self-conjugate triangle ? Ans. (See Ex. 2, p. 122) a^ Bin2A + fP Ein2B + y' sin2(7=: 0. 

It is easy to see that the centre of the circle is the intersection of perpendiculars 
of the triangle, the square of the radius being the rectangle under the segments of 
any of the perpendicularsi (taken with a positive sign when the triangle is obtuse 
angled, and with a negative sign when it is acute angled). In the latter case, there- 
fore, the circle is imaginary. 

280* The equation (Art. 279) a'+y'^eV, (where the 
origin is a focus and 7 the corresponding directrix], is a parti* 
cular case of that just considered. The tangents through (7, x) 
to the curve are evidently ey + x and 57 — 0?. If, therefore, the 
curve be a parabola, 6 = 1; and the tangents are the internal 

♦ For Art. 279, see p. 227. 



244 METHODS OF ABRIDGED KOTATION. 

and external bisectors of the angle (70;). Hence, ^^ tangents to 
a parabola from any point on the directrix are at right angles 
to each other." 
• In general, since x = e7 cos^, y = 67 sin^i we have 

|=tan^; 

or ^ expresses the angle which anj radius vector makes with x. 
Hence we can find the envelope of a chord which subtends 
a constant angle at the fbcus^ for the chord 

X cosj (0 + ^') 4 y sin J {i> + 4>')^ey cos^ {^- ^')) 

if ^ — ^' be constant, must, by the present section, always touch 

«"+/ = eVcos»H*-f), 
a conic having the same focus and directrix as the given one. 

281. The line joining the focus to the intersection of two 
tangents is found by subtracting 

X COS0 + y sin^ —€7 = 0, 

a? cos^' + y sin^' — ^7 = 0, 

to be oj sin|(0 + 0')-y cos^((^4-^*) = 0^ 

the equation of a line making an angle ^ (0 + <}>') with the axis 
of oj, and therefore bisecting the angle b^ween the focal radii. 

The line joining to the focus the point where the chord of 
contact meets the directrix is 

X cos|(^ + ^') 4 y sin J ((^4 ^') = 0, 

a line evidently at right angles to the last 

To find the locms of the intersection of tangents at points which 
svhtend a given angle 28 af the focus J 

By an elimination precisely the same as that in Ex. 2, p. 94, 
the equation of the locus is found to be (.x*4y*) 008*8 = 6*7*) 
which represents a conic having the same focus and directrix as 

the given one, and whose eccentricity =. — ^ . 

If the curve be a parabola,, the angle between the tangents is 
in this case given. For the tangent (ar cos<^ 4 y »i»^ — 7) bisects 
the angle between x cos ^ 4y sin ^ and 7. The angle between the 
tangents is, therefore, half the angle between a; cos^4y sin^ and 
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X cos^' + y sin^', or = ^ (^ — ^'). Hence, the angle between two 
tangents to a parabola is half the angle which the points of contact 
subtend at the focus ; and again, the locus of the intersection of 
tangents to a parabola^ which contain a given angle^ is a hyperbola 
with the same focus and directrix^ and whose eccentricity is the 
secant of the given angU^ or whose asymptotes contain double 
the given angle (Art. 167). 

282. Any two conies have a common self-conjugate triangle. 
For (see Ex. 1, p. 143) if the conies intersect in the points 
-4, jB, (7, D^ the triangle formed by the points E^ F^ 0, in which 
each pair of common chords intersect, is self-conjugate with re- 
gard to either conic. And if the sides of this triangle be a, P^ ff 
the equations of the conies can be expressed in the form 

• We shall afterwards discuss the analytical problem o( reducing; 
the equations of the conies to this form. If the conies intersect 
in four imaginary points^ the lines a, /8, 7 are still real. For it 
is obvious that any equation with real coefficients which i» 
satisfied by the co-ordinates aj' + a?" V(— l)j y+y" V(— l)j will 
also be satisfied by x —x" V(— l)j y'^2/" V(— 1)? and that the 
line joining these points is real. Hence the four imaginary 
points common to two conies consist of two pairs x'±x" V(— l)y 
y'±f V(- 1); x"'±x"" V(- 1), y"±y"y(- J). Two of the 
common chords are real and four imaginary. But the equa- 
tions of these imaginary chords are of the form L±M ^/{—l)j 
11 ±M \/(- 1), intersecting in two real points LM^ L'M\ Con- 
sequently the three points E^ F^ O are all real. 

If the conies intersect in two real and two imaginary points, 
two of the common chords are real, viz. those joining the two 
real and two imaginaiy points; and the other four common 
chords are imaginary. And since each of the imaginary chords 
passes through one of the two real points, it can have no other 
real point on it. Therefore, in this case, one of the three points 
jE?, F^ is real and the other two imaginary ; and one of the 
sides of the self-conjugate triangle is real and the other two 

imaginary. 

• 

Ex. 1. Find the locns of vertex of a triangle whose base angles move along one 
conic, and whose sides touch another. [The following solution is Mr. Bumside's.] 
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Let the cxmie toachttl hj the lidefl be a^ + ^'^-z^j and the othor as^+hj^-cs^. 
Then, as at Ex. 1, p. 94, the co-ordinates of the inteisection of tangents at points a, '^^ 
are oos^ (a + y), 8in>^ (a + y), cos^ (a — y) i <ui<l ^6 conditions of the problem gite 

a cos'i (a + y) + 6 sin'^ (o + y) = c cos*^ (« — y) > 

or (a f 5 — c) + (a — 6 — c) coso cosy + (6 — c — a) sine siny =-0i 

In like manner 

(a 4- ft — c) + (a — ft — c) cos/S'cosy + (ft — c — a) sinjS sBtty = 0, 

wheaee (a + ft - c) cos^ (o + /3) = (ft + c — «) cos^ (a — /8) cosy ; 

{a + b--c) sin^ (o + p) = (a + c — ft) cos^ (o — fi) siny, 

and since the co-ordinates of the point whose locns we seek axe ooa^{a + ^ 
fdn^ (a + /S)y 006^ (« — /3), the equation of the locus fa 

(6 + c ^ a)« ■*" (c + o - ft)« ~ (a + ft - c)« • 

Ex, 2. A triangle is inscribed in the conic a;« + y^ = «* ; and two sides toudi the 
conic oic^ + h^=- cs^ \ find the envelope of the third side. 

Ans, {ca + aft - bcf a?^+ (aft + ftc - ca)« jf« = (ftc + ca - oft)« «*. 

ENVELOPES^ 

283. If the equation of a right line involve an indeterminate 
quantity i» anj degree, and if we give to that indeterminate a 
series of different values, the equation represents a series of 
different lines, all of which touch a certain curve which is called 
the envelope of the system of lines. We rfiall illustrate the 
general method of finding the equation of an envelope, bj 
proving, independently of Art. 279, that the line /ea*2/— 2/tjB-f-J/i 
where /* is indeterminate^ always touches the curve LM—S^* 
The point of intersection of the lines answering to the values 
II and /Lfr -f A:, is determined by the two equations 

the second equation being derived from the first by substituting 
fL-^Jc {or /t, erasing the terms which vanish in virtue of the first 
equation, and then dividing by k. The smaller k is, the more 
nearly does the second line approach to coincidence with the 
first ; and if we make A = 0, we find that the point of meeting 
of the first line with a consecutive line of the system is de- 
termined by the equations 

or, what comes to the same thing, by the equations 

fML-B = Oj fiB-M^O. 
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Now since any point on a curve may be considered as the inter- 
section of two of its yonsecutive tangents (p. 144), the point 
where any line meets its envelope is the same as that where 
it meets, a consecutive tangent to the envelope^ and therefore 
the two equations last written, determine the point on the 
envelope which has the line /t*Ji — 2^-B + Jf for its tangent. 
And by eliminating fi between the equations we get the equa- 
tion of the locus of all the points on the envelope, namely 

A similar argument will prove^ even if i, ilf, 5 do not re- 
present right lines, that the curve represented by fi*L—2^B+Mj 
sAways touches the curve LM-^JB^, 

The envelope of L cos^ + Jf sin^ — -B, where ^ is indeter- 
minate, may be either investigated directly in like manner ; or 
may be reduced to the preceding by assuming tan^^ =:/a, when 
on substituting 

. 1-/6* , , 2/A 

cos© = - — ^, smo= ^ . « , 
^ 1+/A ' ^ 1+/*^ 

and clearing of fractions, we get an equation in which fi only 
enters in the second degree. 

284. We might also proceed as follows : The line 

fL''L-2fiR + M 

Is obviously a tangent to a curve of the second class (see note, 
p. 142) ; for only two lines of the system can be drawn through 
a given point : namely, those answering to the values of /* de- 
termined by the equation 

where i', -B', M* are the results of substituting the co-ordinatea 
of the given point in i, JK, M. Now these values of fj, will 
evidently coincide, or the point will be the intersection of two 
consecutive tangents, if its co-ordinates satisfy the equation 
LM=-IP. And, generally, if the indeterminate /x enter alge- 
braically and in the n"* degree, into the equation of a line, the 
line will touch a curve of the n*** class, whose equation is found 
by expressing the condition that the equation in /^ shall have 
equal roots. 
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Ex. 1. Tbe Tertioes of a triangle move along the three fixed lines a, /3, 7, and two 
of the sideB paas through two fixed points o'jS'y', o"j3' 'y", find the enyelope of the 
third side. Let a + ft/? he the line joining to a/3 tha^yertex which tnoTes along 7, 
then the equations of the sides through the fixed points are 

y'(a + /u^)-(a' + ^y = 0, y" (« + /u« - (a" + ^') y = 0. 

And the equation of the base is 

(a' + fi^ y"o + (a" + ^0 /iy'/3 - («' + /u^ {a" + /u^") y = 0, 

for it con be easily verified, that this passes through the intersection of the first hne 
with OL, and of the second line with /3. Arranging according to the powers of /u, we 
find for the envelope 

(a/3'y" + /3y V - yo'/S" - ya'W = 4a'/3" (ay" - a"y) 03y' - ^y). 

This example may also be solved by arranging according to the powers of a, the 
equation in Ex. 3, p. 49. 

Ex. 2. Find the envelope of a line such that the product of the perpendiculars 
on it from two fixed points may be<oonstant. 

Take for axes the line joining the fixed points and a perpendicular through its 
middle point, so that the co-ordinates of the fixed points may bey = 0, a? = ±cj then 
if the variable Une bey — ma; + n = 0, we have by the conditions of the question 

(» + mc){n-mc)= 6* (1 + m% 

or «2 = 6« + J2^2 + c%»«, 

but n^ = i/^- 2mxt/ + w'o^^ 

therefore " m^ {a? - If^ - <^ ■- 2mxy + y« - 6* = j 

and the envelope is a^y® =; (3.2 _ J2 _ c*) (y* - 6^), 

Ex. 8. Find the envelope of a line such that the sum of the squares of the per- 
pendiculars on it from two fixed points may be constant. . 2a^ . 2y* _ . 

Ex. 4. Find the envelope if the diflEerence of squares of perp^idkulars'be given. 

Ans, A parabola. 

Ex. 6. Through a fixed point any line OP is drawn to meet a fixed line j to find 
the envelope of PQ drawn so as to make the angle OPQ constant. 

Let OP make the angle with the perpendicular on the fixed line, and its length 
is ^ secO; but the perpendicular from on PQ makes a fixed angle j3 with OP^ 
therefore its length is =p sec0 cos/3; and since this perpendicular makes an angle 
= + /3 with the perpendicular on the fixed line, if we assume the latter for the axis 
of X the equation of PQ is 

a;cos(0 + /3)+ysin(a + /3)=^Bec6cosi3, 

or X cos (20 + /3) + y sin(20 + /3) = 2p cos/3 - x coafi - y sin/3, 

an equation of the form Xcosi^ + 3f sin</> = i2, 

whose envelope, therefore, is 

a;2 + y» z= (a; coaj3 + y sin/3 — 2p CQS/S)*, 

the equation of a parabola having the point for its focus. 

Ex. 6. Find the envelope of the line — + — , = I, where the indeterminates are 
connected by the relation /n + /*' = C. ^ '* 
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We may substitute for fi', C— fi, and clear of fractions; the enydope is thus 
foTindtobe A^ + B^ + C^ '-2AB^2AC-2BC=0y 

an equation to which the following form will be found to be equivalent, 

±U±4B±4C=o, 

Thus, for example, — Criven yertical angle and sum -of aides of 4 triangle to find the 
envelope of base. 

The equation of the base is ^ y _ 1 

where a'i-h = c. 

The envelope is, therefore, 

iB^ + y* -- 2xy - 2cx - 2cy + c« = 0, 

a parabola tooehing the sides x and y. 

In like manner, — Given in position two conjugate diameters of an ellipse, and the 
sum of their squares, to find its envelope. 

. If in the jcquation 7^2"^ ^~^ 

we have a** + ft'* — ^a^ ^jjg envelope is 

x±y ±c = 0. 
The ellipse, therefore, must always touch four fixed right lines. 

285^ If the coefficients in the eqiuxtion of any right line 
XoL 4- M/3 + vy be connected hy any relation of the second order 
in X, fi^ v^ 

the envelope of the line is a conic section. Eliminating v between 
the equation of the right line and the given relations, we have 

(il7'*-2G^a+ (7a')X' + 2 (B7'-i^7a- 6^7/34 (7a/3)X/* 

+ (57'^^2jgV/8+ClS«)/.« = 0, 
and the envelope is 

(^7*- 2Ghya+ Co^) {By'^2Fy^+ Gfi") = {Hy'-Fya- Gyfi+ Ca)S) V 

Expanding this equation, and dividing by 7^*, we get 

-^2{GH^AF)l3y^2{HF^BG)ya + 2{Fa^CH)QLfi^0. 

The result of this article may be stated thus: Any tangential 
equation of the second order in X^ fi^v represents a conic^ whose 
trilinear equation is found from the tangential by exactly the 
same process that the tangential is found from the trilinear. 

For it is proved (as in Art. 151) that the condition that 
Xa + /Ai8 + r7 shall touch 

a(^ + J^ 4 cy" + 2/y37 4 2177a 4 2Aa/8 = 0, 

KK 
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or, in other words, the tangential equation of th^t conic, is 

Conversely, the envelope of a line whose coefficients X, /£, f 
fulfil the condition last written, is the conic aa* + &c. = ; and 
this may be verified by the equation of this article. For, 
if we write for -4, jB, &c., ic— /*, ca-^*, (Sec, the equation 
{BO- J?^) a* + &c. = becomes 

(aJc+2^A-a/*--ijy*-cA")(aa*+ii8"+C7"+2^y+2^a+2Aa)8)=0. 

Ex. 1. We may deduce as particular cases of the above, the results of Arts* 127, 

F G ff 
130, namely, that the euTelope of a Hne which fulfils the condition -r -I 1 — = 

is 4{Fa) + 4{Gfif) + 4{Hy) - -, and of one which fulfils the condition 

4(FX)+J((?/*)+4(J7v) = is ^+1 + 1=0. 

Ex. 2. What is the condition that Xa + /u/3 + vy should meet the conic given by 
the general equation, in real points ? 

Ana. The line meets in real points when the quantity (be —/^ \* + ^c. is 
negative ; in imaginary points when, this quantity is positive ; and touches when 
it vanishes. 

Ex. 8. What is the condition that the tangents drawn through a point a'^y' 
should be real? 

Ans. The tangents are real when the quantity (BC— F^ o^ + &c. is negative; 
or, in other words, when the quantities aic + 2fgh + Ac. and aaf^ + ft/3'* + Ac. have 
opposite signs. The point will be inside the conic and the tangents imaginary when 
these quantities have like signs. 

286. It is proved, as at Art. 76, that if the condition be 
fulfilled ABG+ 2FGH- Ar-^BG-- CE^ = 0, 

then the equation 

^X'^ + £>i« -h Ov* + 2i^/AV + 2 fl^vX + 2m,/A = 0, 

may be resolved into two factors, and is equivalent to one of the 

^""^ (a'X + /3> + 7V) (a"X + /S"/* + i'v) = 0. 

And since the equation is satisfied if either factor vanish, it 
denotes (Art. 51) that the line Xa + /i/8 + vy passes through one 
or other of two fixed points. 

If, as in the last article, we write for -4, Jc— /*, (Sec, it will 
be found that the quantity ABG-{-2F0H-\'&c. is the square 
of abc + 2fgh + &c. 
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Ex. If a oonic pass through two giyen points and have double contact with a fixed 
conic, the chord of contact passes through one or other of two fixed points. For let 
S be the fixed conic, and let the equation of the other he S= (\a + fifi + vy)\ Then 
substituting the co-ordinates of the two given points, we have 

8' = (\a' + fji^' + vyj ; S" = (Xa" + ^' + vy'J ; 

whence (\a' + ii^ + vy') .1(8") = ± {\a" + fi^' + vy'") 4(8'), 

showing that \a + fifi + vy passes through one or other of two fixed points, since 
8', 8" are known constants. 

287. To find the equation of a conic having double contact 
with two given conies, ;8^ and 8'. Let E and jP be a pair of 
their chords of intersection, so that 8— 8* ^EF*^ then 

represents a conic having doable contact with 8 and 8' ; for it 
may be written 

{tiE+Ff^ 4.^18^ or {jiE''FY = 4.fi8\ 

Since II is of the second degree, we see that through any 
point can be drawn two conies of this system ; and there are 
three such systems, since there are three pairs of chords E^ F. 
If /S' break up into right lines, there are only two pairs of 
chords distinct from 8\ and but two systems of touching conies. 
And when both 8 and 8' break up into right lines there is but 
one such system. 

Ex. Find the equation of a conic touching four given lines. 

Am. fi*E^ - 2fx (AC+BD) + Z'* = 0, 
where A^ 5, C, jD are the sides ; Ej F the diagonals, and AC — BD = EF, Or more 
symmetrically if X, 3f, JVbe the diagonals, L±M±N the sides, 

fi?IJt -fi^L^ + M^- N^ + 3f « = 0. 

For this always tonches (L* + Jf * - N^^ - UJ^M^ 

=:{L + M+ N) {M+ N-L){L + N- M) (if + L^N). 

Or again, the equation may be written N^ = — jr + . ^ (see Art. 278). 

288. The equation of a conic having double contact with 
two circles assumes a simpler form, viz. 

The chords of contact of the conic with the circles are found 
to be C-(7' + /t = 0, and C-C7'-/t = 0, 

which are, therefore, parallel to each other, and equidistant from 
the radical axis of the circles. This equation may also be written 
in the form ^C±^C' = ^/fi. 
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Hence, the locus of a pointy the sum or difference of whose tangents 
to two given circles is constant^ is a conic having double contact 
with the two circles* If we suppose both circles infinitely small, 
wo obtain the fundamental property of the foci of the conic. 

If fi be taken equal to the square of the intercept between 
the circles on one of their common tangents, the equation de- 
notes a pair of common tangents to the circles. 

Ex. 1. Solve by this method the Examples (pp. 105, 106) of finding common 
tangents to circles. 

Am, Ex.1. -JC+JC"^ = 4or = 2. Ans. Ex.2. 4.C4■^/C"^= 1 or = 4-79. 

Ex. 2. Given three circles j let X, U be the common tangents to C^C"\ Mj M' to 
C", C; N, N' to C, C J then ML^M,N meet in a point, so will X', M', iV*.* 
Let the equations of the pairs of common tangents be 

Then the condition that L, M, N should meet in a point is f±t = t"'-f and it is 
obvious that when this condition is fulfilled, X^, M% N' also meet in' a point. 

Ex. 3, Three conies having double contact with a giv«n one are met by <3iree 
common chords, which do not pass all through the same pomt, m six pcwts which 
lie on a conic. Consequently, if three of these points lie in a right line, so do the 
other three. Let the three conies he S - L\ S - 3f «, S-N^; and the common 
chords L + Mj M + Nj N+ L, then the truth of the theorem appears from inspec- 
tion of the equation 

S + MN + NL + LM= {8 ^ D) -\r {L + M) {JL, + N)y 
GENERAL EQUATION OF THE SECOND DEGREE. 

289. There is no conic whose equation may not be writtea 
in the fonn 

aar+ hfil* + C7* + 2//?7 + 2gyoL + 2ha^ = Ow 

For this equation is obviously of the second degree ; and since 
it contains five independent constants^ we can determine these 
constants so that the curve which it represents may pass through 
five given points, and therefore coincide with any given conic. 



♦ This principle is employed by Steiher in his solution of Malfatti's problem, viz. 
" To inscribe in a triangle three circles which touch each other and each of which 
touches two sides of the triangle." Steiner's construction is " Inscribe ciixjles in the 
triangles formed by each side of the given triangle and the two adjacent bisectors 
of angles : these circles having three common tangents meeting in a point will have 
three other common tangents meeting in a point, and these are common tangents to 
the circles required." For a geometrical proof of this by Dr. Hart, see Quarterly 
Journal of McUhematicSf Vol. I., p. 219. We may extend the problem by substituting 
for the word "circles," "conies having double contact with a given one." In this 
extension, the theorem of Ex. 3, or its reciprocal, takes the place of Ex. 2. 
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The trilinear eqaatlon just written includes the ordinary Car- 
tesian equation, if we write x and y for a and ^, and if we 
suppose the line 7 at infinity, and therefore write 7 = 1, (fee 
Art. 69 and note, p. 72). 

In like manner the equation of every curve of any degree 
may be expressed as a homogeneous function of a, /3, 7. Foi* 
it can readily be proved that the number of terms in the complete 
equation of the n^ order between two variables is the same as^ 
the number of terms in the homogeneous equation of the rC^ 
order between three variables. The two equations then, con- 
taining the same number of constants are equally capable of 
representing any particular curve. 

290, Since the co-ordinates of any point on the line joining 
two points a'/3V, a"/3'V' are (Art. 66) of the form Iol + w2a",. 
l^' -h rn^'\ li + W7', we can find the points where this joining 
line meets any curve by substituting these values for a, yS, 7,^ 
and then determining the ratio Z : w by means of the resulting 
equation.* Thus (see Art. 92) the points where the line meets 
a conic are determined by the quadratic 

V {aa" + b^" + cy"' + 2/J3 V + 2^7 V + 2Aa'i8') 
+ 2?r/z{aaV + J/3'/3"-fC7V 

+/(/3y + /3V) +.9 (7 a" + 7 V) + k {a'fi'' -f a"^')} 
+ rn' {aa"^ + 1^'"' + cy'" -f 2/^' '7" + 2^7 a" + 2Aa"/3") = ; 

or, as we may write it, for brevity, PS' •^2lmP'\-m^S" =^0» 
When the point afi'y is on the curve, 8' vanishes, and the 
quadratic reduces to a simple equation. Solving it for ? : /w, 
we see that the co-ordinates of the point where the conic is met 
again by the line joining a'/S'V' *o * point on the conic a ^V? 
are /S'a' - 2Pa", 8"^' - 2P/S", 8"y - 2iy '. These co-ordinates 
reduce to OL^'y if the condition P= be fulfilled. Writing this 
at full length, we see that if a"/8"7 ' satisfy the equation 

aaa'+ Jy8/3' + C77' -^/{fiy -i- /S 7) +5^ (7 a + 7a) H" * i^'^ + ^^') = ^ j 

then the line joining a"iSV' to aySy meets the curve in two 
points coincident with a'^'y: in other words, a'^S'V' I'l^s on 



* This method was introduced by Joachimsthal. 
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the tangent at a'^y. The equation just written ia therefore 
the equation of the tangent. 

291. Arguing, as at Art. 89, from the symmetry between 
a)87, CL^'y of the equation just found, we infer that when a'/3'7' 
is not supposed to be on the curve, the equation represents the 
polar of that point. The same conchision may be drawn from 
observing, as at Art. 91, that Ps=0 expresses the condition that 
the line joining afi'y'j a"^' 7" shall be cut harmonically by the 
curve. The equation of the polar may be written 

But the quantities which multiply a', /3\ 7' respectively, are half 
the differential coefficients of the equation of the conic with re- 
spect to a, /S, 7. We shall for shortness write 8^^ 8^^ 8^j instead 

of -r- ,. -^ , -7- ; and we see that the equation of the polar is 

a'8,-\-fi'8,'\-Y8^=^0. 

In particular^ if fi\ 7' both vanish ; the polar erf" the point ^87 
is /S^, or the equation of the polar of the intersection of two of the 
lines of reference is the differential coefficient of the equation of 
the conic considered as a function of the third. The equation of 
the polar being unaltered by interchanging a^7, a')8V, may also 
be written aL8; + /8/S; -f ^S; = 0. 

292. When a conic breaks up into two right lines, the polar 
of any point whatever passes through the intersection of the 
right lines. Geometriqally it is evident that the locus of har- 
monic means of radii drawn through the point is the fourth 
harmonic to the pair of lines, and the line joining their inter- 
section to the given point. And we might also infer, from the 
formula of the last article, that the polar of any point with 
respect to the pair of lines ayS is /3'a + a'^, the harmonic con- 
jugate with respect to a, ^ of )8a- a'/3, the line joining afi to 
the given point. If then the general equation represent a pair 
of lines, the polars of the three points /37, 7a, a)8, 

are three lines meeting in a point. Expressing, as in Art. 38, 
the condition that this should be the case, by eliminating a, /8, 7 
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between these equations, we get the condition, already found by 
other methods, that the equation should represent right lines; 
which we now see may be written in the form of a determinant, 

a, A, g 

or, expanded (zbc + 2fgh - af^ — hg^ — cA" = 0, 

The left-hand side of this equation is called the discriminant^ 
of the equation of the conic. We shall denote it in what follows 
by the letter A. 

293. To find the co-ordinates of the pole of any line 
Xa + f^/3 + vy. Let a'fi'y' be the sought co-ordinates, then we 
must have 

aol^hff-\-gy^\ Aa' -h JiS* +/y' = /^, 5^a'-f//3' + c7' = v. 

Solving these equations for a', yS', 7V we get 

Aa' = X(6(; ^f)+f,[fg^ €h) + v{kf- hg), 

^ff=-^{f9-ch) + li{ca^g')^y[gh^af\ 

or, if we use -4, J5, (7,t &c. in the same sense as in Art. 151, 
we find the co-ordinates of the pole respectively proportional to 

Since the pole of any tangent to a conic is a point on that ' 
tangent, we can get the condition that Xa + fi^ + vy may touch 
the conic, by expressing the condition that the co-ordinates just 
found satisfy Xa + /^y8 + V7 = 0. We find thus, as in Art. 285, 

w4X* + ^M* + C7|/' + 2JF>v + 2 (y vX + 2fl\/A = 0. 

If we write this equation S = 0, it will be observed that the 
co-ordinates of the pole are 2^, S^, Sg, that is to say, the diffe- 
rential coefficients of S with respect to X, fi, v. Just, then, as the 
equation of the polar of any point is aS^' + ^S^ + 7^3' = 0, so 
the condition that Xa + fifi + vy may pass through the pole of 
X'a + yii'/3 + V 7, (or, in other words, the tangential equation of 



♦ See Lessons on Modern Higher Algebra, Lesson XI, 

t A, Bf Cf &c, are the minors of the determinant of the last article. 
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this pole) is XS/ + ftSj' + I'Sg' = 0. And again, the condition 
that two lines \a + fj.fi + vy^ \'a + fi'fi + vy may be conjugate 
with respect to the conic ; that is to say, may be such that the 
pole of either lies on the other, may obviously be written in 
either of the equivalent forms 

x'2, + fji'i^ -f v% = 0, xs/ 4 A*2; + vs; = 0. 

From the manner in which S was here formed, it appears that 
S is the result of eliminating a', )8', 7 , p between the equations 

aoL+kfi'-{-gy' + p\ = Oj ha' -\-bfi' +fy' -\- pfi^O, 

5ra'+/^' + C7'-f /ov = 0, \a: + fifi' + vy=^0] 

in other words, that S may be written as a determinant 



a, A, g^ 


X 


h h /j 


/^ 


9^ /j c> 


V 


X, p., V, 





Ex. 1. To find the co-ordinates of the pole of \a + /i/J + vy with respect to 
^{la) + 4(m/3) + -l^ny). The tangential equation, in this case, (Art. 130), being 

Ifut + mvk + nX/JL = 0, 
the co-ordinates of the pole are 

a' = mv + fifi, j9' = »X + Ivj y' = 7fi + mX. 

Ex. 2. To find the locus of the pole of \a + fi^ + vy with respact to a conic 
being given three tangents, and one other condition.^ 

Solving the preceding equations for /, m, », we find Z, w, n proportional to 

X Ou/3' + vy' - Xa'), fi {vy' + Xa' - fi^), v {\a' -^ fi^ - vy'). 

Now 4{la) + J(mj9) + «i(»y) denotes a conic touching the three lines o, /3, y ; and 
any fourth condition establishes a relation between ?, m, w, in which, if we substitute 
the values just found, we shall have the locus of the pole of Xa + /t/3 + vy. If we 
write for X, /t, i; the sides of the triangle of reference a, 5, c, we shall have the locus 
of the pole of the line at infinity aa + Jp + cy j that is, the locus of centre. Thus 

the condition that the conic should touch Aa + B^+ Cy, being "7 + "5 + 7^ ~ ' 

(Art. 130), we infer that the locus of the pole of Xa + /i/3 + vy with respect to a 
conic touching the four lines a, /3, y, Aa + B^+ Cy, is the right line 

X (/u/3 + yy — Xa) , /t (yy -f- Xa — /i/3) ^ y (Xa + fi^ — vy) _ ^ 

I + 5 ^ c ""• 

Or a^n, since the condition that the conic should pass through a'^y' is 
J(/a') + -v/(w/3') + -v/(«y') = 0, the locus of the pole of Xa + ^/3 + vy with respect to a 
conic which touches the three lines a, /3, y, and passes through a point a'^y', is 

4{\a' {fi^ + vy- Xa)} + 4{fx^ {vy + Xa - ^f3)} + 4{vy' {\a + fifi - vy)} = 0, 
which denotes a conic touching fx^ + vy — Xa, vy + \a — /li/3, Xa + /i/3 — yy. In the 



* The method here used is taken from Heam's Researches an Conic Sections. 
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case where the locus of centre is soughti theee thise lines are the lines joinii^ the 
middle points of the sides of the triangle fooned by a, /3, 7. 

Ex. 3. To find the co-ordinates of the pole of \a + ^ + vy with respect to 
Ifiy + mya + nap. The tangential equation in this case being, Art. 127, 

P\* + »»V + «V - 2mnft4, - 2nlt/K - 2Im\fi = 0, 

the co-ordinates of the pole are 

o' = / (?X — f»/ii - »!/), ^ = m {mjOL — nv- ZX), y' = » (nv - A. - m/u), 

whence my' + n/3' = - 2?»i»X, na' + ly' = - 2lmnfjLy I^ + ma' = - 2Imnv ; 

and, as in the last example, we find /, m, n respectively proportional to 

a' (fi^ + py' - Xa*), ^ {vy' + \a' - fi^, ^ Qi^a' + fx^ - py'). 

Thus, then since the condition that a conic ciBCumsenbiBg afiy should pass lta>ugh 

a fourth point a'^y* is^ + ^ + -^ = f>, the locus of the pole of Xa + /a/3 -|- jry, with 
regard to a conic passing through the four points, is 

^, W + n' - Xa)+^(iO< + Xa-/«/3) + ^(Xa 4-/1/3 -vy) = 0, 

which, when the locus of centre is sought, denotes a oonic passing through the 
middle points of the sides of the triangle. The eondition that the conic should 
touch Aa + Bp+ Cy, being ^AJ) + 4{Bm) + ^Cn) = 0, the locus of the pole of 
Xa + /i/3 + 1^/, with regard to a oonic passing thcoii^h three points and touching 
a fixed line, is 

4{Aa (jifi + vy- Xo)} + 4{Bfi (*y + Xo - fifi)} + 4Cy (Xo + /t/3 - vy) = 0, 

which, in general, repreaentie a emre of the fourth degree. 

294. If ci*ff*'f be any point on any of the tangents drawn 
to a curve from a fixed point a'/S 7', the line joining a'^7', a"ff'j" 
meets the enrre in two coincident points^ and the equation in 
I : m (Art. 290), which determines the points where the joining 
line meets the curve, will have equal roots. 

To find, then, the equation of all the tangents which can be 
drawn through a'/S'y, we must substitute h + ma\ lfi + mfi\ 
-ly + my' in the equation of the curve, and form the condition 
that the resulting equation in I : m shall have equal roots. 
Thus, (see Art 92) the equation of the pair of tangents to a 
conic is 88*=^!^; where 

8=^ao? + &c^ /8^ = aa"4-&c., P=aaa'4-&c. 

This equation may also be written in another form ; for since 
any point on either tangent through a'/S'7' evidently possesses 
the property that the line joining it to a'^'y touches the curve, 
we have only to express the condition that the line joining two 
points (Art. 65) 

a (/Sy - /3' V) + /3 (7' a" - y"a') + 7 (a'/3" - a"/3') = 
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should^ touch the curve, and then consider a"fi"j" variable, when 
we shall have the equation of the pair of tangents. In other 
words, we are to substitute /St* — iffy, 7a* — 7 a, a)8' — a'/3 for 
X, /A, y in the condition of Art. 285, 

AX"" + Bii^+Gv" + 2F11V + 2 Gv\+2H\fi = 0. 

Attending to the values given (Art. 285) for Aj B^ &c., it may 
easily be verified that 

(aa" + &c.) (^la'" + &c.) - (aaa' + &c.)' = A (^87 - fi'yY + &c. 

Ex« To find the locoa of intersection of tangents which cut at right angles to a 
conic given by the general equation (see Ex. 4, p. 161). 

We see now that the equation of the pair of tangents through any point (Art. 147) 
may also be written 

- 2F(a; - a?*) {xtf -ysTj + lG (tf-y') (xy' - x'y) - 25" (a; - a;') (y - yO = 0. 

This will represent two right lines at right angles when the -sum of the coefficients 
of a^ and y* yanishes, which gives for the ^nation of the locus 

C (afi + f) -^Gx - 2Fy + A + B = 0. 

This circle has been called the director circle of the conic. When the curve is a 
parabola, 0=0, and we see that the equation of the directrix is Gx + Ftf = ^{A + B), 

295. It follows, as a particular case of the last, that the 
pairs of tangents from ^87, 7a, afi are 

^« + (7/3«^2i?)37, Ca» + ^7*-2<?7a, ^/3* + -Ba* - 2fiay3, 

as indeed might be seen directly by throwing the equation of 
the curve into the form 

(aa + hff^+gyY + (C/3» + By" - 2Ffiy) = 0. 

Now if the pair of tangents through ^7 be )8 — A7, )8 — ^7, it 

appears from these expressions that kk'^y^j and that the corre*- 

G A 
3ponding quantities for the other pairs of tangents ^Je -^ , -5 1 

and these three multiplied together are =1. Hence, recollecting 
the meaning of k (Art. 54), we learn that if -4, F^ J5, 2>, (7, E 
be the angles of a curcumscribing hexagon, 

sinJg.^B.sinJMJg.sinZg(7.sinJ9Jg(7.sin2>C^.sin^(7^ _. 
sin^^asini?'^asinZiS4.sini>J5^.sini>CB.8inj;GB * 

Hence also three pairs of lines will touch the same conic if 
their equations can be thrown into the form 

3P^N'-^-2fMN:=0, lP-]rU+2g'NL^0, r+3P+2h'LM^0^ 
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for the equations of the three pairs of tangents, already found , 
can be thrown into this form by writing L V(-cl) for a, &c, 

296. If we wish to form the equations of the lines joining 
to a')8'7' all the points of intersection of two curves, we have 
only to substitute la + ma'^ Zy8 + w)8', ly-^my' in both equations, 
and eliminate I : m from the resulting equations. For any 
point on any of the lines in question evidently possesses the 
property that the line joining it to a'ffy' meets both curves in 
the same point ; therefore the equations in Z : m, which determine 
the points where one of these lines meets both curves, must 
have a common root; and therefore the result of elimination 
between them is satisfied. Thus, the equation of the pair of 
lines joining to a'13'y the points where any right line L meets 8j 
is L'^8- 2LL'P+ US' = 0. If the point a'/Sy be on the curve 
the equation reduces to L'8- 2LP= 0. 

Ex. A chord which subtends a right angle at a giren point on the curve, passes 
through a fixed point (Ex. 2, p. 170). We use ordinary rectangular co-ordinates, and, 
as above, form the equation of the lines joining the given point to the intersection 
of the conic with \x + fiy + v. These lines wiU be at right angles if the sum of the 
coeffici^its of aP and t/^ vanish, which gives the condition 

(Xj;' + fiy' + v)(fl + b) = 2 (aXx' + bfit^. 

And since X, /i, v enter in the first degree, the chord passes through a fixed point, 

b — a , a — b 
VIZ. , X , — t;-, y . If the point on the curve vary, this other point will describe 

a conic. If the angle subtended at the given point be not a right angle ; or, if the 
angle be a right angle, but the given point not on the curve, the condition found in 
like manner will contain X, /x, i; in the second degree ; and the chord will envelope 
a conic* 

297. Since the equation of the polar of a point involves the 
coefficients of the equation in the first degree, if an indeterminate 
enter in the first degree into the equation of a conic it will 
enter in the first degree into the equation of the polar. Thus, 
if P and P be the polars of a point with regard to two conies 
Sj 8' ; then the polar of the same point with regard to /8-f k8^ 
wiUbeP-FiP'. For 

(a + Jca') aoL + &c. = aod + &c. + Tc \aod + &c.}. 

Hence, givefa four points on a conic^ the polar of any given point 
passes through a fixed point (Ex. 2, p. 148). 

If Q and Q be the polars of another point with regard to 8 
and 8' J then the polar of this second point with regard to 8-\-k8' 
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is Q + hQ, ThttSy then, (see Art. 59) the polars of two points 
with regard to a system of conies through four points, form two 
horaographic pencils of lines. 

Qiven two homograjpJiic pencils of ItneSj the locus of the iaftter^ 
section of the correspoviding lines of the pencils is a conic through 
the vertices of the pencils. For, if we eliminate k between 
P+AF, Q-^thQy we get PQ^FQ. In the particular case 
under consideration, the intersection of P+kP'y Q+kQ is the 
pole with respect to 8+k8' of the line joining the two given 
points. And we see that, given four points on a conic j the locus 
of the pole of a given line is a conic (Ex. 1, p. 24^). 

If an indeterminate enter in the second degree into the 
equation of a conic, it must also enter in the second degree 
into the equation of the polar of a given point, which will then 
envelope a conic. Thus, if a conic have double contact with 
two fixed conies, the polar of a fixed point will envelope one 
of three fixed conies ; for the equation of each system of conies 
in Art. 287 contains fjL in the second degree. 

We shall in another chapter enter into fuller details re- 
specting the general equation, and here add a few examples 
illustrative of the principles already explained. 

Ex. 1. A point moves along a fixed Gne ; find the locus of the intersection <rf its 
polsurs with regard to two fixed conies. If the polars of any two points a'^'y', oT^'Y* 
on the given line with respect to the two conies be P*, P^ ; Q% QT ; then any other 
point on the line is Xo' + fia", \^ + fi^% ^y' + fiy"; a^ its polars XP' + fiP", 
XQ' + fiQ"y which intersect on the conic P'Q" = P^Q\ 

Ex. 2. The anharmonic ratio of four points on a right line is the same as that 
of their four polars. 

for the aiihajmionle ratio of the four points 

Zo'+ma'', fa' + m'tt", TV -f m' V, rV + m^'a", 

is evidently the same as that of the four lines 

IP' + mP^, rP + mT", rP'+m"!^, ITP' + m'^JP". 

Ex. 9, To find the equation ol the pair of tangents at the points where a conic S 
is met by the line y. 

The equation of the polar oS any point on y is (Art. 291) a'Si + ^S^ = 0. But 
the points where y meets the curve, are found by making y =r in the gaeral 
equation, whence ^^^ ^ g;^^,^ ^ ^^ ^ ^ 

Eliminating a', /3', between these eqiuations, we get for the egjuaition of the pair 
of tangents ^^^ _ ^^^^^ ^ ^^^, ^ ^^ 

Thus the equation of the asymptotes (^ a conic (given l^ the Osrtesian equation) is 



«(|)'--(S©-^Ki7-' 



METHODS OF ABRIDGED NOTATION. 261 

for the asymptotes are the tangents at the points where the curve is met by the line 
at infinity z, 

Ex. 4. Given three points on a conic ; if one asymptote pass through a fixed 
point, the other will envelope a conic touching the sides of the given triangle. If 
^j, ^2 ^ ^^^ asymptotes, and aa-\'h^ + cy the line at infinity, the equation of the 
conic is t^t^ = {aa + b^ + cy)*. But since it passes through /3y, yo, a^, the equa- 
tion must not contain the terms a*, /S^, y*. If therefore <| be Xa + /i/3 + 1^/, tj must 

^2 J2 c* 

be -r-o + — /9+-y; and if t^ pass through a'^y then (Ex. 1, p. 260) t^ touches 

/V fJL V 

a 4{<^a) + h ^/(/3)8^ + c ./(yyO = 0. The same argument proves, that if a conic pass 
through three fixed points, and if one of its chords of intersection with a conic given 

by the general equation be Xa + /u/3 + l^y, the other will be^a + -/3 + -y, 

Ex. 6. Given a self conjugate triangle with regard to a conic ; if one chord of 
intersection with a fixed conic (given by the general- equation) pass through a fixed 
point, the other will envelope a conic [Mr. Bumside]. The terms oj8, /3y, ya are 
now to disappear from the equation, whence if one chord be Xa + /u/3 + vy, the other 
is found to be 

Xa (/iiflr + vA - V) + /M/3 (»* + >/- fAff) + vy (X/+ fig - ph), 

Ex. 6. A a^d A' (ai)3,yi, a^^yzi ^^^ ^^® points of contact of a comm(m tangent 
to two conies Uf V; P and P' are variable points, one on each conic ; find the locus 
of C, the intersection of AP, A'P*, if PP" pass through a fixed point on the common 
tangent [Mr. Williamson}. 

Let P and Q denote the polars of ai^^y\, a^^y^ with respect to IJ and V respec- 
tively ; then (Art. 290) if a/3y be the co-ordinates of (7, those of the point P where 
AC meets the conic again, are Ua^ — 2Pa, Ufi^ — 2P/3, i/y, — 2Py j and those of the 
point P' are, in like manner. Fa, — 2(2a, &c. If the line joining these points pass 
through 0, which we choose as the intersection of a, /3, we must have 

Uai - 2Pa _ Fog - 2Qa 
Z7/3i - 2P/3 " Fft - 2(2/3 ' 

and when J, ^', are unrestricted in position, the locus is a curve of the fourth 
order. If, however, these points be in a right line, we may choose this for the line a, 
and making a^ and a, = 0, the preceding equation becomes divisible by a, and re- 
duces to the curve of the third order PV^= QUfii^ Further, if the given points- 
are points of contact of a common tangent, P and Q represent the same line ; and 
another factor divides out of the equation which reduces to one of the form U = kVf 
representing a conic through the intersection of the given conies. 

Ex. 7. To inscribe in a conic, given by the general equation, a triangle whose 
sides pass through the three points )3y, ya, o/3. We shall, as before, write <S^i, Sf, S^ 
for the three quantities, ao + A/3 + ^y, ha + 5/3 +fyf ga +fp + cy. Now we have 
seen, in general, that the line joining any point on the curve a/3y to another 
point a'^y' meets the curve again in a point, whose co-ordinates are S'a^ 'iP'a'y 
S'P - 2P'^, S'y - 2P'y. Now if the point a'^y' be the intersection of lines /S, y, 
we may take a' = 1, /^ = 0, y' = 0, which gives 8' = ay P^= 5i, and the co-ordinates 
of the point where the line joining o/3y to /3y meets the curve, are aa — 25i, o/3, ay. 
In like manner, the line joining a/3y to ya, meets the curve again in 5a, 5/3 — 2^2, 5y. 
The line joining these two points will pass through a/3, if 

aa — 2/S^, _ ba 
o^ ~ 6/3 - 2^2 ' 

or, expanding 251^2 = aaS^ + bfiSif 
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which is the condition to be fulfilled by the co-ordinates of the rertez. Writing m 
this equation aa= 8i — k(i — gy^ bp = S^ — ha — /y, it becomes 

h {aSi -^fiS^ + y (fS,-[rgS^) =0. 

Bnt since a^y iis on the curve, aS^ + fiS^ + yS^ = 0, and the equation leist wxitteit 
^^<^^ yU'Sy-\-ga,^h8,), = 0. 

Now the factor y may be set aside as irreleyant to the- geometric solution of the 
problem ; for although either of the points where y meets the curve fulfils the con- 
dition which we have expressed analytically, namely, that if it be joined to /3y and 
to yuf the joining lines meet the curve again in points which lie on a line with afi; 
yet, since these joining lines coincide, they cannot be sides of a triangle. The verter 
of the sought triangle is therefore either of the points where the curve is met by 
/Si + gS2 — h ^y It can be verified immediately that fS^ = gS^ = hS^ denote the 
lines joining the corresponding vertices of the triangles a/Sy, SyS^S^^ Consequently 
(see Ex. 2, p, o»), the line fS^ + gS^ — hS^ is constructed as follows : *' Form the tor 
angle DEF whose sides 
are the polars of the 
given points -4, -B, C7; 
let the lines joining the 
corresponding vertices 
ei the two triangles 
meet the opposite sides 
of the polar triangle in 
LfMjN-f then the lines 
LM, MNj NL pass 
through the vertices of 
the required triangles,'* 
The truth of this construction is easily shown geometrically : for if we suppoue that 
we have drawn the two triangles 123, 456 which can be drawn through the points 
A, By C; then applying Pascal's theorem to the hexagon 123456, we see that the 
line BC passes through the intersection of 16, 34. But this latter point is the pole 
of AL (Ex. 1, p. 143). Conversely, then AL passes through the pole of BCf and L 
is on the polar of A (Ex. 1^ p. 143). 

This construction becomes indeterminate if the triangle is self conjugate in which 
case the problem admits of an infinity of solutioi^. 

Ex. 8. If two conies have double contact, any tangent to the one is cut har- 
monically at its point of contact, the points where it meets the other, and where 
it meets the chord of contact. 

If in the equation 8 + Jfi = 0,we substitute la' + ma'\ l^ + m^', ly' + my", for 
a, /3, y, (where the points a'/3'y', a"^'y" satisfy the equation S = 0), we get 

{m + mRy + 2lmP = 0. 

Now, if the line joining a'^'y^ a"^y, touch /S' -f i?*, this equation must be a 
perfect square : and it is evident that the only way this can happen is if P = - 2RR'j 
when the equation becomes QR' - mRy = j when the truth of the theorem ifl 
manifest. 

Ex. 9. Find the equation of the conic touching five lines, viz. o, /3, y, Aa+Bp-\- Cy, 
A'a + B'fi + Cy, 

Ans, (/a)* + (m/3) + («y) , where 7, m, n are determined by the conditions 

^ m n^__ I m » _ /> 

A^ B"^ C~ ' A''^W'^'C'^ 




./» 
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Ex. 10. Find the equation of the conic touching the five lines, «, /3, y, a + /3 + y, 
2a + /3 - y. 

We ha-^^ I + m + n = Of ^/ + m — n = 0: hence the lequired equation is 

2 (- a)* + (3^)* + (y)i = 0. 

Ex. IL ^nd the equation of the conic touching a, pj y, at their middle points. 

Ans, {aa)^ + (6/3)* + (cy)* = 0. 

Ex. 12. Knd the condition that (Za)* + (m^)^ + (ny)* = should represent a para- 

Ans, The curve touches the line at infinity when -+■£• + —= 0, 

Ex. 13. To find the locus of the focus of a parabola touching a, fi^ y. 
Generally, if the co-ordinates of one focus of a conic inscribed in the triangle a/9y 
be a'fi'y'j the lines joining it to the vertices of the triangle will be 

a_/3 fi __y y _ **• 
a'~^* ?"?' /"o' 

and since the lines to the other focus make equal angles with the sides of the triangle 
(Art. 189), these line"* wiU be (Art. 55) 

d'a = /3'/3, ///Szryy, y'y = a'a; 
and the co-ordinates of the other focus may be taken — , ^ , — ; • 

u p y 

Hence, if we are given the equation of any locus described by one focus, we can 
at once write down the equation of the locus described by the other; and if the 
second focus be at infinity, that is, if o" sin-4 + /3"8injB+ y" sinC= 0, the first 

sin^ sIujS sinC 

must Ue on the circle —-7- H — -^r H — 7- = 0, The co-ordinates of the focus of 

d! ^ y 

a parabola at infinity are ^r^, . ^^ ^ '"=~2^» ^^ (remembering the relation in 

Ex. 12) these values satisfy both the equations, 

a 8in-4 + /3 sinB + y Bin(7= 0, ^la + .Jm/3 -f J»y = 0. 

Bin«^ sin*^ sin«C 
The co-ordinates, then, of the finite focus are — 1 — , - » — — - • 

Ex. 14. To find the equation of the directrix of this parabola. 
Forming, by Art. 291, the equation of the polar of the point whose co-ordinates 
have just been given, we find 

la (sin«JS + sin^C- sin'^) + m^ (8in2C+ sin*^ - sin«5) + »y (sinM + sin^-B - sin'C) = 0, 

or ZaBinSsinCcos-4 + m/3sinCfim-4 cos-B + «y 8in-4 sin5cosC=0. 

Substituting for n from Ex. 12, the equation becomes 

Zsin£8uiC(acos^ — y cosC) -f twsinCsin^ (/3cos5 — y cosC) = 0; 

hence the directrix always passes through the intersection of the perpendiculars of 
the triangle (see Ex. 3, p. 54). 

Ex. 15. Given four tangents to a conic find the locus of the focL Let the four 
tangents be a, /3, y, 5, then, since any line can be expressed in terms of three others, 
these must be coimected by an identical relation aa + b^ + cy + dd = 0. This relation 
must be satisfied, not only by the co-ordinates of one focus a'/3'y'5', but also by those 

of the other -7 , -5; , — , , t/ • The locus is therefore the curve of the third degree 
a p y o 

a h c d ^ 

- + ^ + -+^ = 0. 
a p y 
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CHAPTER XV. 

THE PRINOIPLE OF DUALITY; AND THE METHOD OF 

RECIPEOCAL POLABS. 

298. The methods of abridged notation, explained in the 
last chapter, apply equally to tangential equations. Thus, if 
the constants X^ /a, v in the equation of a line be connected hj 
the relation 

(aX-f J/A4 cv) (a'X + J>+cV) = {a"\+b"fi+c"v) {a'"\+b'"ti-{-c"'v\ 

the line (Art. 285) touches a conic Now it is evident that one 
line which satisfies the given relation is that whose X, /t, v are 
determined by the equations 

aX + 5/i-f <5i/ = 0, a"X+y> + c'V = 0. 

That is to say, the line joining the points which these last 
equations represent (Art 70), touches the conic in question. 
If then a, )8, 7, 8 represent equations of points, (that Is to 
say, functions of the first degree in X, /x, v) ay = Jcfii is 
the tangential equation of a conic touched by the four lines 
ayS, ^7, 7S, Sa. More generally, if ;8^ and S' in tangential co- 
ordinates represent any two curves, S—kS* represents a curve 
touched by every tangent common to 8 and 8\ For, whatever 
values of X, /a, v make both )S=0 and 8' = 0j must also make 
8"'k8' = 0. Thus, then, if 8 represent a conic, 8''Jcal3 re- 
presents a conic having common with ;8^ the pairs of tangents 
drawn from the points a, ^8. Again, the equation ay = k^ 
represents a conic such that the two tangents which can be 
drawn from the point a coincide with the line a/S; and those 
which can be drawn from 7 coincide with the line 7)8. The 
points a, 7 are therefore on this conic, and fi is the pole of the 
line joining them. In like manner, 8 —a* represents a conic 
having double contact with 8j and the tangents at the points 
of contact meet in a; or, in other words, a is the pole of the 
chord of contact. 

So again, the equation a7 = k^^ may be treated in the same 
manner as at Art. 270, and any point on the curve may be 
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represented by fi'a + 2/ik/3-\-% while the tangent at that point 
joins the points fia + kfij /iJefi + 7,* 

Ex. 1. To find the locos of the centre of conies touching four given lines. Let 
2 = 0, 2' = be the tangential equations of any two conies touching the four lines ; 
then, by Art. 298, the tangential equation of any other is 2 + k^' = 0. And (see 

p. 148) the co-ordinates of the centre are -^ — j^,, />XT7^» *^® ^^"^ ^^ which 

shows (Art. 7) that the centre of the variable conic is on the line joining the centres 

G F G' F' 
of the two assumed conies, whose co-ordinates are 7^1 -n) 77, 1 ttm ^^^ ^^^ ^^ divides 

the distance between them in the ratio C :kC'^ 

Ex. 2. To find the locus of the foci of oonics touching four given lines. We have 
only in the equations (p. 228) which determine the fod to substitute A + JeA' for A^ 
<&c., and then eliminate k between them, when we get the result ii^ the form 

{C(a^ -y2) + 2F^ -2Gx + A-B} {C'xy - F'x - G'y + H'} 

= {C'{xi-y^) + 2F'y-2G'x + A'-B'}{Cxy-Fx-Gy + ff}, 

This represents a curve of the third degree (see Ex. 15, p. 263), the terms of higher 
order mutually destroying. If, however, 2 and 2' be parabolas, 2 + ib2' denoted 
a system of parabolas having three tangents common. We have then C and C both 
= 0, and the locus of foci reduces to a circle. Again, if the conies be concentric, 
taking the centre as origin, we have -P, F'y Cr, Cr' all = 0. In this case 2 + Ar2' re- 
presents a system of conies touching the four sides of a patallelognun and the locos 
of fod is an equilateral hyperbola.t • 

Ex. 3. The director cirdes of conies touching four fixed lines have a eommon 
radical axis. This is apparent from what was proved, p. 258, that the equation of 
the director circle is a linear function of the coeffidents A, jS, &c^ and that therefore 
when we substitute A + kA' for Ay Ac. it will be of the form 8 + kS' = 0. This 
theorem indodes as a particolar case, " The circles having for diameters the three 
diagonals of a complete qoadrilateral have a common radical axis." 

299. Thus we see (as in Ai*t. 70) that each of the equations 
used in the last chapter is capable of a double interpretation^ 
according as it is considered as nn equation in trilinear or in 
tangential co-ordinates. And the equations used in the last 
chapter, to establish any theorem, will, if interpreted as equations 

* In other words, if in any system a;'yV, aj'y«", be the co-ordinates of any two. 
points on a conic, and a/"y'"^'** those of the pole of the line joining them^ the co- 
ordinates of any point on the corve may be written 

A* V + 2/uAa:"' + aJ^, fiY + 2fikf* + y''^ /;4V + 2^" + a", 

while the tangent at that point divides the two fixed tangents in the ratios ft : kj 
fiJe : 1. When ^ = 1, the corve is a parabda. Want of space prevents us from giving 
illustrations of the great use of this prindple in solving examples. The reader may 
try the question : — ^To find the locus of the point where a tsmgent meeting two fixed 
tangents is cut in a given ratio. 

t It is proved in like manner that thp locus of fod of conies passing through four 
fixed points, which is in general of the sixth degree, reduces to the fourth when the 
points form a parallelogram. 

M M 
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in tangential co-ordinates, yield another theorem, the reciprocal 
of the former. Thus (Art. 266) we proved that if three conies 
{8 J S-^LMj 8-\'LN) have two points [Sj L) common to all, 
the chords in each case joining the remaining common points 
{Mj Nj M—N)^ will meet in a point. Consider these as 
tangential equations, and the pair of tangents drawn from L 
is common to the three conies, while Jf, Nj M— N denote in 
each case the point of intersection of the other two common 
tangents. We thus get the theorem, " If three conies have two 
tangents common to all, the intersections in each case of the 
remainmg pair of common tangents, lie in a right line." Eveiy 
theorem of position (that is to say, one not involving the magni- 
tudes of lines or angles) is thus twofold. From each theorem 
another can be derived by suitably interchanging the words 
^' point" and '^ line" ; and the same equations differently inter- 
preted will establish either theorem. We shall in this chapter 
give an account of the geometrical method by which the attention 
of mathematicians was first called t^ this '' principle of duality."* 

300. Being given a fixed conic section ( U) and any curve 
(iS), we can generate another curve {s) as follows: draw any 
tangent to 8^ and take its pole with regard to U] the locus of 
this pole will be a curve «, which is called the j>olar curve of 8 
with regard to U. The conic Z7, with regard to which the pole 
is taken, is called the •auodliary conic. 

We have already met with a particular example of polar 
curves (Ex. 12, p. 1^8), where we proved that the polar curve 
of one conic section with regard to another is always a curve of 
the second degree. 

We shall for brevity say that a point corresponds to a line 
when we mean that the point is the pole of that line with regard 
to U. Thus, since it appears from our definition that every point 
of s is the pole with regard to U of some tangent to /S, we shall 

♦ The method of reciprocal polars was introduced by M. Poncelet, whose account 
of it will be found in Crelle's Journal^ Vol. iv. M. Pliicker, in his "System der 
Analytiflchen Geometrie," 1835, presented the principle of duality in the purely ana- 
lytical point of view, from which the subject is treated at the beginning of this 
chapter. But it was Mbbius who, in his " Barycentrische Calcul," 1827, had made 
the important step of introducing a system of co-ordinates in which the position of 
a right line was indicated by co-ordinates and that of a point by an equation. 
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briefly express this relation by saying- that every point of « cor- 
responds to some tangent of 8, 

301. The point of intersection of two tangents to 8 mil corre-* 
spond to the line Joining the corresponding points of s. 

This follows from the property of the conic TJ^ that the point 
of intersection of any tw^ lines is the pole of the line joining 
the poles of these two lines (Art, 146). 

Let us suppose that in this theorem the two tangents to 8 
are indefinitely near, then the two corresponding points of s will 
also be indefinitely near, and the line joining them will be a 
tangent to s\ and since any tangent to 8 intersects the con- 
secutive tangent at its point of contact, the last theorem be- 
comes for this case : If any tangent to 8 correspond io a poitit 
on «, the point of contact of that tangent to 8 vxill correspond to 
the tangent through the point on s. 

Hence we see that the relation between the carves is reci- 
procal, that is to say, that the curve 8 might be generated from 
s in precisely the same manner that s was generated from 8. 
Hence the name " reciprocal polars.'^ 

302. We are now able, being given any theorem of position 
concerning any curve 8, to deduce another concerning the curve s. 
Thus, for example, if we know that a number of points con- 
nected with the figure ;8^ lie on one right line, we learn that the 
corresponding lines connected with the figure s meet in a point 
(Art. 146), and vice versd ; if a number of points connected 
with the figure 8 Me on a conic section, the corresponding lines 
connected with s will touch the polar of that conic with regard 
to U] or, iA general, if the hcus of any point connected with 8 
be any curve 8\ the envelope of the corresponding line connected 
with 8 IS /,. the reciprocal polar of 8\ 

303. The degree cf the polar reciprocal of any curve is equal 
to the class of the curve (see note, p. 142), that is, to the number 
of tangents which can he dravrnfrom any point to that curve. 

For the degree of s is the same as the number of points in 
which any line cuts s ; and to a number of points on s, lying on 
a right line, correspond the same number of tangents to 8 passing 
through the point corresponding to that line. Thus, if ;S be a 
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x^nic section, two, and only two, tangents, real or Imaginanr, 
can be drawn to it from anj point (Art. 145) ; therefore, any 
line meets a in two, and only two points, real or imaginary ; we 
■may thus infer, independently of Ex. 12, p. 198, that the reci- 
procal of any conic section is a curve of the second degree. 

304. We shall exemplify, in the case where 8 and s are conic 
sections, the mode of obtaining one theorem from another by 
this method. We know (Art. 267) that " if a hexagon be in- 
scribed in /S, whose sides are -4, J5, C, 2), JSj Fj then the jmnts 
of intersection, AD^ BE^ CFj are in one right line^ Hence we 
infer, that " if a hexagon be ciVcwwiscribed about «, whose vertices 
are a, J, c, (/, c,/, then the lines aJ, Je, cf, will meet in apoin(^ 
(Art. 265). Thus we see that Pascal's theorem and Brianchon's 
are reciprocal to each other, and it was thus, in fact, that the 
latter was first obtained. 

In order to give the student an opportunity of rendering him- 
self expert in the application of this method, we shall write in 
parallel columns some theorems, together with their reciprocals. 
The beginner ought carefully to examine the force of the argu- 
ment by which the one is inferred from the other, and he ought 
to attempt to form for himself the reciprocal of each theorem 
before looking at the reciprocal we have given. He will soon 
find that the operation of forming the reciprocal theorem will 
reduce itself to a mere mechanical process of interchanging the 
words "point" and "line," "inscribed" and "circumscribed," 
"locus" and "envelope," &c. 

/ If two vertices of a triangle move If two sides of a triangle pass through 

along fixed right lines, while the sides fixed points, while the vertices move on 

pass each through a fixed pointy the locus fixed right lines^ the envelope of the third 

of the third vertex is a conic section, side is a ecsiio section. 
(Art. 269). 

I If, however, the points through whieh If the lines on which the vertices move 

the sides pass lie in one right line, the meet in a point, the third side "will pass 

locus will be a right line. (Ex. 2, p. 41). through a fixed point. 

In what other case will the locus be In what other case will the third side 

a right line ? (Ex. 8, p. 42). pass through a fixed point ? (p. 49). 

If two conies touch, their reciprocals will also touch ; for the 
first pair have a point common, and also the tangent at that point 
common, therefore the second pair will have a tangent common 
and its point of contact also common. So likewise if two conies 
have double contact their reciprocals will have double contact. 
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y 

If a triangle be circumscribed to a If a triangle be inscribed in a conic 

conic section, two of whose vertices move section, two of whose sides pass through 

on fixed lines, the locus of the third ver- fixed points, the envelope of the third side 

tex is a conic section, having double con- is a conic section, having double contact 

tact with the given one. (Ex. 2, p. 239). with the given one. (Ex. 8, p. 239). 

305. We proved (Art. 301, see figure, p. 270) if to two pointa 
P, P*, on /8, correspond the tangents j>t^ p't'j on 5, that the tan- 
gents at Pand P' will correspond to the points of contact jp,^', 
and therefore Q^ the intersection of these tangents, will corre- 
spond to the chord of contact pp'j Hence we learn that to 
any point Q^ and its polar PP\ with respect to 8j correspond a 
line pp' and its pole q with respect to s. 

/ Given two points on a conic, and two Given two tangents and two points 

of its tangents, the line joining the points on a conic, the point of intersection of the 

of contact of those tangents passes through tangents at those points will move along 

one or other of two fixed points. (Ex., one or other of two fixed right lines. 
Art. 286, p. 251). 

y Given four points on a conic, the polar Given four tangents to a conic, the 

of a fixed point passes through a fixed locus of the pole of a fixed right line is 

point. (Ex. 2, p. 148). a right line. (Ex. 2, p. 243). 

Given four points on a conic, the locus Given four tangents to a conic, the 

of the pole of a fixed right line is a conic envelope of the polar of a fixed point is 

section. (Ex. 1, p. 243). a conic section. 

y The lines joining the vertices of a tri- The points of intersection of each side 

angle to the opposite vertices of its polar of any triangle, with the opposite side of 

triangle with regard to a conic, meet in the polar triangle, lie in one right line, 
a point. (Art. 99). 

p Inscribe in a conic a triangle whose Circumscribe about a conic a triangle 

sides pass through three given points, whose vertices rest on three given lines, 
(Ex. 7, Art. 297). 

306. Given two conies, 8 and 8\ and their two reciprocals, 
s and s ; to* the four points -4, P, C, P common to 8 and 8' 
correspond the four tangents a, 6, o, d common to s and «', and 
to the six chords of intersection of 8 and 8j ABy CD ; A (7, BI) ; 
ADy BG correspond the six intersections of common tangents 
to s and s ; ab^ cd] ac^ hd\ ad^ be* 

/ If three conies have two common tan- If three conies have two points com- 
gents, or if they have each double contact mon, or if they have each double contact 
with a fourth, their six chords of inter- with a fourth, the six points of inter- 
section will pass three by three through section of common tangents lie three by 
the same points. (Art. 264). three on the same right lines. 
5 Or, in other words, three conies, having Or, three conies, having each double 
each double contact with a fourth, may be contact with a fourth, may be considered 






♦ A system of four points connected by six lines is accurately called a quadrangle^ 
as a system of four lines intersecting in six points is called a quadrilateral. 
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oonsiderad as having four radical centres, as having four axes of shnilitude. (See 

Art. 117, oi which this theorem is an ex- 

tension). 

/( If thrmigh the peint of oontaet of two If from an^r point <m the tangent at 

obnics which touch, any chord be drawn, the point of contact of two conies which 

tangents at its extremities will meet on touch, a tangent be drawn to each, the 

the oemmon. chord of the two conies. line joining their points of contact will 

pass through the intersection of common 
tangents to the conies. 
f l_ If, through an intersection of common If, on a common chord of two conies, 
tangents of two oonics any two chords be any two points be taken, and from these 
drawn, lines joining their extremities will tangents be drawn to the oonics, the dia- 
intersect on one or other of the common gonals of the quadrilateral so formed will 
chords of the two conies. (Ex. t, p; 239). pass through one or other of the intersec- 
tions of common tangents to the oonics. 
^3 If A and B be two conies having each If A and B be two conies having each 
double contact with 8j the chords of con- double contact with 8y the intersections 
tact of A and B with 8, and their chords of the tangents at their points of contact 
of intersection with each other, meet in with S, and the intersections of tangents 
a point, and form a harmonic pendL common to A and J3, lie in one right line, 
(Art. 263). which they divide harmonically. 

. • If A J B, Cy be three oonics, having If -4, J5, C, be three conies, having 

each double contact with 5, and if A and each double contact with 5, and if A and 
B both touch C, the tangents at the points B both touch C, the line joining the points 
of contact will intersect on a common of contact will pass through an intersec- 
chord of A and B, tibn of common tangents of A and B, 

307. We have hitherto supposed the auxiliary conic U to be 
any conic whatever. It is most common, however, to suppose 
this conic a circle ; and hereafter, when we speak of polar curves, 
we intend the reader to understand polars with regard to a circle^ 
unless we expressly state otherwise. 

We know (Art. 88) that the polar of any point with regard 
to a circle is perpendicular to the line joining this point to the 
centre, and that the distances of the point and its polar are, when 
multiplied together, equal to the square of the radius ; hence the 
relation between polar curves with regard to a circle is often 
stated as follows : Being given 
any point Oj if from it we let fall 
a perpendicular OT onany tan-- 
gent to a curve 8^ and produce 
it until the rectangle OT,Op is 
equal to a constant 1c\ then the 
locus of the point p is a curve «, 
which is called the polar recipro^ 
Cal of 8. For this is evidently 
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equivalent to saying that j) is the pole of Fl\ with regard to 
a circle whose centre is and radius Tc, We see, thwefore 
(Art. 801), that the tangent pi will correspond to the point of 
contact P, that is to say, that OP will be perpendicular to pt^ 
and that OP.Ot^W. 

It is easy to show that a change in the magnitude of h will 
affect only the size and not the sha'pe of s^ which is all that in 
most cases concerns us. In this manner of considering polars, 
all mention of the circle may be suppressed, and 8 may be called 
the reciprocal of S with regard to the point 0. We shall call 
this point the origin. 

The advantage of using the circle for our auxiliary conic 
chiefly arises from the two following theorems, which are at once 
deduced from what has been said, and which enable us to trans- 
form, by this method, not only theorems of position, but also 
theorems involving the magnitude of lines and angles: 

The distance of any point Pfrom the origin is the reciprocal of 
the distance from the origin of the co^'responding line pt. 

The angle TQT between any two lines TQ^ TQ^ is equal to 
the angle p Op* subtended at the origin by the corresponding points 
J) J p' ; for Op is perpendicular to TQ^ and Op to T' Q. 

We shall give some examples of the application of these 
principles when we have first- investigated the following 
problem : 

308. To find the polar reciprocal of one circle with regard tsO 
another. That Is to say, to find the locus of the pole p with re- 
gard to the circle (0) of any tangent P2^to the circle [G). Let 
MN be the polar of the point G 
with regard to 0, then having 
the points (7, /?, and their polars 
MN^ PT^ we have by Art. 101, 

the ratio -777^ = — |y, but the first 
GP pN^ 

ratio is constant, since both OG 

and GP are constant ; hence the 

distance of jp from is to its distance from MN in the constant 

ratio OG:GP] its locus is therefore a conic, of which is a focus, 

MN the corresponding directrix, and whose eccentricity is OG 
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divided by CP. Hence the eccentricity is greater, less than, or 
= 1, according as is without, within, or on the circle G. 

Hence the polar reciprocal of a circle is a conic section^ of 
which the origin is the focus^ the line corresponding to the centre 
is the directrixj and which is an ellipse^ hyperbola^ or parabola^ 
according as the origin is within^ without^ or on the circle* 

309. We shall now deduce some properties concerning angles, 
by the help of the last theorem given in Art. 307. 

Any two tangents to a circle make The line drawn from the focns to the 
^X^ual angles with their chord of contact. intersection of two tangents bisects the 

angle subtended at the focns by their 
chord of contact. (Art 191). 

For the angle between one tangent PQ (see fig., p. 270) and 

the chord of contact PP' is equal to the angle subtended at the 

focus by the corresponding points j9, q ; and similarly, the angle 

QP'P is equal to the angle subtended by p\ q ; therefore, since 

QPP'^QP'P.pOq^p'Oq. 

y^ Any tangent to a circle is perpen- Any point on a conic, and the point 
dicular to the line joining its point of where its tangent meets the directrix, 
contact to the centre. subtend a right angle at the focus. 

This follows as before, recollecting that the directrix of the 
conic answers to the centre of the circle. 
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Any line is perpendicular to the line Any point and the intersection of its 

joining its pole to the centre of the circle, polar with the directrix subtend a right 

^ angle at the focus. 

' y^ The line joining any point to the If the point where any line meets the 

^ centre of a circle makes equal angles with directrix be joined to the focus, the join- 

the tangents through that point. ing line will bisect the angle between the 

focal radii to the points where the given 
line meets the curve. 
y The locus of the intersection of tan- The envelope of a chord of a conic, 
gents to a circle, which cut at a given which subtends a given angle at tiie focus, 
angle, is a concentric circle. is a conic haviBg the same focus and the 

same directrix. 
^ y The envelope of the chord of contact The iocus of the intersection of tan- 
of tangents which cut at a given angle gents, whose chord subtends a ^ven angle 
is a concentric circle. at the focus, is a conic having the same 

' focus and directrix. 

y^ If from a fixed point tangents be If a fixed line intersect a series of 
drawn to a series of concentric circles, conies having the same focus and ssme 
the locus of the points of contact will be directrix, the envelope of the tangents to 
a circle passing through the fixed point, the conies, at the points where this line 
and through the common centre. meets them, will be a conic having the 

same focus, and touching both the fixed 
line and the common directrix. 



THE METHOD" OP RECIPROCAL POLARS. 273 

In the latter theorem, if the fixed line be at infinity, we find 
the envelope of the asymptotes of a series of hyperbolas having 
the same focus and same directrix, to be a parabola having the 
same focus and touching the common directrix. 

t- L Ji two chords at right angles to each The locus of the intersection of tan- 
other be drawn .jihrough any point on a gents to a parabola which cut at right 
circle, the line joining their eidxemities angles is the directrix. 
passes through the centre. 

We say a parabola, for, the point through which the diords 
of the circle are drawn being taken for origin, the polar oi the 
circle is a parabola (Art. S08). 

'^ O The envelope of a chord of a drde The locus of the intersection of tan- 

vvhich subtends a gi^ren angle at a gi^en gents to a parabola, which cut at a given 

point on the curve is a concentric circle. angle, is a conic having the same focus 

o uf ^^^ ^^® same directrix. 

Given base and vertical angle of a Given in position two sides of a tri- 

triangle, the locus of vertex is a circle angle, and the angle subtended by the 

passing through the extremities of the base at a given point, the envelope of the 

base. base is a conic, 4>f which that point is a 

focus, and to which the two given sides 

r> f)" win be tangents. 

The locus of the intersection of tan- The envelope <of :any chord of a conic 

gents to an ellipse or hyperbc^ which which subtends a aight angle at any fixed 

cut at right angles is a circle. point is a 4X}nic, of which that point is 

a focus. 

*' If from any point on the circumference of a circle perpen- 
diculars b6 let fall on the sides of any inscribed triangle, their 
three feet will lie in one right line^' (Art. 125). 

If we take the fixed point for origin, to the triangle inscribed 
in a circle will correspond a triangle circumscribed about a^ara* 
bola ; again, to the foot of the pei^pendicular on any line corre- 
sponds a line through the corresponding point perpendicular to 
the radius vector from the origin. Hence^ " If we join the focus 
to each vertex of a triangle circumscribed about a parabola, and 
erect perpendiculars at the vertices to the joining lines, those 
perpendiculars will pass through th€ same point." If, therefore, 
a circle be described, having for diameter the radius vector from 
the focus to this point, it will pass through the vertices of the 
circumscribed triangle. Hence, Given three tangents to a para' 
holay the locus of the focus is the circumscribing circle (p. 196). 

The loous of the foot of the perpen- If from any point a radius vector be 
dicular (or of a line making a constant drawn to a circle, the envelope of a per- 
angle with the tangent), from the focus pendicular to it at its extremity (or of a 

y . NN » 
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of an ellipse or hyperbola on the tangent line making a constant angle with it) is a 
is a circle. conic having the £xed point for its focus. 

310. Having sufficiently exemplified in the last Article the 
method of transforming theorems involving angles, we proceed 
to show that theorems involving the magnitude of lines passing 
through the oinffin are easily transformed by the help of the first 
theorem in Art. 307. For example, the sum (or, in some cases, 
the difiTerence, if the origin be without the circle) of the perpen- 
diculars let fall from the origin on any pair of parallel tangents 
to a circle is constant, and equal to the diameter of the circle. 

Now, to two parallel lines correspond two points on a line 
passing through the origin. Hence, ^^ the sum of the reciprocals 
of the segments of any focal chord of an ellipse is constant.'' 

We know (p. 179) that this sum is four times the reciprocal 
of the parameter of the ellipse, and since we learn from the 
present example that it only depends on the diameter, and not 
on the position of the reciprocal circle, we infer that the red- 
procals of equal circles^ with regard to any origin^ have the same 
parameter. 

The rectangle under the segments of The rectangle under the perpendiculars 
any chord of a circle through the origin let fall from the focus on two parallel 
is constant. tangents is constant. 

Hence, given the tangent from the origin to a circle, we are 
given the conjugate axis of the reciprocal hyperbola. 

Again, the theorem that the sum of the focal distances of 
any point on an ellipse is constant, may be expressed thus : 

The sum of the distances from the The sum of the reciprocals of peipen- 
focus of the points of contact of parallel diculars let fall from aniy point within a 
tangents is constant. circle on two tangents whose chord of con- 

tact passes through the point, is constant. 

311. If we are given any homogeneous equation cJonnecting 
the perpendiculars PA^ PB^ &c. let fall from a variable point P 
on fixed lines, we can transform it so as to obtain a relation 
connecting the perpendiculars op, &p', &c. let fall from the fixed 
points a, J, &c. which correspond to the fixed lines, on the 
variable line which corresponds to P. For we have only to 
divide the equation by a power of OP, the distance of P from 
the origin, and then, by Art. iOl, substitute for each term 
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^, ^ . For example, if P4, PJ9, P(7, PD be the perpen- 
diculars let fall from any point of a conic on the sides of an 
inscribed quadrilateral, PA.PO=^ hPB. PD (Art. 259) . Divid- 
ing each factor by OP, and substituting, as above, we have 

-^ • ^ = i -^ . ^T ; aiid Oa. Oh. Oc. Od being constant, we 
Oa Oc Ob Ud 

infer that if a fixed guadrilateral he eircumscribed to a contc^ 

the product of the perpendiculars let fall from two opposite vertices 

on any variable tangent is in a constant ratio to the product of the 

perpendiculars let fall from the other two vertices. 

The product of the perpendiculars from The product of the perpendiculars from 
any point of a conic on two fixed tangents, two fixed points of a conic on any tan- 
is in a constant ratio to the square of the gent, is in a constant ratio to the square 
perpendicular on their chord of contact, of the perpendicular on it, from the inter- 
(Art. 259). section of tangents at those points. 

If, however, the origin be taken on the chord of contact, the 
reciprocal theorem is, "the intercepts, made by any variable 
tangent on two parallel tapgents, have a constant rectangle." 

The product of the perpendiculars on The square of the radius vector from 
any tan^gent of a conic from two fixed a fixed point to any point on a conic, is in 
points (the foci) is constant. a constant ratio to the product of the per- 

pendiculars let fall from that point of the 
conic on two fixed right lines. 

Generally since every equation in trilinear co-ordinates is 
a homogeneous relation between the perpendiculars from a point 
on three fixed lines, we can transform it by the method of this 
article, so as to obtain a relation connecting \, /x, v, the per- 
pendiculars let fall from three fixed points on any tangent to 
the reciprocal curve, which may be regarded as a kind of tan- 
gential equation* of that curve. Thus the general trilinear 
equation of a conic becomes, when transformed, 

«-. + 5^, + c— , + 2/-9T, + 2^-7r--f 2A-q = 0, 
P P P PP P P PP 

where p, p\ p" are the distances of the origin from the vertices 
of the new triangle of reference. Or, conversely, if we are 
given any relation of the second degree ^\^ + &c. = 0, con- 



* See Appendix on Tangential Equations. 
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nectiDg ibe ibreo perpendiculars X, ^, v, the trilinear equation 
of the reciprocal curve is 

a H y PI 7 a OLp 

where a\ ff, y are the trilinear co-ordinates of the origin. 

Ex* I. Given the foooB and a tiiangle ciicomBcribiiig a conic, the perpendicnlan 
let faU from its inertlees on any tangent to the conic are connected by the relation 

8iB0^ + sine' ^' + sin 0"^' = 0, 

where 0, 0^, G" are the angles the sides of the triangle subtend at the focns. This 
is obtained by forming the reciproeal of the trilinear equation of the circle drcnin- 
scribing a triangle. If the centre of the inscribed circle be taken as focus, we have 
= 90^ + ^Af /9 Bin|^ =: r, whence the tangential equation, on this system, of the 
inscribed circle is 

MV COt^^ + v\ COt^B + \fk oot^C= 0. 

In the case of any of the exscribed circles two of the cotangents are replaced by 
tangentSr 

Ex. 2. Given the focus and a triangle inscribed in a conic, the perpendicnlars let 
fall from its yertioea on any tangent are connected by the relation 

smia ig + efaiC Jg) + sin jr J^^) = 0. 

The tangential equation of the circumscribing circle takes the form 

sin^ 4{\) + smB 4{fi) + sinC ^(i^) = 0. 

Ex. 3. Giyen focus and three tangents the trilinear equation of the conic is 

This is obtained by reciprocating the equation of the dicumscribing drde last found. 

Ex. 4. In Hke manner f^m Ex. 1, we find that given focus and three points the 
trilinear equation is 

tanie - + tanie* 2^ + tan^^' 51 = o. 
a P 7 

312. Very many theorems concerning magnitude may be 
reduced to theorems concerning lines cut barmoDically or an* 
harmonically, and are transformed by the following principle: 
To any four points on a right line correspond four lines passing 
through a pointy and the anharmonic ratio of this pencil is the 
same as that of the four points. 

This is evident, since each leg of the pencil drawn from the 
origin to the given points is perpendicular to one of the corre- 
sponding lines. We may thus derive the anharmonic properties 
of conies in general from those of the circle. 

The anharmonic ratio of the pencil The anharmonic ratio of the points in 
joining four points on a conic to a variable which four fixed tangents to a conic cut 
fifth is constant. any variable fifth is constant. 
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The first of these theorems is true for the circle, since all the 
angles of the pencil are constant, therefore the second is true 
for all conies. The second theorem is true for the circle, since 
the angles which the four points subtend at the centre are 
constant, therefore the first theorem is true for all conies. 
By observing the angles which correspond in the reciprocal 
figure to the angles which are constant in the case of the circle, 
the student will perceive that the angles which the four points 
of the variable tangent subtend at either focus are constant, 
and that the angles are constant which are subtended at the 
focus hy the four points in which any inscribed pencil meets 
the directrix. 

313. The anharmonic ratio of a line is not the only relation 
concerning the magnitude of lines which can be expressed in 
terms of the angles subtended by the lines at a fixed point. 
For, if there be any relation which, by substituting (as in Art. 56) 

for each bne AB mvolved m it, jyp , can be re- 
duced to a relation between the sines of angles subtended at a 
given point 0, this relation will be equally true for any trans- 
versal cutting the lines joining to the points Aj Bj &c. ; and 
by taking the given point for origin a reciprocal theorem can be 
easily obtained. For example, the following theorem, due ta 
Camot, is an immediate consequence of Art. 148: "If any 
conic meet the side AB of any triangle in the points c^c'] BG 
in a, a' ; AC in 5, b' ; then the ratio 

Ac.Ac'.Ba.Ba'.Cb.Cb' _ „ 
Ab.Ab'.Bc.Bc'.Oa.Ca' 

Now, it will be seen that this ratio is such that we may 
substitute for each line Ac the sine of the angle A Ocj which it 
subtends at any fixed point ; and if we take the reciprocal of 
this theorem, we obtain the theorem given already at p. 258. 

314. Having shown how to form the reciprocals of particular 
theorems, we shall add some general considerations respecting 
reciprocal conies. 

We proved (Art. 308) that the reciprocal of a circle is an 
ellipse, hyperbola, or parabola, according as the origin is within, 
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Without, or on the curve ; we shall now extend this conclusion to 
all the conic sections. It is evident that, the nearer any line or 
point is to the origin, the farther the corresponding point or line 
will be y that if any line passes through the origin, the corre- 
sponding point must be at an infinite distance ; and that the line 
corresponding to the origin itself must be altogether at an infinite 
distance. To two tangents, therefore, through the origin on one 
figure, will correspond two points at an infinite distance on the 
other ; hence, if two real tangents can be drawn from the origin, 
the reciprocal curve will have two real points at infinity, that is, 
it will be a hyperbola ; if the tangents drawn from the origin be 
imaginary, the reciprocal curve will be an ellipse ; if the origin 
be on the curve, the tangents from it coincide, therefore the 
points at infinity on the reciprocal curve coincide, that is, the 
reciprocal cui've will be a parabola. Since the line at infinity 
corresponds to the origin, we see that, if the origin be a point on 
one curve, the line at infinity will be a tangent to the reciprocal 
curve ; and we are again led to the theorem (Art. 254) that 
every parabola has one tangent situated at an infinite distance* 

315. To the points of contact of two tangents through the 
origin must correspond the tangents at the two points at infinity 
on the reciprocal curve, that is to say, the asymptotes of the 
reciprocal curve. The eccentricity of the reciprocal hyperbola 
depending solely on the angle between its asymptotes, depends, 
therefore, on the angle between the tangents drawn from the 
origin to the original curve. 

Again, the intersection of the asymptotes of the reciprocal 
curve [i.e. its centre) corresponds to the chord of contact of 
tangents from the origin to the original curve. We met with 
a particular case of this theorem when we proved that to the 
centre of a circle corresponds the directrix of the reciprocal 
conic, for the directrix is the polar of the origin which is the 
focus of that conic. 

Ex. 1. The lecipioeal of a parabola with regard to a point on the directrix is an 
equilateral hyperbola. (See Art. 221), 

Ex. 2. Prove that"<ihe following theorems are reciprocal : 

The intersection of perpendiculars of The Intersection of perpendtculais of 
a triangle circumscribing a parabola is a a triangle inscribed in an equilateral hy- 
point on the directrix. perbola lies on the curve. 
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Ex. 3. Deriye the last from Pascal's theorem ; (see Ex. 3, p. 236). 

Ex. 4. The axes of the reciprocal curve are parallel to the tangent and normal of 
a conic di^wn through the origin confocal with the given one. For the axes of the 
reciprocal curve must be parallel to the internal and external bisectors of the angle 
between the tangents drawn from the origin to the given curve. The theorem stated 
follows by Art. 189. 

316. Given two circles, we can find an origin such that the 
reciprocals of both shall he confocal conies. For, since the reci- 
procals of all circles must have one focus (the origin) common ; 
in order, that the other focus should be common, it is only 
necessary that the two reciprocal curves diould have the same 
centre, that is, that the polar of the origin with regard to both 
circles should be the same, or that the origin should be one of 
the two points determined in Art. 111. Hence, given a system 
of circles, as in Art. 109, their reciprocals with regard to one of 
these limiting points will be a system of confocal conies. 

The reciprocals of any two conies will, in like manner, be 
concentric if taken with regard to any of the three points 
(Art. 282) whose polars with regard to the curves are the same. 

Confocal conies cut at right angles. The common tangent to two circles 
(Art. 188). subtends a right angle at either limit- 

ing point. 

The tangents from any point to two If any line intersect two, circles, its 
confocal conies are equally inclined to two intercepts between the circles subtend 
each other. (Art. 189). equal angles at either limiting point. 

The locus of the pole of a fixed line The polar of a fixed point, with regard 
with regard to a series of confocal conies to a series of circles having the same 
is a line perpendicular to the fixed line, radical axis, passes through a fixed point ; 
(p. 199). and the two points subtend a right angle 

at either limiting point. 

317. We may mention here that the method of reciprocal 
polars afibrds a simple solution of the problem, " to describe a 
circle touching three given circles." The locus of the centre 
of a circle touching ttoo of the given circles (1), (2), is evidently 
a hyperbola, of which the centres of the given circles are the 
foci, since the problem is at once reduced to — " Given base and 
difference of sides of a triangle." Hence (Art. 308) the polar 
of the centre with regard to either of the given circles (1) will 
always touch a circle which can be easily constructed. In like 
manner, the polar of the centre of any circle touching (1) and (3) 
must also touch a given circle. Therefore, if we draw a common 
tangent to the two circles thus determined, and take the pole 



\ 



280 THE METHOD OF RECIPROCAL POLARS. 

of this line with respect to (I), wo have the centre of the circle 
touching the three given circles. 

318. To find the equation of the reciprocal of a conic mth 
regard to its centre. 

We found, in Art. 178, that the perpendicular on the tangent 
could be expressed in terms of the angles it makes with the axes, 

/ = a*cos»^ + i»8in»^. 

Hence the polar equation of the reciprocal curve is 

^ = a»cos*^ + &'sin^^, 
P 

a concentric conic, whose axes are the reciprocals of the axes 
of the given conic. 

319. To find the equation of the reciprocal of <i conic with 
regard to any point {x*y). 

The length of the perpendicular from any point is (Art. 178) 

© = — = pjic? cos'^-1-5* sin'^) — aj' cosO — y' smB: 
9 

therefore, the equation of the reciprocal curve is 

320. Oiven the reciprocal of a curve with regard to the origin, 
of co-ordinates^ to find the equation of its reciprocal with regard 
to any point {xy'). 

If the perpendicular from the origin on the tangent be P, 
the perpendicular from any other point is (Art. 34} 

P— x' cos 6 — y' sin dj 

and, therefore, the polar equation of the locus is 

— = -^-a;' cos6 — y' sin^; 

, k^ x'x + yy-\'k^ ^ li cosO p cosO 

hence -5 = ^-^ and — ^ ., — = —/-, tt-tii ; 

It p k' xx-^-yy+k""^ 

we must, therefore, substitute, in the equation of the given 

reciprocal, — —, -, — ^ for x. and — -, —, — 5-= for y. 

^ ^ XX -]■ yy' -^ k" ' XX + yy -^h^ ^ 
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The effect of this substitntion may be very simply written 
as follows: Let the equation of the reciprocal with regard to 
the origin be ^^ + ^^_^ ^ ^^ + &c. = 0, 

where u^ denotes the terms of the ri^ degree, &c., then the 
reciprocal with regard to any point Is 

K + Vi ( 1^- ) + K-2 [ f ) + &c- = 0, 

a curve of the same degree as the given reciprocal. 

321. To find the reciprocal with respect to x^+y^ — Jc^ of the 
conic given hy the general equation. 

We find the locus of a point whose polar ocx* -{-yy' — T^ shall 
touch the given conic by writing x\ y\ — 1^ for X, /la, v in the 
tangential equation (Art. 151). The reciprocal is therefore 

u4a;'' + 2£ra?^ + 5/ - 2 flf^'^oj - 2 i^'*^ + CA* = 0. 

Thus, if the curve be a parabola, (7 or aJ - A* = 0, and the 
reciprocal passes through the origin. We can, in like manner, 
verify by this equation other properties proved already geo- 
metrically. If we had, for symmetry, written i' = — 2', and 
looked for the reciprocal with regard to the curve 03* + y' + «* = 0, 
the polar would have been ocx' -Vyy' -^zz^ and the equation of 
the reciprocal would have been got by writing a?, y, z for X, /x, v 
in the tangential equation. In like manner, the condition that 
Xx-k- [jLy-\-vz may touch any curve, may be considered as the 
equation of its reciprocal with regard to a;'*+y'*-l- «*• 

A tangential equation of the rC^ degree always represents 
a curve of the ri^ class ; since if we suppose \a; + /iy -f vz to 
pass through a fixed point, and therefore have Xa;' + ^ly' + v«' = ; 
eliminating v between this equation and the given tangential 
equation, we have an equation of the w*^ degree to determine 
X : /Lt ; and therefore n tangents can be drawn through the given 
point. 

322. Before quitting the subject of reciprocal polars, we 
wish to mention a class of theorems, for the transformation of 
which M. Chasles has proposed to take as the auxiliary conic 
9, parabola Instead of a circle. We proved (Art. 211) that the 
Intercept made on the axis of the parabola between any two 

00 
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lines is equal to the intercept between perpendiculars let fall on^ 
^the axis from the poles of these lines. This principle, then, 
enables us readily to transform theorems which relate to the 
magnitude of lines measured parallel to a fixed line. We shall 
give one or two specimens of the use of this method, premismg 
that to two tangents parallel to the axispf the auxiliary parabola 
correspond the two points at infinity on the reciprocal curve, 
and that, consequently, the curve will be a hyperbola or ellipse, 
according as these tangents are real or imaginary. The reel* 
procal will be a parabola if the axis pass through a point at 
infinity on the original curve. 

" Any variable tangent to a conic intercepts on two parallel 
tangents, portions whose rectangle is constant." 

To the two points of contact of parallel tangents answer the 
asymptotes of the reciprocal hyperbola, and to the intersections 
of those parallel tangents with any other tangent aiiiswer parallels 
to the asymptotes through any point ; and we obtain, in the first 
instance, that the asymptotes and parallels to them through any 
point on the curve intercept on any fixed line portions whose 
rectangle is constant. But this is plainly equivalent to the 
theorem : " The rectangle under parallels drawn to the asymp- 
totes from any point on the curve is constant." 

Chords drawn from two fixed points If any tangent to a parabola meet two 
of a hyperbola to a variable third point, fixed tangents, perpendiculars from its ex- 
intercept a constant length on the asymp- tremities on the tangent at the vertex will 
tote. (p. 179). intercept a constant length on that Hne. 

This method of parabolic polars is plainly very limited in 
its application. 
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CHAPTER XVI. 

HABMONIC AND ANHARMONIC PROPERTIES OF CONICS.* 

323. The harmonic and anhannonic properties of conic sec- 
tions admit of so many applications in the theory of these curves, 
that we think it not unprofitable to spend a little time in point- 
ing out to the student the number of particular theorems either 
directly included in the general enunciations of these properties, 
or which may be inferred from them without much difficulty. 

The cases which we shall most frequently consider are, 
when one of the four points of the right line, whose anhannonic 
ratio we are examining, is at an infinite distance. The an- 
hannonic ratio of four points, -4, J5, (7, 2), bemg in general 

(Art. 56) = -H^ -T- jYri reduces to the simple ratio — -^p when 

D is at an infinite distance, since then AD ultimately = — DC. 
If the line be cut harmonically, its anharmonic ratio = — 1 ; and 
if i> be at an infinite distance AB=BGy and AG h bisected. 
The reader is supposed to be acquainted with the geometric 
investigation of these and the other fundamental theorems con- 
nected with anhannonic section. 

324. We commence with the theorem (Art. 146) : " If any 
line through a point meet a conic in the points 22', Ii'\ and 
the polar of in J?, the line OERR" is cut harmonically." 

First. Let 22" be at an infinite distance ; then the line OR 
must be bisected at R' ; that is, if through a fixed point a line he 
drawn parallel to an asymptote of an hyperbola^ or to a diameter 
of a parabola^ the portion of this line between the fixed point and 
its polar will be bisected by the curve (Art. 211). 

♦ The fundamental property of anhannonic pencils was given by Pappns, Math, 
Coll, VII., 129. The name "anhannonic" was given by Chasles in his History of 
Geometry, from the not^ to which the following pages have been developed. Further 
details will be found in his Traite de Geometrie Sup^rieure; and in his recently 
published Treatise on Conies, The anharmonic relation, however, had been studied 
by Hobins in his Banjcentric Calculus^ 1827, under the name of " Doppelschnitts- 
verhaltniss." 
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Secondly. Let B be at an Infinite distance, and B'R' must 
be bisected stX 0] that is, if through any point a chord he dravm 
parallel to the polar of that pointy it will he hisected at the point. 

If the polar of O be at infinity, every chord through that 
point meets the polar at infinity, and is therefore bisected at 0, 
Hence this point is the centre, or the centre may he considered as 
a point whose polar is at infinity (p. 150). 

Thirdly. Let the fixed point itself be at an infinite distance, 
then all the lines through it will be parallel, and will be bisected 
on the polar of the fixed point. Hence every diameter of a conic 
may he considered as the polar of the point at infinity in which its 
ordinates are supposed to intersects 

This also follows from the equation of the polar of a pwnt 
(Art. 145) 

{ax^hy+ff)-^{hx + hy-^f)^,+'^^^±^^^0. 

Now, if xy' be a point at infinity on the line my^nxj we must 

make =^, = — , and x' infinite, and the equation of the polar 
X m^ ' ^ 

becomes m{ax + hy+g) + n{hx + hy +/) = 0, 

a diameter conjugate to my=^nx (Art. 141). 

325. Again, it was proved (Art. 146) that the two tangents 
through any point, any other line through the point, and the 
line to the pole of this last line, form a harmonic pencil. 

If now one of the lines through the point be a diameter, the 
other will be parallel to its conjugate, and since the polar of 
any point on a diameter is parallel to its conjugate, we learn that 
the portion between the tangents of any line drawn parallel to 
the polar of the point is bisected by the diameter through it. 

Again, let the point be the centre, the two tangents will be 
the asymptotes. Hence the asymptotes^ together with any pair of 
conjugate diameters^ form a harmonic pencil^ and the portion of 
any tangent intercepted between the asymptotes is bisected by 
the curve (Art. 196). 

326. The anharmonic property of the points of a conic (Art. 
259) gives rise to a njuch greater variety of particular theorems. 
For, the four points on the curve may be any whatever, and 
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cither one or two of them may he at an infinite distance ; the 
fifth point Oy to which the pencil is drawn, may he also either 
at an infinite distance, or may coincide with one of the four 
points, m which latter case one of the legs of the pencil will he 
the tangent at that point ; then, again, we may measure the 
anharmonic ratio of the pencil by the segments on any line 
drawn across it, which we may, if we please, draw parallel to 
one of the legs of the pencil, so as to reduce the anharmonic 
ratio to a simple ratio. 

The following examples being intended as a practical exercise 
to the student in developing the consequences of this theorem, 
we shall merely state the points whence the pencil is drawn, the 
line on which the ratio is measured, and the resulting theorem, 
recommending to the reader a closer examination of the manner 
in which each theorem is inferred from the general principle. 

We use the abbreviation [O.ABCD] to denote the anhar- 
monic ratio of the pencil OJ, 0-B, 0(7, OD. 

Ex. 1. {A, ABCD] = {B . ABCD}. 

Let these ratios be estimated by the segments on the line CD j let the tangents 
at A, B meet CD in the points T^ T\ and let the chord 
AB meet CD in K, then the ratios are 

TK,DC _ KT' ,DC 
TD.KC~ KD,TC' 

that is, if any chord CD meet two tangents in T, T', 
and their chord of contact in K, 

KCKT.TD = KD, TK, T'C, 

(The reader must be carefnl, in this and the following 
examples, to take the points of the pencil in the same 
wder on both sides of the equation. Thus, on the left- 
hand side of this equation we took K second, because it 
answers to the leg OB of the pencil ; on the right hand 
we take K first, because it answers to the leg OA), 

Ex, 2. Let rand T' coincide, then 

KC.TD^-KD.TC, 

or, any chord through the intersection of two tangents is cut harmonically by the 
chord of contact. 

Ex. 3. Let 7' be at an infinite distance, or the secant CD drawn parallel to PT', 
and it wUl be found that the ratio will reduce to 

TK^ = TC. TD. 

Ex. 4. Let one of the points be at an infinite distance then {0,ABC co] is con- 
stant. Let this ratio be estimated on the line C oo . Let the lines AO, BO cut C oo 

Ca 
in a, b j then the ratio of the pencil will reduce to -r^ ; and we learn, that if two 

fixed points, A^ B, on a hyperbola or parabola, be joined to any variable point O, 
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and the joining line meet a fixed parallel to an asymptote (if the curve be a hyper- 
bola), or a diameter (if the curve be a parabola), in a, b, then the ratio Ca : Cb will 
be constant. 

Ex. 5. If the same ratio be estimated on any other parallel line, lines inflected 
from any three fixed points to a variable point, on a hyperbola or parabola^ cut a fixed 
parallel to an asymptote or diameter, 90 that ab lacis constant. 

Ex. 6. It follows from Ex. 4, that if the lines joimug A, B to &ny fourth point 
(y meet C 00 in a', b% we must have 

Now let us suppose the point (7 to be also at an infinite distance, the line C x becomes 
an asymptote, the ratio ab : a'b' becomes one of equality, and lines joining two fixed 
points to any variable point on the hyperbola interoept on either asymptote a constant 
portion (p. 182). 

Ex. 7. {A. ABC 00 } = {B.ABC oe }. 

Let these ratios be estimated on C oo ; then if the tangents at A, B, cut C 00 in 
a, &, and the chord of contact AB in K, we have 

Ca _ CK 
CK" Cb 

(observing the caution in Ex. 1). Or, if any parallel 
to an asymptote of a hyperbola, or a diameter of a 
parabola, cut two tangents and their chord of con- 
tact, the intercept from the curve to the diord is 
a geometric mean between the intercepts from the 
curve to the tangents. Or, conversely, if a line ab, paralld to a given one, meet t;he 
sides of a triangle in the points a, b, K, and there be taken on it a point C such that 
CX* = Ca .Cb, the locus of C will be a parabola, if C5 be parallel to the bisector of 
the base of the triangle (Art. 211), but otherwise a hyperbola, to an asymptote of 
which ab is parallel. 

Ex. 8. Let two of the fixed points be at infinity, 

{cfi,AB » <»'] = { <»'.AB oe 00'} ; 
the lines db 00, 00' oo', are the two asymptotes, while oo 00' is altogether at infinity. 
Let these ratios be estimated on the diameter OA ; let 
this line meet the parallels to tiie asymptotes B os, B <x>', 




in a and a'; then the ratios become 



OA _ Oa' 



parallels to the asymptotes through any point on a hyper- 
bola cut any semi-diameter, so tha^ it is a mean propor- 
tional between the segments on it from the centre. 

Hence, conversely, if through a fixed point a line 
be drawn cutting two fixed lines, Ba, Ba', and a point A 
taken on it so that OA'^o, mean between Oa, Oa', the 
locus of ^ is a hyperbola, of which is the centre, and 
Ba, Ba', parallel to the asymptotes. 

Ex. 9. {ai>.AB 00 00'} -{<»', AB 00 00'}. 

Let the segments be measured on the asymptotes, and we have ^ = jr-, {0 being 

the centre), or the rectangle under parallels to the asymptotes through any point on 
the curve is constant (we invert the second ratio for the reason given in Ex. 1). 
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327. We next examine some particular cases of the anhar- 
monic property of the tangents to a conic (Art. 275). 

Ex, 1. This property awumes » veiy siinple form, if the curve be a parabola, 
for one tangent to a para- 
bola is always at an in- 
finite distance (Art. 254). 
Hence three fixed tan- 
gents to a parabola cut 
any fourth in the points 
A, B, C, so that AB ; AC 
is always constant. If 
the variable tangents co- 
incide in tum with each 
of the given tangents, we obtain the theorem, 

QR^ Pq "rP' 

Ex. 2. Let two of the four tangents to an ellipse or hyperbola be parallel to each 
other, and let the variable tangent coincide alter- 
nately with each of the parallel tangents. In the 
first case the ratio is 

--p-, and in the second -^., . 
Ac Lh 

Hence the rectangle Ah.DV is constant. 

It may be deduced from the anharmonic pro- 
perty of the points of a conic, that if the lines joining any point on the curve to 
A^ D, meet the parallel tangents in the pcnnts ft, h', then the rectangle Ah,Db' will 
be constant. 




328. We now proceed to give some examples of problems 
easily solved by the help of the anharmonic properties of conies. 

Ex. 1. To prove HacLanrin*s method of generating conic sections (p. 236), viz. — 
To find the locus of the vertex F of a triangle whose sides pass through the points 
Af B, C, and whose base angles move on the fixed lines Oa^ Ob. 

Let us suppose four such triangles drawn, then since the pencil {C,aa*a"a"'] is the 
same pencil as {C.Wh"b"% we have , 

{aa'a"a'"] = {hb'b"b'"]j ^ ^ 

and, therefore, 

{A.aa'a"a'"] = {B,Wb"b"'] ; 

or, from the nature of the question, 

{A.VV'VV"'} = {B.VV'V'V"'}', 

and therefore ^, J9, F, V% F", F'" lie 
on the same conic section. Now if the 
fii*st three trianglas be fixed, it is evident 
that the locus of V" is the conic section 
passing through ABVV'V". 

Or the reasoning may be stated thus : The systems of lines through* -4, and 
through B, being both homographic with the system through C, are homographic 
with each other ; and therefore (Art. 297) the locus of the intersection of corresiwnd- 
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ing lines is a conic through A and B, The following examples are, in like manner, 
illnstrations of the application of this principle of Art. 297. 

Ex. 2. M. Chasles has showed that the same demonstration will hold if the side 
ab, instead of passing through the fixed point C, touch any conic which touches 
Oa, Ob', for then any four positions of the base cut Oa, Oby so that 

{aa'a"a'"] = {bb*b"h"'] (Art, 276), 
and the rest of the proof proceeds the same as before. 

Ex. 3. Newton's method of generating conic sections :— Two angles of constant 
magnitude move about fixed points P, Q ; AAA' A" 

the intersection of two of their sides tra- 
▼erses the right line AA' '^ then the locus 
of F, the intersection of their other two 
sides, will be a conic passing through 

P, G. 

For, as before, take four positions of 
the angles, then 

{P,AA'A"A'"} = {Q.AA'A"A"'} ; 
but {P,AA'A"A'"} = {P.VV'V"V"% 

{Q.AA'A"A"']-{Q.VV'V"V'"}, . 
since the angles of the pencils are the same ; therefore 

{P,VV'V"V'"] = {Q,VV'V"V'"U 
and, therefore, as before, the locus of V" is a conic through P, Q, V, V, V", 

Ex. 4. H. Chasles has extended this method of generating conic sections, by 
supposing the point A, instead of moving on a right line, to move on any conic 
passing through the points P, Q j for we shall still have 

{P.AA'A"A"'} = {Q,AA'A"A'"}, ' 

Ex. 5. The demonstration would be the same if, in place of the angles APV, AQV 
being constant, APV and AQV cut off constant intercepts each on one of two fixed 
lines, for we should then prove the pencil 

{P,AA'A"A"'} = {P,VV'V"r"}y 
because both pencils cut off intercepts of the same length on a fixed line. 

Thus, also, given base of a triangle and the intercept made by the Eddes' on any 
fixed line, we can prove that the locus of vertex is a conic section. 

Ex. 6, We may also extend Ex, 1, by supposing the extremities of the line ab 
to move on any conic section passing through the points ABj for, taking four 
positions of the triangle, we have, by Art. 276, 

{aa'a"a"'} = {bli'b"b'"} ; 
therefore, {A . aa'a"a"'} = {B . hb'h"b"\ 

and the rest of the proof proceeds as before. 

Ex. 7. The base of a triangle passes through (7, the intersection of common 
tangents to two conic sections ; the extremities of the base ah lie one on each of the 
conic sections, while the sides pass through fixed points A, B, one on each of the 
conies : the locus of the vertex m a conic through A, B, 

The proof proceeds exactly as before, depending now on the second theorem 
proved, Art. 276. We may mention that this theorem of Art. 276 admits of a simple 
geometrical proof. Let the pencil {O.ABCD} be drawn from points corresponding 
to {o.abcd}. Now, the lines OAy oa, intersect at r on one of the common chords of 
the conies j in like manner, BO, bo, intersect in r' on the same chord, Ac. ; hence 
{rr'r"r"'} measures the anharmonic ratio of both these pencils. 
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Ex. 8, In Ex. 6 the base, instead of passing thiongh a fixed point C, may be sup- 
posed to tonch a conic having doable contact with the giyen ponic (see Art. 276). 

Ex. 9. If a polygon be inscribed in a conic, all whose sides but one pass through 
fixed points, the envelope of that side will be a conic having doable contact with 
the given one. 

For, take any four positions of the polygon, then, if a^ 6, c, &c, be th^ vertices 
of the polygon, we have 

{oa'a'V"} = {Wb'^bf"} = {cc'c"</% &c. 

The problem is, therefore, reduced to that of Art. 277,^—** Given three pairs of points, 
ciaWf Md!\ to find the envelope of a"'^'% such that 

Ex. 10, To inscribe a polygon i^; a cOnic section, all whose sides pas? tiirough 
fixed points. 

If we assunie any point (a) at rspdom on the conic for the vertex of the poly^n, 
a^d form a polygon whose sld§s pass through the given points^ the point z, Where 
the last side me^ts the conic, will not, in general, coincide with a. tf we P^ake four 
such attempts to inscribe the polygon, we must have, as u} the last e^^mple, 

{aaWa"'} = {zz'z"z'"}. 

IJow, if the last attempt were successful, the point a"' would coincide with «'", and 

the problem is re4liced to, — " Griyen three pairs of points, aaWf z:^z", to 4nd a point 

K such that 

{KaaW} = {Kzz'z"}," 

Now if we mak^ az"a'za"z' the vertices of an inscribed he^ca^pi (in t^ order here 

given, taking an a and z alternately, and so that E,^-— 

azj a'z', a"z", may be opposite vertices), then either ^.^"^""^ 

of the points in which the line joining the inter-* ^^^Ik /I 

sections of opposite sid^ meets the conic may be K/^ \ / I 

taken for tiie point K, For, in the figure, the /^ // y^ j 

points ^CE are oaW, DFB are «»'«"j and if we / 

take the sides in the order ABCDEF^ Ly M, N eae W-^ 

the intersections of opposite sldeSi Now, since V 

{KPNL} measures both {D.KACE} and {A.KDFB}y \^ \ 7\ \ 

we have ^*^\^ \ / x \ 

{KACE} = {KDFB}. Q.B.D.* ^S-^ \V 

It is easy to see, from the last example, that K ^^"^""^-^^ 

is a point of contact of a qonic having double con- -^ 

tact with the given conic, to which az, a'z', a"z" are tangents, and that w§ have 
therefore just given the solution of the question, " To describe a conic touching three 
given lines, and having double contact with a given conic." 

Ex. 11. The anharmonic property aflEords also a simple proof of Pascal's theorem, 
alluded to in the last example. 

. We have {E.CDFB} = {A,CDFB}f Now, if we examine the segments madi by 
the first pencil on BC, and \>y the second on 7)C, we haye 

{CRMB} = {CDNS}. 

♦ This construction for inscribing a polygon in a conic is due to M. Poncelet {Traite 
dee Proprietes ProfectiveSf p. 351). The demonstration here used is Mr. Townsend's. 
It shows that Poncelet's construction will equally solve the problem, " To inscribe a 
polygon in a conic, each of whose sides shall touch a conic having double contact with 
the given conic." The conies touched by the sides may be all different. 

PP 
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Now, if we draw lines from the point L to each of these points, we form two pencils 
which have the three legs, CL^ DE, AB, common, therefore the fourth legs, iVX, LM^ 
must form one right line. In like manner, Brianchon's theorem is derived from the 
anharmonic property of the tangents. 

^^..•M- Ex. 12. Given four points on a conic, ADFB, and two fixed lines through any 
one of them, DC, DE, to find the envelope of the line CE joining the points where 
those fixed lines again meet the curve. 

The vertices of the triangle CEM move on the fixed lines DC, DE, NL, and 
two of its sides pass through the fixed points, B, F\ therefore, the third side 
envelopes a conic section touching DC, DE (by the reciprocal of Mac Laurin's mode 
of generation). 

Ex. 13. Given four points on a conic ABDE, and two fixed lines, AF, CD, pass- 
ing each through a different one of the fixed points, the line CF joining the points 
where the fixed lines again meet the curve will pass through a fixed point. 

For the triangle OFM has two sides passing through the fixed points B, E, and 
the vertices move on the fixed lines AF, CD, NL, which fixed lines meet in a point, 
therefore (p. 268) C^ passes through a fixed point. 

The reader wiU find in the Chapter on Projection how the last two theorems are 
suggested by other well-known .theorems. (See Ex. 3 and 4, Art. 355). 

Ex. 14. The anharmonic ratio of any four diameters of a conic is equal to that of 
their four conjugates. This is a particular case of Ex. 2, p. 260 that the anharmonic 
ratio of four points on a line is the same as that of their four polars. We might 
also prove it directly, from the consideration that the anharmonic ratio of foni 
chords proceeding from any point of the curve is equal to that of the supplemental 
chords (Art. 179). 

^ Ex. 15. A conic circumsc|»bes a given quadrangle, to find the locus of its centre. 
■""'(Ex. 3, p. 148). . ' '-^ 

Draw diameters of the conic bisecting the sides of the quadrangle, their anhar- 
monic ratio is equal to that of their four conjugates, but this last ratio is given, since 
the conjugates are parallel to the four given lines ; hence the locus is a conic passing 
through the middle points of the given sides. If we take the cases where the conic 
breaks up into two right lines, we see that the intersections of the diagonals, and also 
those of the opposite sides, are points in the locus, and, therefore, that these points lie 
on a conic passing through the middle points of the sides and of the diagonals. 

329, We think it unnecessary to go through the theorems^ 
which are only the polar reciprocals of those Investigated in 
the last examples ; but we recommend the student to form the 
polar reciprocal of each of these theorems, and then to prove it 
directly by the help of the anharmonic property of the tangents 
of a conic. Almost all are embraced in the following theorem : 

If there be any numher of points a, J, c, c?, &c, on a right line^ 
and a honwgraphic system a\ h\ c , d\ &c, on another line^ the 
lines Joining corresponding points will envelope a conic. For if 
we construct the conic touched by the two given lines and by 
three lines aa, bb\ cc'^ then, by the anharmonic property of the 
tangents of a conic, any other of the lines dd' must touch the 



ANHARMONIC PROPERTIES OP C0NIC3. 291 

same conic.* The theorem here proved is the reciprocal of 
that proved Art. 297, and may also be established by interpreting 
tangentially the equations there used. Thus, if P, P' ; Q^ Q' re- 
present tangentially two pairs of corresponding points, Ph- \P\ 
C+ ^6' represent any other pair of corresponding points ; and 
the line joining them touches the curve represented by the 
tangential equation of the second order, PQ' ^JP'Q, 

Ex. Any transversal through a fixed point P meets two fixed lines OA, 0A\ in 
the points AA' \ ai\d portions of given length Aa^ A! a' are taken on each of the 
given lines J to find the envelope of aa'» H^^e, if we give the transversal four 
positions, it is evident that {ABCD\ = {A'B'C'iri and that {ABCD} = {abcd\y and 
{A'B'C'iy] = {a'b'</d']. 

330. Generally when the envelope of a moveable line is 
found by this method to be a conic section, it is useful to take 
notice whether in any particular position the moveable line can 
be altogether at an infinite distance, for if it can, the envelope 
is a parabola (Art. 254). Thus, in the last example the line aa' 
cannot be at an infinite distance, unless in some position AA' 
can be at an infinite distance, that is, unless P is at an infinite 
distance. Hence we see that in the last example if the trans- 
versal, instead of passing through a fixed point, were parallel to 
a given line, the envelope would be a parabola. In like manner^ 
the nature of the locus of a moveable point is often at once 
perceived by observing particular positions of the moveable point, 
as we have illustrated in the last example of Art. 328. 

331. If we are given any system of points on a right line 
we can form a homographic system on another line, and such 
that three points taken arbitrarily a', b\ c shall correspond to 
three given points a, J, c of the first line. For let the distances 
of the given points on the first line measured from any fixed 

♦ In the same case if P, P' be two fixed points, it follows from the last article 
that the locus of the intersection of Pc?, P'd' is a conic through P, P'. We saw 
(Art. 277) that if a, 6, c, rf, &c., a', 6', c', d' be two homographic systems of points 
on a conic, that is to say, such that {abcd\ always = \a'b'c'd'}, the envelope of dd' is 
a conic having double contact with the given one. In the same case, if P, P' be 
fixed points on the conic, the locus of the intersection of Pd, P'd' is a conic through 
P, P'. Again, two conies are cut by the tangents of any conic having double con- 
tact with both, in homographic systems of points, or such that {ahcd>i — {a'h'c'd'\ 
(Art. 276) ; but it is not true conversely, that ii we have two homographic systems 
of points on different conies, the lines joining corresponding points necessarily en- 
velox)e a conic. 



292 ANHARMONIC PROPERTIES OF CONICS. 

origin on the line be a^ &, c, and let the distance of any vari- 
able point on the line measured from the same origin be x. 
Similarij let the distances of the points on the second line 
from any origin on that line be a'j h'j c\ x\ then, as in Art. 277, 
we have the equation 

(a- c) [h-x) ■" (a'-c') {h'-x') ^ 
which expanded is of the form 

Axx' + Bx -h Cb' + i> = * 

This equation enables us to iind a point x* in the second line 
corresponding to any assumed point x on the first line, and such 
that [abcx\ = [a' Vex'}. If this relation be fulfilled, the line 
joining the points a?, x' envelopes a conic touching the two given 
lines ; and this conic will be a parabola if ^ = 0, since then x 
is infinite when x is infinite. 

The result at which we have arrived may be stated, con- 
versely, thus: Two systems of points^ connected hy any relation^ 
will he tomographic^ if to one point of either system always corre- 
sponds oncj and hut one^ point of the other. For, evidently, an 
equation of the form 

Axx' + Bx^Gx' + D =^0 

is the most general relation between x and x that we can write 
down, which gives a simple equation whether we seek to deter- 
mine X in terms of «:', or vice versa. And when this relation 
is fulfilled, the anharmonic ratio of four points of the first 
system is equal to that of the four corresponding points of the 

second. For the anharmonic ratio ) ^^-t i is unaltered 

* M. Chasles states the matter thus: The points Xy x belong to homographic 
^^stems, if a, h, a\ V being fixed points, the ratios of the dis^oes ox : hx^ aV : l/x\ 
be connected by a linear relation, such as 

Demoting, as above, the distances of the points from fixed origins, by a, 5, «• 

a', h\ x\ this relation is 

^ a — x a' — a/ . 

which, expanded, gives a relation between x and x' of the form 

AxT^ + 5a; + Cb' + i> = 0. 
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if instead of x we write — 5 ^ , and make similar substita- 

Ax + ' 

tions for y, Zj w* 

332, The distances from the origin of a pair of points -4, B 
on the axis ofx being given by the equation ^ ax^-\-2hx + i = 0, atid 
those of another pair of points A\ B' by aoi? + 2h'x + ft' = 0, to 

find the condition that the two pairs should be harmonically con- 
jugate. 

Let the distances from the origin of the first pair of points 
be a^ )9; and of the second a', ff ; then the condition is 

^ _ __ JLB; g-g' _ g-/3' 

A'B" B'B' ^^ a'-i8"""'i8'-i8' 

which expanded may be written 

(g + /S) (g' 4-/3') = 2g/3+ 2g'i8'. 

But a + )8 = --, apJ-^, [a!^P)^-^, g'i8' = -!. 

a ' a^ ^ ' a ^ a 

The required condition is therefore 

oJ' + ab - 2hh' = * 

It is proved, snmilarlj, that the same is the condition that the 

pairs of lines 

aa* + 2haj3-tb^, aV + 2i'g)3 + J'/S", 

should be harmonically conjugate. 

333, If a pair of points aa? + 2hx + J, be harmonically con- 
jugate with a pair aV + 2^'aj + y, and also with another pair 
a'V + 2A"aj + 6", it will be harmonically conjugate with erery 
pair given by the equation 

(aV + 2h'x + J') 4 X {a"x^ + 2h"x + b") = 0. 

For evidently the condition 

a(y + X5")+&(«' + >^")-2A(A' + XA") = 0, 

will be fulfilled if we have separately 

ab' + ba' - 2hh' = 0, ab" + ba" - 2hh" = 0. 



♦ It can be proved that the anharmonic i^tio of the system of four points will be 
given, if (ab' + a'b - 2AA0* be in a given ratio to (ab - A«) (a'6' - h'^). 
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334. To jmi the locus of a point such that the tangents from 
it to two given conies may form a harmonic pencil. 

If four lines form a harmonic pencil they will cut any of the 
lines of reference harmonically. Now take the second form 
(given Art. 294) of the equation of a pair of tangents from a 
point to a curve given by the general trilinear equation, and 
make 7 = when we get 

( Gff^ + ^'^ - 22^/^7') a' - 2 ( (7a'/3' - i^a V - G^'i 4 ^V" ) o^ 

We have a corresponding equation to determine the pair of 
points where the line 7 is met by the pair of tangents from 
a'i8'7' to a second conic. Applying then the condition of 
Art. 332 we find that the two pairs of points on 7 will form 
a harmonic system, provided that a'ySy satisfies the equation 

4 ( Gd' + ^7^ - 2 Gai) ( G'^ + 5 V -22^/37) 
^2[Gap-Fari-GPr^-\-Hrf)[G'a^--Fari-G'P^^E'rf). 

On expansion the equation is found to be divisible by 7*, and 
the equation of the locus is found to be 

{BG'-^BG'2FFy^GA'-^CA--2GG')^-\r[AB'+AB-2EE')i' 

-\'2{GH'-{-G'H-AF--AF)fiy+2{HF+ET'-BG'^B'G)ya 

+ 2{FG' + FG^GH'-G'E)a^ = 0] 

a conic having important relations to the two conies, which will 
be treated of further on. If the anharmonic ratio of the four 
tangents be given, the locus is the curve of the fourth degree, 
F^^k88\ where 8^ 8\ Fy denote the two given conies, and 
that now found. 

335. To find the condition that the line \a + [ifi + V7 should 
he cut harmonically by the two conies. Eliminating 7 between 
this equation and that of the first conic, the points of inter- 
section are found to satisfy the equation 

(cX" + ai/'- 2g\v) a* + 2 {c\fi - f\v - giiv + hv"^ a/3 

+ (c/^'H-&i^-2//Av)/3' = 0. 

We have a similar equation satisfied for the points where the 
line meets the second conic f applying then the condition of 
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Art 332, we find, precisely as in the last article, that the re- 
quired condition is 

{he' + h'c - 2ff) V 4- (ca' + c'a - 2gg') fi" + (oJ' + a'b - 2hh') v» 

+ 2 (gh: -^ ff'h^af ^a'f) fiy + 2{hf + h'f^bg' 'Vg)vX 

The line consequently envelopes a conic* 

INVOLUTION. 

336. Two systems of points a, J, c, &c., a', J', c', &c., situ- 
ated 071 the same right line^ will be homographic (Art. 331) if 
the distances measured from any origin, of two corresponding 
points, be connected by a relation of the form 

Aqcx' -\- Bx-\- Gx* + D=:(^. 

Now this equation not being symmetrical between x and x\ the 

point which corresponds to any point of the line considered aa 

belonging to the first system, will in general not be the same 

as that which corresponds to it considered as belonging to the 

second system. Thus, to a point at a distance x considered as 

belonging to the first system, corresponds a point at the dis^ 

Bx -\-D 

tance — -^ -p^; but considered as belonging to the second 

Ax-^L ^^^^ 

system, corresponds — -. p. 

Two homographic systems situated on the same line arc 
said to form a system in involution^ when to any point of the 
line the same point corresponds whether it be considered as 
belongiug to the first or second system. That this should be 
the case it is evidently necessary and suflScient that we should 
have jB= (7 in the preceding equation, in order that the relation 
connecting x and x may be symmetrical. We shall find it 

* If Bubfltituting in the equations of two conies Z7, F, for o> Xa + /la', &c. we 
obtain results 

then it is easy to see, as above, that UV + U'V— 2P(2, represents the pair of lines 
which can be drawn through a'/3'y', so as to be cut harmonically by the conies. In 
the same case (Art. 296), the equation of the system of four lines joining a'/3'y' ta 
the intersections of the conies, is 

{UV + U'V- 2PQY = 4 {UV - P2) {VV - Q«). 

UU' - P2 and VV - Q^ denote the pairs of tangents from a'^y' to the conies. 
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oonvenient to write the relation connecting any two correspond- 
ing points ^^^ + £r(aj + a?') + i? = ; 

and If the distances from the origin of a pair of corresponding 
points be given by the equation 

we must have -4ft + i?a — 25A = 0, 

337. It appears, from what has been said, that a system in 
involution consists of a number of pairs of points on a line 
«, d ; J, y ; &c., and such that the anharmonic ratio of any 
four is equal to that of their four conjugates. The expression of 
this equality gives a number of relations connecting the mutual 
distances of the points. Thus, from {aica'} = \dV(!a\^ we have 

oh . cd dU . c'a 
ad .be da.b'c^ 

or ah,cd,h'c* = — db\ca,bc. 

The development of such relations presents no difficulty. 

838, The relation ^a:aj' + £r(a; + aj') + J?=0, connects the 
distances of two corresponding points from any origin dtosm 
arbitrarily ; but by a proper choice of origin this relation can 
be simplified. Thus, if the distances be measured from a point 
at the distance a; = a, the given relation becomes 

^ (aj + a) (a?' + a) + fl"(a; + a;' + 2a) + 5 = J 

or Axx' '\' {H ^ Aa) [x + x')+Aa^'^2H(i'\-B^0. 

And if we determine a, so that J?*+-4a = 0, the relation reduces 
to a;aj' = constant. The point thus determined is called the 
centre of the system ; and we 4eam that the product of the dis- 
tances from the centre of two corresponding points is constant. 



X la — -4~~TT7 when -4a: + ^=0, the corresponding point is 



339. Since, In general, the point corresponding to any point 
ffx^B 
+ 

Infinitely distant : or the centre is the point whose conjugate is 
infinitely distant. The same thing appears from the relation 
{abcc]^[dVcc]^ or 

acJbc dcWc 

ac .he dc.h'c ' 
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Let c' be infinitely distant, Jc' ultimately = (id^ and dc =■ Vc'^ 
and this relation becomes oc.ac = 6c.6'c; or, in other words, the 
product of the distances from c of two conjugate points is con- 
stant. The relation connecting the distances from the centre 
may be either ca,cd =^-^1^ or ca.cci =^ — 1^. In the one. case 
two conjugate points lie on the same side of the centre ; in the 
other case they lie on opposite sides. 

340. A point which coincides with its conjugate is called a 
focus of the system. There are plainly two foci^/' equidistant 
from the centre on either side of it, whose common distance 
from the centre c, is given by the equation c/^ = ±A;^ Thus, 
when i* is taken with a positive sign, that is, when two con- 
jugate points always lie on the same side of the centre, the foci 
are real. In the opposite case they are imaginary. By writing 
x = x' in the general relation connecting corresponding points, 
we see that in general the distances of the foci, from any origin, 
are given by the equation 

341. We have seen (Art. 336) that if a pair of corresponding 
points be given by the equation eta? + 2Ax -f J = 0, we must have 
Ab + Ba-' 2llh = 0. Now this equation signifies (sec Art. 332) 
that any two corresponding points are harmonically conjugate 
with the two foci. The same inference may be drawn from 
the relation [aff'a] = {aj^'a}^ which gives 

afaf _ af. af ^ _ ^ _ __ J^ . 
aa'.f ■" a' a .f ' fa " / V ' 

or the distance between the foci ff" is divided internally and ex- 
ternally at a and d into parts which are in the same ratio. 

COR. When one focus is at infinity, the other bisects the 
distance between two conjugate points; and it follows hence 
that in this case the distance otb between any two points of the 
system is equal to dh\ the distance between their conjugates. 

342. Two pairs of points determine a system in involution. 
We may take arbitrarily tw6 pairs of points 

ax^ + 2hx H- J, aV -f 2h'x + &', 

QQ 
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and we can then determine Aj Hj B from the equations 

We see, as in Art. 333, that any other pair of points in in- 
volution with the two given pairs may be represented by an 
equation of the form 

[aa? + 2Aa? + J) -f X (aV -f 2A'x + V) = 0, 

since, when A^ H^ B are determined so as to satisfy the two 
equations written above, they must also satisfy 

^(J + XJ') + iJ(o4Xa')-2J?(A + XA') = 0* 
The actual values of A^ B^ Hj found by solving these equations, 
are 2(aA' — a'A), 2(W — A'J), ab' — ab. Consequently the foci 
of the system determined by the given pairs of points, are 
given by the equation 

{ah' - a'h) x^ + {aV - a'b) x + {kV - h'b) = 0. 

This may be otherwise written if we make the equations 
homogeneous by introducing a new variable y, and write 

U= ax* + 2kxt/ + 6y', r= aV + 2h'xy + by. 

The equation which determines the foci is then 

dUdV^dUdV^^ 
dx dy dy dx ' 
The foci of a system given by two pairs of points a, a' ; i, V 
may be also found as follows, from the consideration that 

aj»oa aj»oa 
a'f.ba af.b'a ' 

whence af* : af* '.\ ab.ab' x cCbMV ; 

or / is the point where act is cut either internally or externally 
in a certain given ratio. 

343. The relation connecting six points in involution is of 
the class noticed in Art. 313, and is such that the same relations 

*** It easily follows from this, that the condition that three pairs of points 
ax^ + Vix + *, a'd^ + 2h'x + h\ a"Q? + Vi"x + h" should belong to a system in in- 
volution, is the vanishing of the determinant 
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^m subsist between the sines of the angles subtended by them 
at any point as subsist between the segments of the lines them* 
selves. Consequently, if a pencil be drawn from any point to 
six points in involution^ any transversal cuts this pencil in six 
points in involution. Again, ike reciprocal of six points in in^ 
volution is a pencil in involution. 

The greater part of the equations already found apply 
equally to lines drawn through a point. Thus, any pair of lines 
a — /ti)8, a — /i')8 belong to a system in involution, if 

and if we are given two pairs of lines 

they determine a pencil in involution whose focal lines are 
[aK - a'h) 0? + [aV - a'b) ajS + {hb' - h'b) /3' = 0, 

dUdV^dUdV^^ 
da dp dfi da 

344. A system of conies passing through four fixed points 
meets any transversal in a system of points in involution. 

For, if /8, 8' be any two conies through the points, 8-\ \S' 
will denote any other; and if, taking the transversal for axis 
of X and making y = in the equations, we get oa?" + 2^3? -h c, 
and a'x* + 2ggc + d to determine the points in which the trans- 
versal meets 8 and 8\ it will meet /S+ \8' in 

aoj* + 2^a; + c + X (aV + 2/a; + c ), 

a pair (Art. 342) in involution with the two former pair. 

This may also be proved 
geometrically as follows: 
By the anharmonic proper- 
ties of conies, 

{a.AdbA\^{c.AdhA\\ 

but if we observe the points 
in which these pencils meet 

AA, we get \^AGBA\ - [AEG'A] ^ {AC'B'A}. 

Consequently the points A A' belong to the system in in- 
volution determined by BB'j CC\ the pairs of points in which 
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the traoBversal meets the sides of the quadrilateral joining the 
given points, 

Beciprocating the theorem of this article we learn that, Ae 
pairs of tangents drawn from any point to a system of conies 
touching four fixed lines^forra a system in involution. 

345. Since the diagonals ao, hd may be considered as a conic 
through the four points, it follows, as a particular case of the last 
Article, that any transversal cuts the four sides, and the diagonals 
of a quadrilateral in points BB\ CC\ DD\ which are in invo- 
lution. This property enables us, being given two pairs of points 
BB\ DU of a system in involution, to construct the point con- 
jugate to any other C7. For take any point at random, a ; join 
aJ8, aD^ aG\ construct any triangle hcd^ whose vertices rest on 
these three lines, and two of whose sides pass through J5'2)', then 
the remaining side will pass through G\ the point conjugate to C. 
The point a may be taken at infinity, and the lines aB^ aD^ aC 
will then be parallel to each other. If the point C be at infinity 
the same method will give us the centre of the system. The 
simplest construction for this case is, — " Through 5, i>, draw 
any pair of parallel lines -BJ, Dc ; and through B\ D\ a difierent 
pair of parallels i>'i, B'c ; then he will pass through the centre 
of the system." 

Ex. 1. If three conies circumscribe the same quadriUteral, the common tangent 
to any two is cut harmonically by the third. For the points of contact of this 
tangent are the foci of the system in involution. 

Ex. 2. If through the intersection of the common chords of two conies we draw 
a tangent to one of them, this line will be cut harmonically l^ the other. For in 
this case the points D and D' in the last figure coincide, and will therefore be a focus. 

Ex. 8. If two conies have double contact with each otheri or if they have a con- 
tact of the third order, any tangent to the one is cut harmonically at the points where 
it meets the other, and where it meets the chord of contact. For in this case the 
common chords coincide, and the point where any transyersal meets the chord of 
contact is a focus. x^ 

Ex. 4. To describe a eonic through four points a, &, c, (f, to touch a given right 
line. The point of contact must be one of the foci of the system BB'^ CC\ &c., and 
these points can be determined by Art. 3ii2. This problem, therefore, admits of tw9 
solutions. 

Ex. 5. If a parallel to an asymptote meet the curve in C, and any inscribed 
quadrilateral in points abed; Ca,Cc = Cb.Cd. For C is the centre of the system. 

Ex. 6. Solve the examples, p. 285, <&c., as cases of involution. 

In Ex. 1, ^ is a focus : in Ex. 2, T is also a focus : in Ex. 3, T is a centre, &c. 

Ex. 7. The intercepts on any line between a hyperbola and its asymptotes are 
equal. For in this case one focus of the system is at infinity (Cor., Art. 341). 
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346* If there he a system of contcs having a common self-con-- 
jugate triangle^ any line passing through one of the vertices of 
this triangle is cut hy the system in involution. 

For, if in aa? + hfi'^ + cy^ we write a = i^S, we get 

• a pair of points evidently always harmonically conjugate with 
the two points where the line meets ^ and 7. Thus, then, in 
particular, a system of conies touching the four sides of a fixed 
quadrilateral cuts in involution any transversal which passes 
through one of the intersections of diagonals of the quadrila- 
teral (Ex. 3, p. 143). The points in which the transversal meets 
diagonals are the foci of the system, and the points where it 
meets opposite sides of the quadrilateral are conjugate points 
of the system. / 

Ex. 1. If two conies U, V touch their common tangents -4, 5, C, i) in the points 
«, hfCjd'f a', h% c', d' \ a conic S through the points a, ft, c, and touching D at rf', 
"will have for its second chord of intersection with V, the hue joining the intersections 
of A with be, B with ca, C with ah. 

Let V meet ah in a, /3, then, by this article, since ah passes through an intersection 
of diagonals of ABCD (Ex. 2, p. 231), a^h) a, /3 belong to a system in involution, of 
which the points where ah meets C and D are conjugate points. But (Art. 345) the 
conmion diords of 8 and V meet ah in points belonging to this same system in 
involution, determined by the points o, 6 j a, /3, in which 8 and V meet the line ah. 
If then one of the common chords be i>, the other must pass through the iatersection 
of C with ah, 

Ex. 2. If in a triangle there be inscribed an ellipse touching the sides at their 
middle points a, h, c, and also a circle touching at the points a', h'j c', and if the fourth 
common tangent I) to the ellipse and circle touch the circle at e?', then the circle d^ 
scribed through the middle points touches the inscribed circle at <?'. By Ex. 1, a conic 
described through a, &, c, will touch the circle at d', if it also pass through the points 
where the circle is met by the line joining the intersections of -4, he ; B,ca) C, ah. 
But this line is in this case the line at infinity. The touching conic is therefore a 
circle. Sir W. R. Hamilton has thus deduced Feuerbach's theorem (p. 126) as a par- 
ticular case of Ex. 1. 

The point d! and the line D can be constructed without drawing the ellipse. For 
since the diagonals of an inscribed, and of the corresponding circumscribing quad- 
rilateral meet in a point, the lines ah, cd, a*h\ c'd', and the lines joining AD, BC; 
AC, BD all intersect in the same point. If then a, /3, y be the vertices of the triangle 
formed by the intersections of he, h'c' ; ca, c'a' ; ah, a'b' ; the lines joining a' a, h'^, c'y 
meet in d'. In other words, the triangle a^y is homologous with ahc, a'h'c', the 
centres of homology being the points d, d'. In like manner, the triangle a/3y is also 
homologous with ABC, the axis of homology being the line D, 
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347. We have already several tiroes bad occasion to point 
out to the reader the advantage gained by taking notice of 
the number of particular theorems often Included under one 
general enunciation, but we mow propose to lay before him a 
short sketch of a method which renders us a still more impor- 
tant service, and which enables us to tell when from a particular 
given theorem we can safely infer the general one under which 
it is contained. 

If all the points of any figure be joined to any fixed point 
in space (0), the joining lines will form a conCy of which the 
point is called the vertex^ and the section of this cone, by any 
plane, will form a figure which is called the projection of the 
given figure. The plane by which the cone Is cut is called the 
plane of projection. 

To any point of one figure unll correspond a point in the other. 

For, if any point A be joined to the vertex 0, the point a, 
In which the joining line OA Is cut by any plane, will be the 
projection on that plane of the given point A. 

A right line will always be pr ejected into a right line. 

For, if all the points of the right line be joined to the vertex, 
the joining lines will form a plane, and this plane will be inter- 
sected by any plane of projection in a right line. 

Hence, if any number of points in one figure lie in a right 
line, so will also the corresponding points on the projection ; and 
if any number of lines in one figure pass through a point, so 
will also the corresponding lines on the projection. 



* This method is the invention of M. Poncelet. See his Traite des Prcprietes 
ProjectiveSf published in the year 1822, a work which, I believe, may be regarded 
as the foundation of the Modem Geometry. In it were taught the principles, that 
theorems concerning infinitely distant points may be extended to finite points on a 
right line; that theorems concerning systems of circles may be extended to conies 
having two points common ; and that theorems concerning imaginary points and lines 
may be extended to real points and lines. 
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348. Any plane curve will always he projected into tmotlier 
curve of the same degree. 

For it is plain that, if the given curve be out by any right line 
In any number of points, Aj B^ C, JD, &c. the projection will 
be cut by the projection of that right line in the -saTne number of 
corresponding points, a, i, c, rf, &c. ; but the degree of a curve is 
estimated geometrically by the number of points in which it can 
be cut by any right line. If AB meet the curve in some real and 
some imaginary points, ab will meet the projection in the same 
number of real and the same number of imaginary points. 

In like manner, if any two curves intersect, their projections 
will intersect in the same* number of points, and any point 
common to one pair, whether real or imaginary, must be con- 
sidered as the projection of a corresponding real or imaginary 
point common to the other pair. 

Any tangent to one curve will be projected into a tangent to 
the othefi\ 

For, any line AB on one curve must be projected into the 
line aJ) joining the corresponding points of the projection. Now, 
if the points A^ J5, coincide, the points a, J, will also coincide, 
and the line ab will be a tangent. 

More generally, if any two curves touch each other in any 
number of points, their projections will touch each other in the 
same number of points. 

349. If a plane through the vertex parallel to the plane of 
projection meet the original plane in a line AB^ then any pencil 
of lines diverging from a point on AB will be projected into a 
system of parallel lines on the plane of projection. For, since 
the line from the vertex to any point of AB meets the plane of 
projection at an infinite distance, the intersection of any two lines 
which meet on AB is projected to an infinite distance on the 
plane of projection. Conversely, any system of parallel lines on 
the original plane is projected into a system of lines meeting in a 
point on the line DF^ where a plane through the vertex parallel to 
the original plane is cut by the plane of projection. The method 
of projection then leads us naturally to the conclusion, that any 
system of parallel lines may be considered as passing through a 
point at an infinite distance, for their projections on any plane 
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pass through a point in general at a finite distance ; and again, 
that all the points at infinity on any plane may he considered as 
lying on a right line^ since we have showed, that the projection 
of any point in which parallel lines intersect must lie somewhere 
on the right line DF In the plane of projection. 

350. We see now, that if any property of a given curve does 
not involve the magnitude of lines or angles, but merely relates 
to the position of lines as drawn to certain points, or touching 
certain curves, or to the position of points, &c., then this property 
will be true for any curve into which the given curve can be pro- 
jected. Thus, for instance, " if through any point in the plane 
of a circle a chord be drawn, the tangents at its extremities will 
meet on a fixed line." Now since we shall presently prove that 
every curve of the second degree can be projected into a circle, 
the method of projection shows at once that the properties of 
poles and polars are true not only for the circle, but also for all 
curves of the second degree. Again, Pascal's and Brianchon's 
theorems are properties of the same class, which it is sufficient 
to prove in the case of the circle, in order to know that they are 
true for all conic sections. 

351. Properties which. If true for any figure, are true for Its 
projection, are called projective properties. Besides the classes of 
theorems mentioned in the last Article, there are many projective 
theorems which do involve the magnitude of lines. For instance, 
the anharmonic ratio of four points in a right line [ABGD]^ 
being measured by the ratio of the pencil [O.ABGD] drawn to 
the vertex, must be the same as that of the four points {dbcd\^ 
where this pencil is cut by any transversal. Again, if there be 
an equation between the mutual distances of any number of 
points in a right line, such as 

AB.CD.EF'Vh.AC.BE.DF^l.AD.CE.BF-\-&c. = 0, 

where in each term of the equation the same points are men- 
tioned, although In difl\3rent orders, this property will be pro- 
jective. For (see^rf. 31 1) if for AB we substitute 

OA . OB. sin A OB 
each term of the equation will contain OA.OB.OO.OD.OE.OF 
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in the numerator, and OP' In tbe denominator, Dividing, thenj 
by these, there will remain merely a relation between the sinea 
of angles subtended at 0. It is evident that the points Aj B^ C^ 
Dj Ej Fj need not be on the same right line ; or, in other words, 
that the perpendicular OP need not be the same for all, provided 
the points be so taken that after the substitution, each term o^ 
the equation may contain in the denominator the same productj 
OP.OP\OP'\ &C. Thus, for example, "If lines meeting in a 
point and drawn through the vertices of a triangle ABC meet the 
opposite sides in the points u^ &, c, then Ab^Bc. Ca = Ac.Ba. Ch^ 
This is a relation of the class just mentioned, and which it is 
sufficient to prove for any projection of the triangle ABO. IM 
us suppose the point G projected to an infinite distance, then 
AG^ BG^ Gc are parallel, and the relation becomes. 

Al.Bc^Ac.Ba^ 

the tristh of which is at once perceived on making the figure. 

352. It appears from what has been said, thai if w« wish ta 
demonstrate any projective property of any figure, it is sufficient 
to demonstrate it for the svnvpleat figure into which the given 
figure can be projected; e.g. for one in which any line of the 
given figure is at an infinite distance. 

Thus, if it were required to investigaiie the harmoiitc pro- 
perties of a complete quadrilateral ABGJD^ whose opposite sides 
intersect in J?, Fj and the intersection of whose diagonals is (?, 
we may join all the points of this figure to any point in space O, 
and cut the joining lines by any plane parallel to OEF^ then 
EF is projected to infinity^ and we have a new quadrilateral, 
whose sides a5, cd intersect in e at infinity, that is, are parallel J 
while adj be intersect in a point / at infinity, or are also parallel. 
We thus see that awy quadrilateral may be projected into a 
parallelogram. Now since the diagonals of a parallelogram 
bisect each other, the diagonal ac is cut harmonically in the 
points a, g^ o, and the point where it meets the line at in- 
finity ef. Hence A!Si^^ cut harmonically in the points -4, (?, (7, 
and where it meets EF. 

Ex. If two triangles ABCy A*SC\ be such that the points of mtersection of 
AB, A'B'; BCy BC'\ CA, CA'-, lie in a right line, then the lines AA\ BB'y €C' 
meet in a point. 

RR 
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Project to infinity the line In which AfB, A'B^j Ac, intersect; then the theorem 
becomes : " If two triangles abc, a*b'<f haye the ddea of the one respectively parallel 
to the sides of the other, then the lines aa', W^ o(f meet in a point." But the truth 
of this latter theorem is erident, since aa% bb* both cut oc/ in the same ratio. 

353, In order not to interrupt the account of the applications 
of the method of projection, we place in a separate section 
the formal proof that every curve of the second degree 
maj be projected so as to become a circle. It will also be 
proved that by choosing properly the vertex and plane of pro- 
jection, we can, as in Art. 352, cause any given line EF on the 
figure to be projected to infinity, at the same time that the 
projected curve becomes a circle. This being for the present 
taken for granted, these consequences follow : 

Oiven any conic aectian and a point in its plane^ we can project 
it into a cirdi^ of which the projection of that point is the centre^ 
for we have only to project it so that the projection of the polar 
of'tbe given point may pass to infinity (Art. 154). 

Any tvoo conic sections may he projected so as both to become 
circleSy for we have only to project one of them into a circle, 
and so that any of its chords of intersection with the other shall 
pass to infinity, and then, by Art. 257, the projection. of the. 
second conic passing through the same points at infinity as the 
circle must be a circle also. 
^ > Any tvoo conies which have double contact with each other may 
be projected into concentric circles. For we have only to project 
one of them into a circle, so that its chord of contact with the 
other may pass to infinity (Art. 257). 

354. We shall now give some examples of the method of 
deriving properties of conies from those of the circle, or from 
other more particular properties of conies. 



Ex. 1. *^ A line through any point is cut harmonically by the curve and the polar 

of that point." This property and its reciprocal are projective properties (Art. 851), 

and both being true for the circle^ are true for every conic. Hence all the properties 

of the circle depending on the theoiy of poles and polars are true for all the conic 

— sections, 

' < Ex. 2. The anharmonic properties of the points and tangents of a conic are pro- 
jective properties, which, when proved for the circle, as in Art. 812, are proved for 
all conies. Hence, eveiy property of the circle which results from either of its 
anharmonic properties is true also for all th<^ conic sections. 

^ 

Ex. 8. Camot's theorem (Art. 813), that if a conic meet the sides of a triangle, 
Ab.Ab'.Bc.Dc'.Ca,Ca' = Ac.Ac',Ba,Ba',Cb,Cb\ 
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is a projective property which need only be proyed in the case of the circle, in which 
case it is evidently true, since Ab,Ab' = AcAi/^ Ac. 

The theorem can evidently be proved in like manner for any polygon. 

Ex. 4. From Camot's theorem, thus proved, could be deduced the properties of 
Art. 148, by supposing the point C at an infinite distance ; we then have 

Ab.Ab' _ Ba,Ba' . 
AcAc''^ Bc.Bc'' 
where the line Ab is parallel to Ba, 

Ex. 5. Given two concentric circles. Given two conies having double con* 
any chord of one which touches the tact with eilch other, any chord of one 
other is bisected at the point of con- whicK toucheB the other is cut harmo- 
tact. nically at the point of contact, and where 

it meets the chord of contact of the 
conies. (Ex. 3, p. 300). 
For the line at infinity in the first case is projected into the chord of contact of 
two conies having double contact with each other, Ex. 4, p. 213, is only a particular 
case of this theorem. 

^ Ex. €. Given three concentric circles, Given three conies all touching each 
any tangent to one is cut by the other other in the same two points, any tan- 
two in four points whose anharmonic gent to one is cut by the other two in 
ratio is constant. four points whose anharmonic ratio is 

constant. 
The first theorem is obviously true, since the four lengths are constant. The 
second may be considered as an extension of the anharmonic property of the tangents 
of a conic. In like manner, the theorem (in Art. 276) with regard to anharmonic 
ratios in conies having double contact is immediately proved by projecting the conies 
into concentric circles. 

Ex. 7. We mentioned already, that it was sufiicient to prove Pascal's theorem 
for the case of a circle, but, by the help of Art. 353, we may still fmiiher simplify 
our figure, for we may suppose the line joining the intersection of AB^ D£, to that- 
, of BCj EFy to pass off to infinity ; and it is only necessary to prove that, if a hexagon 
be inscribed in a circle having the side AB parallel to DEy and BC to EF, then 
CD wiU be parallel to AF\ but the truth of this can be shown from elementary 
considerations. 

"^ Ex. 8. A triangle is inscribed in any Qonic, two of whose sides pass through fixed 
points, to find the envelope of the third (p. 239). Let the line joining the fixed points 
be projected to infinity, and at the same time the conic into a circle, and this pro- 
perty becomes, — "A triangle is inscribed in a circle, two ol whose sides are parallel 
to fixed tines, to find the envelope of the third.** But thisXenvelope is a concentric 
circle, since the vertical angle of the triangle is given; henos, in the general case, 
the envelope is a conic touching the given conic in two points on the line joining 
the two given points. 

■^ Ex. 9. To investigate the projective properties of a quadrilateral inscribed in a 
conic. Let the conic be projected into a circle, and the quadrilateral into a parallelo- 
gram (Art. 352). Now the intersection of the diagonals of a parallelogram inscribed 
in a circle is the centre of the circle; hence the intersection 6f the diagonals of a 
quadrilateral inscribed in a conic is the pole of the line joinlnd^ the intersections of 
the opposite sides. Again, if tangents to the circle be drawn 4t the vertices of this 
parallelogram, the diagonals of the quadrilateral so formed will also pass through 
the centre, bisecting the angles between the first diagonals; hence, "the diagonals 
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Df the iiiioiibed and oomsponding dxcninacnbing quadrilateral pass throng a point, 
and form a hannonic pendl*" 

"^ Ex. 10. Oiyen four points on a ooniCi Giyen four points on a conic, the locns 
the looaa of its centre ia a conic through of the pole of any fixed line ia a conic 
the middle points of the aides of the given passing thiongfa the fourth harmonic to 
quadrilateral. (Ex. 15, p. 290). the point in which this line meets each 

side of the giren quadrilateral. 

Ex. 11. The locus of the point where If through a fixed poiat a line be 
parallel chords of a dicle are cut in a drawn meeting the conic in J, B, and on 
given ratio is an ellipse having douUe it a point P be taken, such that {OABP} 
ooDtact with the circle. (Art. 168). may be constant, the locus of P is a 

conic having double contact with the 

given conic 

355. We may project several properties relating to foci bj 
the help of the defiDition of a focus given p. 228, viz. that 
if JT be a focus, and A^ B the two imaginaiy points in which 
anj circle is met by the line at infinity; then FA^ FB are 
tangents to the conic 

' ^ Ex. 1. The locus of the centre of a If a conic be described through two 
circle touching two given circles is a hy- fixed points A, B, and touching two given 
perbola, having the centres of the given couics which also pass through those 
circles for fed. points, the locus of the pole of AB is a 

conic touching the four lines CAy CB^ 

C'A, C'By where (7, C; are the poles of 

AB with regard to the two given conies. 

In this example we substitute for the word ^circle,' '^ conic through two fixed 

points At £," (Art. 257), and for the word * centre,' << pole of the line AB." (Art. 154). 

Ex.2. Given the focus and two points Given two tangents, and two points* 

of a conic section, the intersection of tan- on a conic, the locus of the intersection 

gents at those points will be on a fixed of tangents at those points is a right line. 
line. (Art. 191). 

Ex. 8. Given a focus and two tan- Given two fixed points J, B ; two tan- 
gents to a conic, the locus of the other gents FAj FB passing one through each 
focus is a right Une. (This follows from point, and two other tangents to a conic ; 
Art. 189). the locus of the intersection of the other 

tangents from A, Bfiaa, right line. 

"^"^Ex. 4. If a triangle drcumscribe a If two triangles circumscribe a conic, 
parabola, the circle circumscribing the their six vertices lie on the same conic 
triangle passes through the focus, p. 196. 

For if the focus be F, and the two circular points at infinity A, B, the tria&gle 
FAB is a second triangle whose three sides touch the parabola. 

*=' Ex. 5. The locus of the centre of a Given one tangent, and three points 
oirde passing through a fixed point, and on a conic, the locus of the intersection 
touching a fixed line, is a parabola of of tangents at any two of these points ia 
which the fixed point is the focus. a conic inscribed in the triangle formed 

by those points. 
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Ex. 6. Given four tangents to a conic, Given four tangenfcs to a conic, the 

the locus of the centre is the line joining locus of the pole of any line is the line 

.the middle points of the diagonals of the joining the fourth harmonics of the points 

quadrilateral. where the given line meets the diagonalis 

of the quadrilateraL 

It follows from our definition of a focus, that if two conies have the same focus, 
this point will be an intersection of common tangents to them, and will possess the 
properties mentioned at the end of Art. 264. Also, that if two "bonics have the same 
focus and directrix, they may be considered as two conies having double contact with 
each other, and may be projected into concentric circles. 

356, SiDce angles which are constant in any figure will in 
general not be constant in the projection of that figure, we pro- 
ceed to show what property of a projected figure may be inferred 
when any property relating to the magnitude of angles is given ; 
and we commence with the case of the right angle. 

Let the equations of two lines at right angles to each other 
be a; = 0, y = 0, then the equation which determines the direction 
of the points at infinity on any circle is a;* + y* = 0, or 

^ + yV-i=0, a; — yV"^l^ = 0- 

Hence (Art. 57) these four lines form a harmonic pencil. 
Hence, given four points, A^ 5, (7, i>, of a line cut harmonically, 
where J, B may be real or imaginary, if these points be trans- 
ferred by a real or imaginary projection, so that -4, B may 
become the two imaginary points at infinity on any circle, then 
any lines through (7, I) will be projected into lines at right 
angles to each other. Conversely, any two lines at right angles 
to each other will be projected into lines which cut harmonically 
the line joining the two jixed points which are the projections of 
the imaginary points at infinity on a circle. 




Ex. 1. The tangent to a circle is at Any choid of a conic is cut harmoni- 

right angles to the radius. cally by any tangent, and by the line 

joining the point of contact of that tan- 
gent to the pole of the given chord. 
(Art. 146). 
For the chord of the conic is supposed to be the projection of the line at infinity 
in the plane of the circle ; the points where the chord meets the conic will be the 
projections of the imaginary points at infinity on the circle; and the pole of the 
chord will be the projection of the centre of the circle. 

Ex. 2. Any right line drawn through Any right Hne through a point, the 
the focus of a conic is at right -angles line joining its pole to that point, and 
to the line joining its pole to the focus, the two tangents from the point, form 
(Art. 192). a harmonic pencil. (Art. 146). 

It is evident that the first of these properties is only a particular case of the 
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aeoond, if we leoollect that the tangents from the focus are the lines joining the 
focus to the two imaginary points on any circle. 

Ex. 3. Let US apply Ex. 6 of the last Article to determine the locns of the pole 
of a given line with regard to a system of oonfocal conies. Being givai the two 
fod, we are given a quadrilateral circumscribing the conic (Art. 279) ; one of the 
diagonals of this quadrilateral is the Hne joining the foci, therefore (Ex. 6) one point 
on the locus is the fourth harmonic to the point where the given line cuts the dis- 
tance between the foci. Again, another diagonal is the line at in^uty, and since 
the extremities of ^tas diagonal are the points at infinity on a circl^ therefore by the 
present Article, the locus is perpendicular to the given line. The locus is, therefore, 
completely determined. 

Ex. 4. Two oonfocal conies cut each If two conies be inscribed in the same 
other at right angles. quadrilateral, the two tangents at any of 

their points of intersection cut ^y dia- 
gonal of the circumscribing quadrilateral 
harmonically. 

The last theorem is a case of the reciprocal of Ex. 1, p. 300. 

Ex. 5. The locus of the intersection The locus of the intersection of tan- 
of Iwo tangents to a central conic, which gents to a conic, which divide harmo- 
cut at right angles, is a circle. nically a given finite right line ABy is 

a conic through Af B, 

The last theorem may, by Art. 146, be stated otherwise thus : *^ The locus of a 
point 0, such that the line joining to the pole ot AO may pass through J9, is a 
conic through A, B'^ and the truth of it is evident directly, by taking four positions 
of the line, when we see, by Ex. 2, p. 260, that the anharmonic ratio of four lines, 
AO,\E equal to that of four corresponding lines, BO, 

'"^ Ex. 6. The locus of .the intersection If in the last example AB touch the 
of tangents to a parabola, which cut at given conic, the locus of will be the 
right angles, is the directrix. Une joining the points of contact of tan- 

gents from A, B, 

"* -Ex. 7. The circle circums«ibing a tri- If two triangles are both self-con- 
angle self-conjugate with regard to an jugate with regard to a conic; their six 
equilateral hyperbola, passes through the vertices lie on a conic, 
centre of the curve, (p. 204). 

The fact that the asymptotes of an equilateral hyperbola are at right angles, may 
be stated, by this article, that the line at infinity cuts the curve in two points which 
are harmonically conjugate with respect to A, jS, the imaginary circular points at 
infinity. And since the centre C is the pole of AB^ the triangle CAB is self -con jugate 
with regard to the equilateral hyperbola. It follows by reciprocation, that the six 
sides of two self-conjugate triangles touch the same conic. 

*^ Ex. 8. If from any point on a conic If a harmonic pencil be drawn through 
two lines at right angles to each other be any point on a conic, two legs of which 
drawn, the chord joining their extremities are fixed, the chord joining the extremities 
passes through a fixed point, (p. 170). of the other legs will pass through a fixed 

point. 
In other words, given two points, a, c, on a conic, and {alfcd\ a harmonic ratio, hd 
will pass through a fixed point, namely, the intersection of tangents at a, c. But the 
truth of this may be seen directly: for let the line ac meet bd in K, then since 
{a.ahcd} is a harmonic pencil, the tangent at a cuts bd in the fourth harmonic to K: 
but so likewise must the tangent at c, therefore these tangents meet bd in the same 
point. As a particular case of this theorem we have the following : " Through a fixed 
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"jpoiat on- a conic two lines are drawn, making eqnal angles with a fixed line, the chord 
joining their extremities will pass through a fixed point.^ 

357. A system of pairs of right lines drawn through a pointy 
so that the lines of each pair make eqttal angles with a fixed line^ 
cuts the line at infinity in a system of points in involution^ of 
which the two points at infinity on any circle form one pair ofcrni" 
jugate points.'^ For they evidently cut any right line In a system 

of points in involution, the foci of which are the points where the 
line is met by the given internatand external bisector of every 
pair of right lines. The two points at infinity just mentioned 
belong to the system, since they also are cut harmonically by 
these bisectors. 

The tangents from any point to a The tangents from any point to a 
system of confocal conies make equal system of conies inscribed in the same 
angles with two fixed lines. (Art. 189). quadrilateral cut any diagonal of that 

quadrilateral in a system of points in 
involution of which the two extremities 
of that diagonal are a pair of conjugate 
points. (Art. 344). 

358. Two lines which contain a constant angle^ cut the line 
joining the two points at infinity on a circle^ so that the anhar^ 
monic ratio of the four points is constant. 

For the equation of two lines containing an angle being 
jc = 0, y = 0, the direction of the points at infinity on any circle 
is determined by the equation 

25* + y* + 2iry cos^ = ; 
and, separating this equation into factors, we see, by Art. 57, that 
the anharmonic ratio of the four lines is constant if 6 be constant. 

Ex. 1. ^^The angle contained in the same segment of a circle is constant." We 
see, by the present Article, that this is the form assumed by the anharmonic property 
of f o^r points on a circle when two of them are at an infinite distance. 

*'-v£x« 2. The envelope of a chord of a If tangents through any point meet 
conic which subtends a constant angle the conic in T, 7', and there be taken 
at the focus is another conic having the on the conic two points Ay B, such that 
same focus and the same directrix. {O.ATBT'} is constant, the envelope of 

AB is a conic touching the given conic 
in the points T, T'. 

"""^x. 3. The locus of the intersection If a finite line AB, touching a conic, 
of tangents to a parabola which cut at be cut by two tangents in a given an- 
a given angle is a hyperbola having the harmonic ratio, the locus of their inter- 
same focus and the same directrix. section is a conic touching the given conic 

at the points of contact of tangents from 

A,B, 
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' vEjl 4. If from the focus of a conic a If a yaiiable taagent to a conic meet 
line be drawn making a given angle with two fixed tangents in T, V, and a fixed 
any tangent, the locus of the point where line in M, and there be taken on it a 
it meets it is a circle. point P, such that {PTMT) may be con- 

stant, the locus of P is a conic passing 
through the points where the fixed tan- 
gents meet the fixed line. 
A particular case of this theorem is : ^* The locus of the point where the intercept 
of a variable tangent between two fixed tangents is cut in a given ratio, is a hyper- 
bola whose asymptotes are parallel to the fixed tangents." 

' Ex. 6. If from a fixed point Oy OP be Given the anharmonic ratio of a pendl, 
drawn to a given circle, and the angle three of whose legs pass through fixed 
TPO be constant, the envelope of TP is points, and whose vertex moves along a 
a conic having for its focus, given conic, passing through two of the 

points ; the envelope of the fourth leg is 

a conic touching the lines joining these 

two to the third fixed point. 

A particular case of this is : " If two fixed points Ay B, on a conic be joined to 

a variable point P, and the intercept made by the joining chords on a fixed line be 

cut in a given ratio at J/, the envelope of PM is a conic touching parallels through 

A and B to the fixed line." 

^ *^Ex. 6. If from a fixed point 0, OP be Given the anharmonic ratio of apendl, 
drawn to a given right line, and the angle three of whose legs pass through fixed 
TPO be constant, the envelope of TP is points, and whose vertex moves along a 
a parabola having for its focus. fixed line, the envelope of the fourth leg 

is a conic touching the three sides of the 
triangle formed hj the g^ven points. 

359. We have now explained the geometric method by 
which from the properties of one figure may be derived those 
of another figure which' corresponds to it, (not as in Chap. XV* 
so that the points of one figure answer to the tangents of the 
other, but) so that the points of one answer to the points of the 
other, and the tangents of one to the tangents of the other« 
All this might be placed on a purely analytical basis. If any 
curve be represented by an equation in trilinear co-ordiaates, 
referred to a triangle whose sides are a, J, c, and if we interpret 
this equation with regard to a different triangle of reference 
whose sides are a', J', c', we get a aew curve of the same degree 
as the first ;* and the same equations which establish any pro- 
perty of the first curve will, when differently interpreted, establish 



* It 18 easy to see, that the equation of the new curve referred to the old triangle, 
is got by substituting in the given equation for a, /3, y j la + mfi + «y, Va + to'/3 + n'y, 
V'a + wi"/3 + n"y j where la + mfi + ny represents the line which is to correspond to 
a, &c. For fuller information on this method of transformation, see Higher Plane 
Curves, Chap, vi. 
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a corresponding property of the second. In this manner a 
right line in one system always -corresponds to a right line in 
the other, except in the case of the equation aa + J^ + C7 = 0, 
which in the one system represents an infinitely distant line, 
in the other a finite line. And, in like manner, a a + h'^ -f c 7^ 
which represents an infinitely distant line in the second system 
represents a finite line in the first system. In working with 
trilinear co-ordinates the reader can hardly have failed to take 
notice, how the method itself teaches hina to generalize all 
theorems in which the line at infinity is concerned. Thus 
(see p. 243) if it he required to find the locus of the centre 
of a conic, when four points or four tangents are given, thia 
is done hy finding the locus of the pole of the line at infinity 
aa + J/S + C7, and the very same process gives the locus imder 
the same conditions of the pole of any line Xa -f yt*)9 + vy. 

We saw (Art. 59) that the anharmonic ratio of a pencil 
P—TcP\ P— IP\ &c. depends only on the constants i, Z, and is 
not changed if P and P' are supposed to represent difierent right 
lines. We can infer then that in the method of transformation 
which we are describing, to a pencil of four lines in the one 
system answers in the other system a pencil having the same 
anharmonic ratio ; and that to four points on a line correspond 
four points whose anharmonic ratio is the same. 

An equation, /8=0, which represents a circle in the one 
system will, in general, not represent a circle in the other. 
But since any other circle in the first system is represented 
by an equation of the form 

;& f (aa + J^ + erf) (\a + )u,y9 + vi) = 0, 

all curves of the second system answering to circles in the 
first will have common the two points common to 8 and 

360. In this way we are led, on purely analytical grounds, to 
the most important prmciples, on the discovery and application 
of which the merit of Poncelet's great work consists. The 
principle of continuity (In virtue of which properties of a figure 
in which certain points and lines are real, are asserted to be 
true even when some of these points and lines are imaginary), 

ss 
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is more easily establi^ed on analytical than on purely geo« 
metrical grounds. In fact, the processes of analysis take no 
account of the distinction between real and imaginary, so im- 
portant in pure geometry. The processes for example by which, 
in Chap. XIV. we obtained the properties of systems of conies 
represented by equations of forms S=kal3 or 8=}ca* are un- 
affected, whether we suppose a and fi to meet S in real or 
imaginary points. And though from any given property of a 
system of circles, we can obtain, by a real projection, only a 
property of a system of conies having two imaginary points 
common, yet it is plainly impossible to prove such a property by 
general equations without proving it at the same time for conies 
having two real points common. The analytical method of 
transformation, described in the last article, is equally applicable 
if we wish real points in one figure to correspond to imaginary 
points on the other. Thus, for example, a* -f )8" = 7* denotes a 
curve met by 7 in imaginary points ; but if we substitute for 
a, /8; P±QtJ [- 1), and for 7, 5, where P, Q^ B denote right 
lines, we get a curve met in real points by R the line corre- 
sponding to 7. 

The chief difference in the application of the method of 
projections, considered geometrically and considered algebrai- 
cally, is that the geometric method would lead us to prove a 
theorem first for the circle or some other simple state of the 
figure, and then infer a general theorem by projection. The 
algebraic method finds it as easy to prove the general theorem 
as the simpler one, and would lead us to prove the general 
theorem first, and afterwards infer the other as a particular 
case. 

THEORY OP THE SECTIONS OP A CONE. 

361. The sections of a cone by parallel planes are similar. 
Let the line joining the vertex to any fixed point A in one 
plane, meet the other in the point a ; and let radii vectores be 
drawn from -4, a, to any other two corresponding points B^ h. 
Then, from the similar triangles OAB^ Oab^ AB is to ah in the 
constant ratio OA : Oa ; and since every radius vector of the one 
curve is parallel and in a constant ratio to the corresponding 
radius vector of the other, the two curves are similar (Art. 233). 
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Cor. If a cone standing on a circular base be cut by anj 
plane parallel to the base, the section will 'be a circle. This 
is evident as before : we may, if we please, suppose the points 
Aj a, the centres of the curves. 

362. The sections of a cone^ standing on a circular base^ may 
he either an ellipse^ hyperbola^ or parabola. 

A cone of the second degree is said to be right if the line 
joining the vertex to the centre of the circle which is taken for 
base be perpendicular to the plane of that circle ; in which case 
this line is called the a^ of the cone. If this line be not per- 
pendicular to the plane of the base, the cone is said to be oblique^ 
The investigation of the sections of an oblique cone is exactly the 
same as that of the sections of a right cone, but we shall treat 
them separately, because the figure in the latter case being more 
simple will be more easily understood by the learner, who may at 
firat find some difficulty in the conception of figures in space. 

Let a plane {OAB) be drawn through the axis of the cone 
OC perpendicular to the plane of the 
section, so that both the section MSsN 
and the base A SB are supposed to 
be perpendicular to the plane of the 
paper: the line E8j in which the 
section meets the base, is, therefore, 
also supposed perpen^dicular to the 
plane of the paper. Let us first 
suppose the line MN^ in which the ivr 
section cuts the plane OAB to meet 
both the sides OA^ OB^ as in the figure^ on the same side of 
the vertex. 

Now let a plane parallel to the base be drawn at any other 
point s of the section. Then we have (Euc. Iii. 35) the square 
of R8^ the ordinate of the circle, = ul^.££, and in like manner 
rs^^ar.rb. But from, a comparison of the similar triangles 
ABM^ arM] BRN^ brN^ it can at once be proved that 

AR.RB : MB. EN:: ar.rb : Mr,rN. 
Therefore E8^ : rs^ : : MR.BN: Mr.rN. 

Hence the section M8sN\% such that the square of any ordinate 
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rs is to the rectangle under the parts in which it cuts the line 

MN in the constant ratio BS^ : MR.BN. 

Hence it can immediately be inferred 

(Art. 149) that the section is an ellipse^ 

of which MN is the axis major, while 

the square of the axis minor is to MN^ 

in the given ratio 

R8^ : MR.RK 

Secondly. Let MN meet one of the 
sides OA produced. The proof proceeds 
exactly as before, only that now we prove 
the square of the ordinate rs in a constant 
ratio to the rectangle Mr.rN under the 
parts into which it cuts the line MN pro- 
duced. The learner will have no diflSculty 
in proving that the locus will in this 

case be a hyperbola^ consisting evidently of the two opposite 
branches NsS^ Ms*S'. 

Thirdly. Let the line MN be parallel 
to one of the sides. In this case, since 
AR — arj and RB : rh :: RNi rN^ we have 
the square of the ordinate r8{=^ar.rh) to 
the abscissa r^in the constant ratio 

B8'{^AR.BB):RN. 

The section is therefore 2l parabola.* 

363. It is evident that the Qfojectlons of the tangents at the 
points Ay B of the circle are the tangents at the points Jf, N of 





* Thoee who first treated of conic sections only considered the case when a right 
cone is cut by a plane perpendicular to a side of the cone : that is to say, when MN 
is perpendicular to OB. Conic sections were then dirided into sections of a rigfft- 
angled, acute, or obtuse-angled cone; and according to Eutochius, the commentator 
on Apollonius, were called parabola, ellipse, or hyperbola, according as the angle of 
the cone was equal to, less than, or exceeded a right angle. (See the passage cited 
in full, Walton* 8 Examples, p. 428). It was Apollonius who first showed that all 
three sections could be made from one cone; and who, according to Pappus, gave 
them the names parabola, ellipse, and hyperbola, for the reason stated, p. 180. The 
authority of Eutochius, who was more than a century later than Pappus, may not 
be very great, but the name parabola was used by Archimedes, who was prior to 
Apollonius. 
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the conic section (Art. 348) ; nowitn the case of the parabola the 
point M and the tangent at it go off to infinity ; we are therefore 
again led to the conclusion that every parcibola has one tangent 
altogether at an infinite distance, 

364. Let the cone now be supposed oblique. The plane of 
the paper is a plane drawn through the line 0(7, perpendicular to 
the plane of the circle A Q8B. Now let 
the section meet the base in any line Q8^ 
draw a diameter LK bisecting Q8^ and 
let the section meet the plane OLK in the 
line MN^ then the proof proceeds exactly 
as before ; we have the square of the ordi- 
nate R8 equal to the rectangle LB,BK] 
if we conceive a plane, as before, drawn 
parallel to the base (which, however, is left 
out of the figure in order to avoid render- 
ing it too complicated), we have the square 
of any other ordinate, rsj equal to the corresponding rectangle 
Ir.rk] and we then prove by the similar triangles KEMj krAI'j 
LRN^ IrNj in the plane OLK^ exactly as in the case of the right 
cone, that Ji8^ : rs^, as the rectangle under the parts into which 
each ordinate divides MN^ and that therefore the section is a 
conic of which MN,is the diameter bisecting QS^ and which is an 
ellipse when MN meets both the lines OL, OK on the same side 
of the vertex, a hyperbola when it meets them on different sides 
of the vertex, and a parabola when it Is parallel to either. 

In the proof just given Q8 is supposed to intersect the circle 
in real points ; if it did not, we have only to take, instead of the 
circle AB^ any other parallel circle «6, which does meet the sec- 
tion in real points, and the proof will proceed as before. 

365. We give formal proofs of the two following theorems, 
though they are evident by the principle of continuity : 

I. If a circular section he cut hy any plane in a line Q8j 
the diameters cdnjv/jate to Q8 in that plane^ and in the plane of 
the circle^ meet Q8 in the same point. When ^'5 meets the circle 
in real points, the diameter conjugate to it In every plane must 
evidently pass through its middle point r. We have therefore 
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only to examine the case where Q8 does not meet in real 
points. It was proved (Art. 361) that the diameter df which 
bisects chords, parallel to qsy of any circular section, will be pro- 
jected into a diameter DF bisecting 
the parallel chords of any parallel 
section. The locus therefore of the 
middle points of all chords of the 
cone parallel to qs is the plane Odf. 
The diameter therefore, conjugate 
to Q8 in any section is the inter- 
section of the plane Odf with the 
plane of that section, and must 
pass through the point B in which 
QS meets the plane Odf, 

II. In the same casCy if the diameters conjugate to Q8 in the 
circle^ and in the other section^ be cut into segments £D, RF; Rg^ 
Rk; the rectangle DR.RF is to gR,Rk as the square of the diet" 
meter of the section parallel to Q8 is to the square of the conjugate 
diameter. This is evident when qs meets the circle in real 
points; since rs*==dr,rf In general, we have just proved that 
the lines gJc^ df DF^ lie in one plane passing through the vertex. 
The points J9, d are therefore projections of g ; that is to say, 
they lie in one right line passing through the vertex. We have 
therefore, by similar triangles, as in Art. 364, 

dr.rf: DR.RF :: gr.rk : gR.Rk; 

and since dr.rf is \o gr.rk as the squares of the parallel semi- 
diameters, DR.RF is to gR.Rk in the same ratio. 

If the section gskq and the line Q8 be given, this theorem 
enables us to find DR.RF^ that is to say, the square of the 
tangent from R to the circular section whose plane passes 
through Q8. 



366. Oiven any conic gskq and a line TL in its plane not 
cutting it^ we can project it so that the conic may become a circle^ 
and the line may be projected to infinity. 

To do this, it is evidently necessary to find the. vertex of 
a cone standing on the given conic, and such that its sections 
parallel to the plane OTL shall be circles. For then any of 
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these parallel sections would be a projection fulfilling the con- 
ditions of the problem. Now, if TL meet the conjugate dia- 
meter in the point X, it follows from the theorem last proved 
that the distance OL is given: for, since the plane OTL is 
to meet the cone in an infinitely small circle, (}U is to gL,Lk 
in the ratio of the squares of two known diameters of the section. 
OL must also lie in the plane perpendicular to TL^ since it is 
parallel to the diameter of a circle perpendicular to TL, And 
there is nothing else to limit the position of the point 0, which 
may lie anywhere in a known circle in the plane perpendicular 
to TL. 

367. If a sphere he inscribed in a right cone touching the 
plane of any section^ the point of contact will he a focus of that 
section^ and the corresponding directrix will he the intersection of 
the plane of the section with the plane of contact of the cone toith 
the sphere. 

Let spheres be both inscribed and exscribed between the 
cone and the plane of the section. Now, if 
any point P of the section be joined to the 
vertex, and the joining line .meet the planes 
of contact in Dd^ then we have PD = PF^ 
since they are tangents to the same sphere, and, 
similarly, Pd^PF\ therefore PF-vPF'=^Dd^ 
which is constant. The point {R) where FF 
meets AB produced, is a point on the direc- 
trix, for by the property of the circle, NFMR 
is cut harmonically, therefore JB is a point on the polar of F. 

It is not difficult to prove that the parameter of the section 
MPN is constant, if the distance of the plane from the vertex 
be constant. 

Cor. The locus of the vertices of all right cones, out of 
which a given ellipse can be cut, is a hyperbola passing through 
the foci of the ellipse. For the difference of MO and NO is 
constant, being equal to the difference between MF' and NF\* 

* By the help of this principle, Mr. Mulcahy showed how to derive properties of 
angles subtended at the focus of a conic from properties of small circles of a sphere. 
For example, it is known that if through any pouit P, on the surface of a sphere, a 
great circle be drawn, cutting a small circle in the points J, B, then tan^^P tan^J5P 
is constant. Now, let us take a cone whose base is the small circle, and whose vertex 
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368. If from all the points of any figure perpendiculars be 
let fall on any plane, their feet will trace out a figure which is 
called the orthogonal projection of the given figure. The ortho- 
gonal projection of any figure is, therefore, a right section of a 
cylinder passing through the given figure. 

All parallel lines are in a constant ratio to their ortJtogonal 
prelections on any plane. 

For (see fig., p. 3) MM' represents the orthogonal projection 
of the line PQ^ and it is evidently = PQ multiplied by the cosine 
of the angle which PQ makes with MM'. 

All lines parallel to the intersection of the plane of the figure 
with the plane on which it is projected^ are equal to their orthogonal 
projections. 

For, since the intersection of the planes is itself not altered 
by projection, neither can any line parallel to it* 

The area of any figure in a given plane is in a constant ratio 
to its orthogonal prelection on another given plane. 

For, if we suppose ordinates of the figure and of Its pro- 
jection to be drawn perpendicular to the intersection of the 
planes, every ordinate of the projection is to the correspond- 
ing ordinate of the original figure in the constant ratio of 
the cosine of the angle between the planes to unity; and it 
will be proved, in Chap, xix., that if two figures be such that 
the ordinate of one is in a constant ratio to the corresponding 
ordinate of the other, the areas' of the figures are in the 
same ratio. 

Any ellipse can he orthogonally projected into a circle. 

For, if we take the intersection of the plane of projection with 
the plane of the given ellipse parallel to the axis minor of that 
ellipse, and if we take the cosine of the angle between the plaues 



is the centre of the sphere, and let ns cut this cone by any plane, and we learn that 
"if through a point p^ in the plane of any conic, a line be drawn cutting the conic 
in the points a, J, then the product of the tangents of the halves of the angles which 
a/?, hp subtend at the vertex of the cone will be constant." This property will be 
true of the vertex of any right cone, out of which the section can be cut, and, 
therefore, since the focus is a point in the locus of such vertices, it must be true 
that tanJ^o/p tan^ft/p is constant (see p. 199). 
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= - J then every line parallel to the axis minor will be unaltered 

by projection, bnt every line parallel to the axis major will 
be shortened in the ratio ft : a ; the projection will, therefore 
(Art. 163), be a circle, whose radius is b. 

869. We shall apply the principles laid down in the last 
Article to investigate the expression for the radius of a circle 
circumscribing a triangle inscribed in a conic, given £x. 7,^ 
p. 209 * 

Let the sides of the triangle be a, /8, 7, and its area A^ then, 
by elementary geometry, 

Now let the ellipse be projected into a circle whose radius is &, 
then, since this is the circle circumscribing the projected triangle, 
we have otffy' 

But, since parallel lines are in a constant ratio to their project 

tions, we have 

a! : a :.: b :b\ 

I3':fi::b:b'\ 

y' :y::b:V"', 

and, since (Art. 368) A* is to -4 as the area of the circle (= ttJ*) 
to the area of the ellipse (=ira&), (see chap, xix.) we have 

A' 1 Atibz a. 
Hence -f;^' :^::aV: VB"V", 

and, therefore, B = — j— . 



* This piool of Mr. Mac Cullagb's theorem is due to Dr. Graves. 
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CHAPTER XVIII. 

INVARIANTS ANl5 COVAEIANTS OF SYSTEMS OF CONICS. 

370. It wag proved (Art. 250) that if 8 and S' represent 
two conies, there are three values of k for which i/S-f S' re- 
presents a pair of right lines* Let 

S = a V 4- ty + c V + ^fyz + "Icjzx 4- ifixy. 
We also write 

A = oJc + ^fgh - a/* - J/ - cA', 
A' = a JV + 2/yA' - a'/ '* - 6y* - c'A'". 

Then the values of A; In quesUon are got by substituting ha + a', 
AJ + y, &c. for a, J, &c. in A = 0. We shall write the resolting* 
cubic isji + ^1^ + e'i + A' = 0. 

The value of e, found by actual calculation, is 

(ftc -/*) €lJ,[ca^ y) 6' + [al ^V) c' . 

4 2(^A-a/)/' + 2(A/-^7)(/' + 2(/y-cA)A'; 

or, using the notation of Art. 151, 

^a'H-5J' + Cfc' + 2^' + 2G^(7' + 2flA'; 
or, again, 

, e?A . , , rfA , rfA , /., eZA , rfA , , r?A 

^ rf^+^ 56 +^ :^+-^ -^-^^ ^+* ^' 

as is also evident from Taylor's theorem. The value of e' is 
got from G by interchanging accented and unaccented letters, 
and may be written 

e' = A a + B'l + Cc + 2i7*+ 2 G'g + 2fi'A. 

If we eliminate ^ between Aj/S+ /S" = 0, and the cubic which 
determines ^, the result 

A/S'^ - e5'«5+ e'5'iS^ - bl^ = 0, 

(an equation evidently of the sixth degree,) denotes the three 
pairs of lines which join the four points of intersection of the 
two conies (Art. 238). 
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Ex. To find the locus of the inteisectioii of nc»rmaLs to a coniO| at the extiemitiea 

of a chord w^oh.pasdes through a given point o/3, I^et the curve be '9' = ~ + m — i> 

then the points whose normals pass tluough a given point a^tf are determined (p. 168), 
as the intersections of S with the hyperbola iS' = 2 (c*a?y + ^x -- aVy). We" can 
then, by this article, form the equation of the six chords which join the feet of 
normals through xy^ and expressing that this equation is satisfied for the point a/?, 
we have the locus required. 

Wehave A = -^, 8 = 0, 9' = - (aV* + JV - c*), ^^^--lam^if. 

The equation of the locus is then 
8 
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which represents a curve of the third degree. If the given point be on either axis, 
the locus reduces to a conic, as may be seen by making a i= in the preceding equa- 
tion. It is also geon»tricaily evident, that in this case the axis is part of the locus. 
The locus also reduces to a ocmic if the point be infinitdy distant : that is to say, 
when the problem is to find the locus of the intersection of normab at the extremities 
dt a chord parallelto a given line. 

371. If on transforming to any new set jof co-ordinates, 
Cartesian or trilinear, S and 8* become B and 8\ it is manifest 
that k8+8* becomes kS-^ F^ and that the coefficient k is not 
affected. It follows that the values of A, for which kS + 8' 
represents right lines, must be the same, no matter in what 
system of co-ordinates 8 and 8' are expressed. Hence, then, 
the ratio between any two coefficients in the cubic for k^ found 
in the last Article, remains unaltered when we transform from 
any one set of co-ordinates to another.* The quantities A, G, 
O', A' are on this account called invariants of the system of 
conies. If then, in the case of any two given conies, having 
by transformation brought 8 and 8* to their simplest form, and 
having calculated A, 9, 9', A', we find any homogeneous rela- 
tion existing between them, we can predict that the same relation 
will exist between these quantities no matter to what axes the 
equations are referred. It will be found possible to express in 

• 

'*' It may be proved by actual transformation that if in 5 and S' we substitute 

for x,y,z-y lx + my + nz, Vx + m*y + n'zy V'x + m"y + n'% the quantities A, 6, 0', A' • 

for the transformed system, are equal to those for the old, respectively multiplied by 

the square of the determinant 

?, w, n 

1 , 171 , n 
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terms of the same four quantities the condition that the conies 
should be connected hy any relation, independent of the positioi^ 
of the axes, as is illustrated in the next Article* 

The following exercises in calculating the invariants ^j O*, 
6', A\ include some of the cases of most frequent occurrence. 

Ez« 1. Calculate the invariants when the oonics are feferred to their oommaa 
■elf-conjugate triangle. We ma; take 

and we may further amplify the equations by writings x, y, z, instead of x ^(a'), 
.y 4(^')f z 4{c^f 80 as to bring S' to the form o^ + ^ + «'. We have then 

A = abCf B-bc-^ca + ab, 6' = a + A + c, A' = 1. 

And 8 + kS' will represent right lines, if 

J^ -^ Ifl {a + b + c) + k {be + ca + ab) + dbc = 0, 

And it is otherwise evident that the three values for which S + kS'' represents right 
lines, are — o, — 6, — c. 

Ex. 2. Let 8* as before hea^ + ^ + z^ and let 8 represent the general equation.^ 

Ana, e = (6c-/«) + (<»-^«>+(aA-*«) = -4 + £ + C; e' = a + J + c. 

Ex. 8. Let 8 and 3' represent two drdes a^ + ^-r*, (a? - o)* + (y - /3)* — r^. 

Ant. A=:-r«, 8 = o« + /3* - 2r« - r**, 6' = a« + ^ - r» -- 2r'«, A' = -r^. So 
that if D be the distance between the centres of the drdes, 8 + k8* will represent 
right lines, if 

Now since we know, that 8—8'' represents two right Enes (one finite, the other 
infinitdy distant), it is evident that — 1 must be a lOOt ol this equation. And it is 
in fact divisible by I; + !» the quotient being 

Ex. 4. Let 8 represent ^ + |j - If whik 5 ' is the circfe (a; - «)« + (y - /3)« - r«. 






Ex. 5. Let 8 represent the para.bola y^ - Amx, and S' the ciicle as before. 

Am, A = - 4i»«, e = -- 4m (o + 1»), O' = /S^ _ ^a - r\ A' = - r*. 

372. To find the ctmditton thai two comes 8 and 8' should 
touch each other. When two points, -4, 5, of the four inter- 
sections of two conies coincide, it is plain that the pair of lines 
ACj BD is identical with the pair AD\ BC. In this case, then, 
the cubic, 

must have two equal roots. But it can readily be proved that 
the condition that this should be the case is 

(ee' - ^^^y = ^ (e* - sag') (e'« - sA'e), 
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or e'^e"* + 18 A A'00' - 27 A*A'' - 4 A0" - 4 A'e* = 0, 

which is the required condition that the conies should touch. 

It is proved, in works on the theory of equations, that the 
left-hand member of the equation last written is proportional 
to the product of the squares of the differences of the roots of 
the equation \nh\ and that when it is positive the roots of the 
equation in k are all real, but that when it is negative two of 
these roots are imaginary. In the latter case (see Art. 282), 
8 and 8* intersect in two real and two imaginary points: in 
the former case, they intersect either in four real or four 
imaginary points. These last two cases have not been distin- 
guished by any simple criterion. 

Ex. 1. To find by this method the condition that two circles should touch. Forming 
the condition that the reduced equation (Ex. 3, Art. 371), r^ + (r^ +r'^-IJP)h+ r'^lc^ = 0, 
should have equal roots, we get r* + r'* — jD^ = ± 2rr' j /) = r + r' as is geometrically 
evident. 

Ex. 2. Find the locus of the centre of a circle of constant radius touching a given 
Conic. We have only to write for 4k, A**, 8, O' in the" equation of this article, the 
values Ex. 4 and 5, Art. 371 ; and to consider a, /3 as the running co-ordiaates. The 
locus is in general a curve of the eighth degree, but reduces to the sixth in the case of 
the parabola. This curve is the same which we should find by measuring from the 
curve on each normal, a constant length, equal to r. It is sometimes called the curv6 
parallel to the given conic. Its evolute is the same as that of the conic. 

The following are the equations of the parallel curves given at full length, which 
may also be regarded as equations giving the length of the normal distances from 
any point to the curve. The parallel to the parabola is 

r« - (V + a* + Smx - 8»»«) r* + {3^ + y^ (20^ _ 2mx + 20m'^) 

+ Smoe^ + Smh^ - 32?»»a? + 16j»*) r* - (y* _ ^^y ^2 ^ (^ _ ^)2j _ 

The parallel to the ellipse is 

c*r8 - 2cV» {c« (a2 + &«) + (w^ - 2b^ x^ + (2a« - J?) y'^] 

+ r* {c< (a* + 4a262 + ¥) - 2c2 (a* - a^ft^ + 3 j4) 3.2 4. gc^ (3a* - 0^52 4. 54) yi 

+ (a* - 6a262 + 66<) ar< + (6a* - Ga*^* + J*) y^ + (6a* - WaW + 66*) x^] 

+ r« {- 2a2&2c* (a2 + b^) + 2c^x'^ (3a* - a'^b^ + ¥) - 2cY (a* - a'^b'^ + 3^»*) 

•^b^a^ {ioa* - lOa^i^ + 66*) - oy (g^* - lOa^ft^ + 66*) + aV (4a« - 6a*62 - 6a26* + 46«) 

+ 262 (a2 _ 2J2) a^e _ 2 (a* - 0262 + 36*) a?*^* - 2 (3a* - aW+ 6*) xY + 2a2 (6^ - 2a2) y^] 

+ ij^a^ + ay - o262)2 {{x - cY + y^} {{x + cf 4- ^2} = 0. 

Thus the locus of a point is a conic, if the sum of squares of its normal distances to 
the curve be given. If we form the condition that the equation in r* should have 
equal roots, we get the squares of the axes multiplied by the cube of the evolute. If 
we make r = 0, we find the foci appearing as points whose normal distance to the 
curve vanishes. This is to be accounted for by remembering that the distance from 
the origin vanishes of any point on either of the lines x^ + y'^-= 0. 

Ex. 3. To find the equation of the evolute of an ellipse. Since two of the normals 
coincide which can be drawn through every point on the evolute, we have only to 
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express the oonditioii that in Ex., Art. 870 the carves 8 and 8' tonch. Now when tha 
term k' is absent from an equation, the condition that Ah^ + O'k + A' should have 
equal roots, reduces to 27AA'' + 48'' = 0. The equation of the evolute is therefore 
(oV + 6y - c*y + 27a*b^xy = O. (See Art. 248). 

£x. 4. To find the equation of the evolute of a parabola. We have here 

S = y*- 4mar, 8' - 2xy + 2 {2m - aT) y - 

A=:-4»i«, 9 = 0, 6' = - 4»» (2i» - a;), A' = 

and the equation of the evolute is 27my' = 4 (a; — 2m)\ It is to be observed, that the 
intersections of 8 and 8' include not only the feet of the three normals which can be 
drawn through any point, but also the point at infinity on y. And the six chords of 
intersection of 8 and 8% consist of three chords joining the feet of the normals, and 
three parallels to the axis through these feet. Consequently the method used (Ex., 
Art. 870) is not the simplest for solving the corresponding problem in the case of Uie 
parabola. We get thus the equation found (Ex. 12, p. 203), -but multiplied by the 
factor 47» (2my + y'x — 2my') — y\ 

373. If 8' break up into two right lines we have A' = 0, 
and we proceed to examine the meaning in this case of 9 and e'. 
Let us suppose the two right lines to be x and y ; and, by the 
principles already laid down, any property of the invariants, 
true when the lines of reference are so chosen, will be true in 
general. The discriminant of 8+2kxt/ is got by writing h-\-k 
for h in A, and is A + 2Jc [fg — ch) — cF. Now the coefficient 
of A;* vanishes when c = 0, that is, when the point xy lies on 
the curve 8. The coefficient of h vanishes when fg='ch] that 
is (see Ex. 3, p. 204), when the lines x and y are conjugate with 
respect to 8. Thus, then, when 8' represents two right lines^ A'^ 
vanishes; 6' = represents the condition that the intersection of 
the two lines should lie on 8 ; and G = is the condition that ike 
two lines should he conjugate with respect to 8. 

The condition that A -f G^ + e'k* should be a perfect square 
is 0^ = 4 AG', which, according to the last Article, is the condition 
that either of the two lines represented by 8' should touch SI 
This is easily verified in the example chosen, where G* - 4AB' 
is found to be equal to {hc—f^) {ca—g^), 

Ex. 1. Given five conies 8^ 82, &e. it is of coarse possible in an infinity of wajs 
to determine the constants Z^, l^ &c. so that 

may be either a perfect square I^, or the product of two lines MNt prove that the 
lines L all touch a fixed conic F, and that the lines M, N aie conjugate with regard 
to V. We can determine V so that the invariant 9 shall vanish for V and each 
of the five conies, since we have five equations of the form 

Aai + Bbi + Cci + 2F/i + 2Ggi + 2IIki = 0, 

which are sufficient to detewnine the mutual ratios of A, B^ &c., the coefficients in 
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the tangential equation of V, Now if we have separately Aa^ + Ac. = 0, Aa^ 4- Ac. = 0, 
Aa^ + Ac, = 0, Ac., we have plainly also 

A (/jO, + lya^ + l^a^ + /4O4 + Iffl.^ + Ac. = j 
that is to say, 6 vanishes for V and every conic of the system 

1^8^ + ^2-8^2 + 1^8^ + 1^8^ + 1^8^, 

whence by this article the theorem stated immediately follows. If the line M he 
given, N passes throngh a fixed point ; namely, the pole of M with respect to V. 

Bz. 2. If six lines sc, y, z, UjVfWaSl touch the same conic, the squares are con- 
nected by a linear relation 

/lOJ* + Zjy* + 2b2« + ktt^ + ZftV^ + l^w^ = 0. 

This is a particular case of the last example ; bat may be also proved as follows : 
Write down the conditions. Art. 161, that the six lines should touch a conic, and 
eliminate the unknown quantities A^ B, Ac, and the condition that the lines should 
touch the same conic is found to be the vanishing of the determinant 

^i'> ^1^ v^i MiJ'i) v^Kij ^iA*i 

V> /*2S Vzi f^tii ^i^tf Kf^ 

V» M3^ Vs^y fh^oi ViX^y Xa^3 

V» N^ V^i f^AViJ v^K ^4^4 

V? fh^i V> f^ii Vi\i ^sA^s 

V> /*e'> V> Vej "i^f ^ 

But this is also the condition that the squares should be connected by a linear relation. 

Ex. 3. If we are only given four conies 8iy 8„ 8„ 8^, and seek to determine F, as 
in Ex. 1, so that 6 shall vanish, then, since we have only four conditions, one of the 
tangential coeffidetits A, Ac. remains indeterminate, but we can determine all the 
rest in terms of that ; so that the tangential equation of F is of the form 2 + ^2' = 0, 
or V touches four fixed Imes. We shall afterwards show directly that in four wajrs 
we can determine the constants so that li8i + I282 + k'^t + h^t may be a perfect 
square. 

It is easy to see (by taking for M the line at infinity) that if ilf be a given line 
it is a definite problem admitting of but one solution to determine the constants, so 
that li8i + Ac. shall be of the form MN, And Ex. 1 shows that N is the locus of 
the^le of Jf with regard to V, Compare Ex. 8, p. 206. 

374. To find ike equation of the pair of tangents at the points 
where 8 is cut ly any line Xo? -f /Ay + vz. The equation of any 
conic having double contact with yS, at the points where it meets 
this line, being h8-\- (\aj + /Ay + F2;)* = 0; it is required to deter- 
mine h so that this shall represent two right lines. Now it will 
be easily verified that in this case not only A' vanishes but 6' 
also. And if we denote by S the quantity 

^X» + 5/i" + (7v» + 2i^/A V + 2 (?v\ + 2ir\/* ; 

the equation to determine h has two roots = 0, the third root 
being given by the equation A:A + S = 0. The equation of the 
pair of tangents is therefore S/8= A (Xaj + /i.y 4 vzf. It is plain 
that when '\x-\-fiy-^vz touches 8^ the pair of tangents coincides 
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with \x -\- fij/ ■\- vz itself; and the condition that this should be 
the case is plainly 2 = 0; as is otherwise proved (Art. 151). 

Under the problem of this Article is included that of finding 
the equation of the asymptotes of a conic given by the general 
trilinear equation. 

375. We now examine the geometrical meaning, in general, 
of the equation 6 = 0. Let us choose for triangle of reference 
any self-conjugate triangle with respect to 8j which must then 
reduce to the form ax^ -f- Jy* + cz* (Art. 258). We have there- 
fore /= 0, ^ = 0, A = 0. The value then of (Art. 370) reduces 
to bca •\- cab' + abc\ and will evidently vanish if we have also 
a! = 0, i' = 0, c' =* 0, that is to say, if 8\ referred to the same 
triangle, be of the form f'yz-^g'zx-i-h'xt/. Hence, vanishes 
whenever any triangle inscribed in 8' is self-^ionjugaie toith regard 
to 8. If we choose for triangle of reference any triangle self- 
conjugate with regard to 8'j we have /' = 0, g= 0, A' = 0, and 

becomes 

(6c"/«)a' + (ca-.9')J' + (aJ-A')c'; " 

and will vanish if we have be =f\ ca =g*j ab = A'. Now be =/* 
is the condition that the line x should touch 8] hence, also 
vanishes if any triangle circumscribing 8 is self-conjugate urith 
regard to 8'. In the same manner it is proved that, 0' = £? ^e 
condition either that it should be possible to inscribe in 8 a tri" 
angle self-conjugate with regard to 8\ or to circumscribe about 8' 
a triangle self-conjugafe toith regard to 8» When one of these 
things is possible, the other is so too. 

A pair of conies connected by the relation = 0, possesses 
another property. Let the point in which meet the lines joining 
the corresponding vertices of any triangle and of its polar tri- 
angle with respect to a conic, be called the pole of either 
triangle with respect to that conic; and let the line joining the 
intersections of corresponding sides be called their axis. Then 
if = 0, the pole with respect to 8 of any triangle inscribed in 
8' will lie on 8' ; and the axis with respect to 8' of any tri- 
angle circumscribing 8 will touch 8. For eliminating a?, y, z 
in turn between each pair of the equations 

ax + hy+gz = Oj Aa; + 6y +/« = 0, gx+fy + cz^O^ 

we get {gk -af)x = {hf- bg) y^[fg- ch) z, 



OF SYSTEMS OF CONICS. 329 

for the equations of the lines joining the vertices of the triangle 
xyz to the corresponding vertices of its polar triangle with 
respect to S* These equations may be written Fx^Oy=^ Hz^ 

and the co-ordinates of the pole of the triangle are "e^j 77 j "u^« 

Substituting these values in 8\ in which it is supposed that the 
coefficients a, &', d vanish, we get 2Ff ^-^Gg ^-^Hh' = % or 
= 0. The second part of the theorem is proved in like 
manner. 

Ex, 1. If two taiangles be self -con jugate with regard to any conic ;S", a conic can 
be described passing through their six vertices j and another can be described touch- 
ing their six sides (see Ex. 7, p. 310). Let a conic be described through the thred 
vertices of one triangle and through two of the other, which we take for a;, y, z. 
Then because it circumscribes the first triangle, 0' = 0, or a + b-hc = Q (Ex. 2, 
Art. 371), and because it goes through two vertices of ocyzj we have a = 0, b = 0, 
therefore c = 0, or the conic goes through the remaining vertex. The second part 
of the theorem is proved in like manner, 

Ex. 2. The square of the tangent drawn from the centre of a conic to the circle 
circumscribing any self -con jugate triangle is constant, and = a^ ^ 52 j-jj^ Faure], 
This is merely the geometrical interpretation of the condition = found (Ex. 4, 
Art. 371), or a^ + ^ — r^ = a^ + b^. The theorem may be otherwise stated thus : 
"Every circle which circumscribes a self -con jugate triangle, cuts orthogonally the 
circle which is the locus of the intersection of tangents mutually at right angles." 
For the square of the radius of the latter circle is a* + 6^ 

Ex. 3. The centre of the circle inscribed in every self -conjugate triangle with 
respect to an equilateral hyperbola, lies on the curve. This appears by making 
62 = - a* in the condition 0' = (Art. 371, Ex. 4). 

Ex. 4. If the rectangle under the segments of one of the perpendiculars of the 
triangle formed by three tangents to a conic be constant and equal to J/, the locus 
of the intersection of pci-pendiculars is the circle x^ + y^ = a^ + b''^ + M, For = 
(Ex. 4, Art. 37 1) is the condition that a triangle self -conjugate with regard to the 
circle can be circumscribed about S, But when a triangle is self -con jugate with 
regard to a circle, the intersection of perpendiculars is the centre of the circle and 
M is the square of the radius (Ex. 3, p. 243). The locus of the intersection of rect- 
angular tangents is got from this example, by making M = 0. 

Ex. 6. If the rectangle under the segments of one of the perpendiculars of a 
triangle inscribed in S be constant, and = Jf, the locus of intersection of pei-pen- 

diculars is the conic concentric and similar with Sf 8 — M{-^ + j-A [Dr. HartJ. 
This follows in the same way from 0' = 0. 

Ex. 6. Find the locus of the intersection of perpendiculars of a triangle inscribed 
in one conic and circumscribed about another [Mr. Bumside] . Take for origin the 
centre of the latter conic, and equate the values of M found from Ex. 4 and 5 ; then 
if a' J b' be the axes of the conic S in which the triangle is inscribed, the equation of 

the locus is a;2 + y2 _ ci2 _ 52 — „^^ ^^ g^j^g locus is therefore a conic, whose axes 

are parallel to those of ^, and which is a circle when S\&^ circle. 

UU 
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Ex« 7. The centre of the cucle circnmacribing erery trianglei self -conjugate with 
regard to a parabola, lies on the directrix. This and the next example follow fiom 
e = 0, (Ex. 6, Art. 871). 

Ex. 8. The intersection of peipendicolars of any triangle drcnmBcribing a para* 
bola, lies on the directrix. 

« 

Ex. 9. Given the radins of the circle inscribed in a self-conjugate triangle, the 
locus of centre is a parabola of equal parameter with the given one. 

376. If two coDics be taken arbitrarily it is in general not 
possible to inscribe a triangle in one which shall be circum- 
scribed about the other; but an infinity of such triangles can 
be drawn if the coefficients of the conies be connected by a 
certain relation which we proceed to determine. Let us suppose 
that such a triangle can be described ; and let us take it for 
triangle of reference; then the equations of the two conies 
roust be reducible to the form 

8' = 2fyz -f 2gzx + 2hxy = 0. 
Forming then the invariants, we hare 

values which are evidently connected by the relation e*= 4Ae'.* 
This is an equation of the kind (Art. 371) which is unaffected 
by any change of axes ; therefore, no matter what the form in 
which the equations of the conies have been originally given, 
this relation between their coefficients must exist, if they are 
capable of being transformed to the forms here given. Con- 
versely, it is easy to show, as in Ex. 1, Art. 375, that when the 
relation holds e* = 4 AG', then if we take any triangle circum- 



* This condition was first given by Mr. Cayley {Philosophical Magazine^ Vol. vi., 
p. 99) who derived it from the theory of elliptic f auctions. He also proved, in the 
same way, that if the square root of ^A + ^^e 4. JcQ' + ^'^ when expanded in powers 
ot h,\iQ A + Bh + CJc^ + Ac, then the conditions that it should be possible to have 
a polygon of n sides inscribed in V and circumscribing F, are for « = 3, 6, 7, &c. 
respectively 



(7=0, 
and for w = 4, 6, 8, Ac. are 
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Bcribing /8, and two of whose vertices rest on 8\ the third must 
do so likewise. 

Ex. 1. Find the condition that two circles may be such that a triangle can be 
ijiflcribed in one and drcranscribed about the other. Let i>* — r* — r'* = (? ; then the 
condition is (see Ex. 3, Art, 371) 

{G ^ r2)2 + 4r2 ((? - r'^) t= 0, or {G + r^^ = 4»'V'2 ; 

whence I^ = r'^± 2rr', Euler's well known expression for the distance between the 
centre of the circumscribing circle and that of one of the circles which touch the 
three sides. 

Ex. 2. Find the locus of the centre of a circle of given radios, dxcumscribing a 
triangle circumscribing a conic, or inscribed in an inscribed triangle. The loci are 
curves of the fourth degree except that of the centre of the circumscribing drcle 
in the case of the parabola, which is a circle whose centre is the focus, as is other- 
wise evident. 

Ex. 3. Find the condition that a triangle may be inscribed in S' whose sides 
touch respectively S + IS'y S + mS', S + nS', Let 

S = x'^ + y* + z^-2{l + lf)yz-2{l + mg)zx-2{l + nh) ay, 

8' = 2fyz + 2gzx + %kxy'j 

then it is evident that 8+18' ia touched by Xj &c. We have then 

A = - (2 + if+ mg + nhy - 2lmnfghj 

9 = 2 (f+g + h) (2 + 1/+ mg + nh) + 2/gh (mn + nl+lm), 

e' = -{/+g + h)^-2(l + m + n)fgh, A' = 2fgh, 

Whence obviously 

{9 - A' {mn + »/ + lm)Y = 4 (A + Imn^') {O' + A' (/ + wn- n)}, 

which is the required condition. 

377. To find the condition that the line Xa; + /ity -f vz should 
pass through one of the four points common to 8 and S'. This 
is, in other words, to find the tangential equation of these four 
points. Now we get the tangential equation of any conic of 
the system S+Jc8' by writing a-^ka\ &c. for a, &c. in the 
tangential equation of 8j or 

2 = (Jc-/*)\»+{ca-/)/A'* + (aJ-A*)v' 

^2{gh''af)fiv + 2(hf^hg)v\ + 2{fg-ch)\fji^0. 

We get thus 2 + A;4> -f Jd^I.' = 0, where 

+ {aV + a'i - 2hh') v' + 2 [gh' + g'h - af - a'f) fiv 

+ 2 {hf + hf^ bg' - Vg) v\ + 2 {fg' \fg ^ ch' - c'h) \,i. 

The tangential equation of the envelope of this system is there- 
fore (Art. 298) 4>* = 422'. But since 8+7c8'y and the corre- 
sponding tangential equation, belong to a system of conies 
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passing through four fixed points^ the envelope of the system is 
nothing but these four points, and the equation 4>" = 4S2' is the 
required condition that the line \x + iJ,y + vz should pass through 
one of the four points. The matter may be also stated thus: 
Through four points there can in general be described two 
conies to touch a given line (Art. 345, Ex. 4) ; but if the given 
line pass through one of the four points, both conies coincide 
in one whose point of contact is that point. Now <I>* = 422' i» 
the condition that the two conies of the system 8+k8'^ which 
can be drawn to touch Xa; + //^y 4 vz^ shall coincide. 

It will be observed that <I> = is the condition obtained 
(Art. 335), that the line Xa; + /zy + v«, shall be cut harmonically 
by the two conies. 

378. To find the equation of the four common tangents to two 
conies. This is the reciprocal of the pi'oblem of the last Article, 
and is treated in the same way. Let 2 and 2' be the tangential 
equations of two conies, then (Art. 298) 2 + 42' represents tan- 
gentially a conic touched by the four tangents common to the 
two given conies. Forming then, by Art. 285, the trilinear 
equation corresponding to 2 + ^2' = 0, we get 

A8+kT + h'^'8' = i)y 
where 

F = {BC' + B'C'2FF')x'-\-{CA'-\^G'A-2GG')f 

'\-{AB' + A'B'-2RH')z^ 

-\-2[OH'+0'H---AF--A'F)yz^2{nF-vH'F-BG''-B'0)zx 

-]-2{Fa'-\-Fa-CH'--C'R)xt/j 

the letters A^ -B, &c. having the same meaning as in Art. 15]. 
But A8+JcF + k^A'8' denotes a system of conies whose en- 
velope is F' = 4AA'/S'/S"j and the envelope of the system evi- 
dently is the four common tangents. 

The equation T^=^4:AA'88'y by its form denotes a locus, 
touching 8 and /S", the curve F passing through the points of 
contact. Hence, the eight joints of contact of two conies with 
their common tangents^ lie on another oonic F. Reciprocally, the 
eight tangents at the points of intersection of two conies envelop^ 
another conic 4>. 

It will be observed that F = is the equation found, Art. 334, 
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of the locus of points, whence tangents to the two conies form 
a harmonic pencil.* 

If 8' reduces to a pair of right lines, F represents the pair 
of tangents to S from their intersection. 

Ex. Find the eqiiation of the fonr common tangents to the pair of conies 

0x^ + 1^^ + 02^ = 0, a'x^ + b'y^ + c'z^ = 0, 
Here A = hc, B = cay C=abf whence 

F = oa' (be' + b'c) sf + bh' {ca' + ca) y^ + cc' {ah' + a'b) z\ 
and the required equation is 
\<wr (6'c + b'c) a? + bb' {ca' + c'a) y^ + cc' {ah' + a'b) zY ' 

= ^abca'b'c' {ax^ + by^ + cz^) (aV + b'y^ + c'z% 

379. The former part of this Chapter has sufficiently shown 
what is meant by invariants, and the last Article will serve 
to illustrate the meaning of the word covariant. Invariants 
and covariants agree in this, that the geometric meaning of 
both is Independent of the axes to which the questions are 
referred; but invariants are functions of the coefficients only, 
while covariants contain the variables as well. If we are given 
a curve, or system of curves, and have learned to derive from 
their general equations the equation of some locus, U=Oy 
whose relation to the given curves is independent of the axes 
to which the equations are referred, U Is said to be a covariant 
of the given system. Now If we desire to have the equation 
of this locus referred to any new axesj we shall evidently arrive 
at the same result, whether we transform to the new axes the 
equation Z7=0, or whether we transform to the new axes the 
equations of the given curves themselves, and from the trans- 
formed equations derive the equation of the locus by the same 
rule that U was originally formed. Thus, if we transform the 
equations of two conies to a new triangle of reference, by* 
writing instead of a?, y, «, 

Ix 4- my -i nZj Vx + irCy + n*z^ Tx 4 w"y + 7i*z ; 

and if we make the same substitution in the equation Y^=4:AA'88\ 
we can foresee that the result of this last substitution can only 
diflFer by a constant multiplier from the equation F^=^4:AA!88\ 
formed with the new coefficients of 8 and 8\ For either form 



* I beKeve I was the first to direct attention to the importance of this conie iri 
the theory of two conies. 
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represents the four common tangents. On this property is 
founded the analytical definition of covariants. ^'A derived 
function formed by any rule firom one or more given functions 
is said to be a covariant, if when the variables in all are trans* 
formed by the same linear substitutions, the result obtained by 
transforming the derived differs only by a constant multiplier 
from that obtained by transforming the original equations and 
then forming the corresponding derived." 

380. There is another case in which it is possible to predict 
the result of a transformation by linear substitution. If we have 
learned how to form the condition that the line T^ + fiy-hvz 
should touch a curve, or more generally that it should hold to 
a curve, or system of curves, any relation independent of the 
axes to which the equations are referred, then it is evident that 
when the equations are transformed to any new co-ordinates, 
the corresponding condition can be formed by the same rule 
from the transformed equations. But it might also have been 
obtained by direct transformation from the condition first ob- 
tained. Suppose that by transformation "Kx^ fiy + vz becomes 

\{lx + my-^nz)^fi [Tx + m'y + n'z) + v {l"x + m"y -f n"z)j 

and that we write this Va? 4 At'y + vzj we have 

V = ?X -+ V/i + r V, fi' = m\ + m'fi + w' V, v' = w\ -f w V + n"v. 

Solving these equations, we get equations of the form 

X=i\'-fi>'4-i'V, fi^MX'-^-M'fL'+M'Vj y=NX'-^N'fjL'+N"y\ 

If then we put these values into the condition as first obtained 
in terms of \, /^, v, we get the condition in terms of X', /a', v, 
which can only differ by a constant multiplier from the condition 
as obtained by the other method. Functions of the class here 
considered are called contravariants, Contravariants are like 
covariants in this: that any contravariant equation, as for 
example, the tangential equation of a conic, {he -/^) \' + &c. = 
can be transformed by linear substitution into the equation of 
like form (JV-/') \'^ + &c. = 0, formed with the coefficients 
of the transformed trilinear equation of the conic. But they 
differ in that X, /a, v are not transformed by the same rule as 
Xjt/j z'y that is, by writing for \, l\ 4 mfi 4 nVj &c., but by the 
different rule explained above. 
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The condition <^ = found, Art. 377, is evidently a contra- 
variant of the system of conies 8j 8\ 

381. It will be found that the equation of any conic co- 
variant with 8 and 8' can be expressed in terms of yS, )S", and F ; 
while its tangential equation can be expressed in terms of 2, 2', 4>. 

Ex. 1. To express in tenns of S, S% F the equation of the polar conic of S with 
respect to iSf' . From the nature of oovaiiants and invariants, any relation found con- 
necting these quantities, when the equations are referred to any axes, must remain 
true when the equations are transformed. We may therefore refer S and 8' to their 
common self -con jugate triangle and write 8 = <zx^ + fty* + cz^, 8' = oc^ + t/^ -{■ z^. It 
will be found then that ^ = a (b + c) x^ + b {c + a) y^ -{■ c (a + b) z\ Now since the 
condition that a line should touch 8 is bcX^ + ca/ti* -l- aM = 0, the locus of the poles 
with respect to 8' of the tangents to /Sf is bcx^ + cat/^ + afe^ _ q. But this may be 
written (bc + ca + ab) {3c^ + p^ + ««) = p. The locus is therefore (Ex. 1, Art. 371) 
G8' = p. In like manner the polar conic of 8* with regard to ^ is 0'8 = F. 

Ex. 2. To express in terms of 8, 8% F the conic enveloped by a line cut har- 
monically by 8 and 8', The tangential equation of this conic 4 = is 

(6 -{■ c) X^ + {c -{■ a) /Lt2 + (a + b) v^ = 0. 

Hence its trilinear equation is 

(c '\-d){a^ b) x^ + {a + b) {b + c) y« -h (c -h a) {b -f- c) 2» = 0, 

or {bc-{-ca + ah) {a^ + y^ + z^) -h (a -{■ b -{■ c) {aa? + by'^ + cz'^) - F = 0, 

or e-S'-f e'>Sf-F = 0. 

Ex. 3. To find the condition that F should break up into two right lines. It is 

abc {b + c) {c-^- a) {a + b) = 0, or ahc {{a + b -k- c) {be + ca + ab) — abc} = 0, 

or AA' (00' - AA') = 0, 

which is the required formula. 00' = AA' is also the condition that * should break 
up into factors. This condition will be found to be satisfied in the case of two circles 
which cut at right angles, in which case any line through either centre is cut har- 
monically by the circles, and the locus of points whence tangents form a harmonic 
pencQ ako reduces to two right lines. The locus and envelope will reduce similarly 
if Z>« = 2 (r2 + r'2). 

Ex. 4. To reduce the equations of two conies to the forms 

«* + y* + «^ = 0, 0*2 + by^ + as' =; 0. 
The constants a, b, c are determined at once (Ex. 1, Art. 871) as the roots of 

AA» - Ok* + 0'* - A' = 0. 
And if we then solve the equations 
a^ + ^-\-z^ = 8y ax^ -h by^ + cz^ =^ 8', a (b + c) a^ + b {c + a) y^ + c (a + b) z^ = F, 

we find a^j t^, «* in terms of the known functions 8, 8% F. Strictly speaking, wo 
ought to commence by dividing the two given equations by the cube root of A, since 
we want to reduce them to a form in which the discriminant of 8 shall be 1. But it 
will be seen that it will come to the same thing if leaving 8 and 8' unchanged, we 
calculate F from the given coefficients and divide the result by A. 

Ex. 5. Reduce to the above form 

Sx^ - iSxy + 0/y2 - 2.r + 4y = 0. 5.r2 - \Axy + %f ~ Qx -2 = 0. 
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It is c(mTement to begin by forming the coefficients of the tangential equation, 

A, B, Ac. These are -4, -1, 18; -3, 3, -2; -16, -19, -9; 21, 24, -14, 

We have then 

A = -9, e = -54, e' = -99, A' = -54, 

irhence a, 6, c are 1, 2, 3. We next calculate F which is 

- 9 (23x« - 50jy + 44y2 - 18» + 12y - 4), 
Writing then 

X2^ r«4- Z^= 3x2- 6ay4. 9^2 _ 2x+ 4;;, 

A'« + 2r« + 3Z2= 6a;2-14xy4- 83^2 _ 6a;- 2, 
5X2 + 8^2 + 9^2 - 23a;2 - 50a^ + 44y2 _ 18x + I2y - 4. 
We get from 6-Sf+/S'-F, X* = (3y+l)^ 

from p - 85 - 25', 1^2 = (2a; _ y)«, 

from 25 + 3iS'-F, Z* = - {a; + y 4- 1)«. 

Ex. G. To find the equation of the four tangents to 5 at its intersections with S\ 

Am, {OS - d^Sy = 4A5 {e'S - p) . 

Ex. 7. A triangle is cireumscribed to a given conic ; two of its vertices move on 
fixed right lines Xx 4- /xy + wZf X'x + n'y -^v'zi to find the locus of the third. It was 
proved (Ex. 2, p. 239) that when the conic i& z^ — xy, and the Hnes ax — y, hx—y, 
fbe locus is (a + by («* — a?y) = (a — 6)2 z^. Now the right-hand side is the square of 
the polar with regard to 5 of the intersection of the lines, which in general woidd be 

/' = («« + fty+y2)(^'-/LiV) + (Ax + 6y+/2)(vX'-i;'X) + (5ra;+yy + C2)(X/-\V) = 0; 

and a + 6 = is the condition that the lines should be conjugate with respect to S, 
which in general (Art. 373) is 9 = 0, where 

e = ^XX' + 5/i/i' + Cvv' + F{tiu* + fji'p) + G (i/V 4- v'\) + H (X/ + X'fi) - 0. 

The particular equation, found p. 239, must therefore be replaced in general by 

e2£r+AP2=0. 

Ex. 8. To find the envelope of the base of a triangle inscribed in S and two of 
whose sides touch 5'. 

Take the sides of the triangle in any position for lines of reference, and let 

5=2 {Jyz +yzx + hxy)y 

5' = ic* + y* + «2 — 2y» - 22:0; - 2ary - 2hkxyj 

where x and y are the lines touched by S', Then it is obvious that kS + S* will be 
touched by the third side z^ and we shall show by the invariants that this is a Jixed 
conic. We have 

S = 2/gh, e = -{/+g + hy-2fykky 9' = 2 (/4- <f + A) (2 + A^), A' = - (2 + AA)«, 

whence 9'2 — 49A = 4AA'^ and the equation kS-{- iS* = may be written in the form 

(9'« - 49A) S + 4AA'5' = 0, 

which therefore denotes a fixed conic touched by the third side of the triangle. It 
is obvious that when 9'2 = 49 A the third side will always touch S', 

Ex. 9. To find the locus of the vertex of a triangle whose three sides touch a 
conic U and two of whose vertices move on another conic V, We have slightly 
altered the notation, for the convenience of being able to denote by U' and V the 
results of substituting in U and V the co-ordinates of the vei-tex x'y'z'. The method 
we pursue is to form the equation of the pair of tangents to U through x^z' ; then 
to form the equation of the lines joining the points where this pair of lines meets V^ 
and, lastly, to form the condition that one of these lines (which must be the base 
of the triangle in question) touches V, Now if P be the polar of x'y'z'j the pair of 
tangents is UU' - P2. In order to find the chords of intersection 'wdtli V of the pah- 
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of tangenta, we form the condition that VU* — P^ + XT may represent a pair of lines. - 
This discriminant will be found to giye ns the following quadratic for determining X, 
XM' + XT' + A tT' F* = 0. In order to find the condition that one of these chords should 
touch U, we must, bj Art. 372, form the discriminant of (jlU + {UU* — P^ + XF), and 
then form the condition that this considered as a function of ii should haTe equal 
roots. The discriminant is 

/i«A + ft (2r/'A + Xe) + {rr^A + X (817' + A P) + x«e'), 
and the condition for equal roots giyes 

X (4Ae' - e«) + 4A2r' = o, 

Substituting this value for X in X<A' + XF' + A27'P = 0, we get the equation of the 

zequired locus 

16 A»A' V - 4A (4A0' -O^F+U (4 AO* - O*)* = 0, 

which, as it ought to do, reduces to V when 4^6^ = B\* 

Ex. 10. Find the locus of the yertez of a isiangle, two of whose sides touch Uf 
and the third side aU+bV, while the two base angles move on V. It is found by^ 
the same method as the last, that the locus is one or other of the conies, touching 
the four common tangents of U and V, 

AA''X2F'+ X/iF + /i«tr= 0, 

where X : /i is given by the quadratic 

aiab" /3a) X* + o (4Ao + 206) X/ii - J*/** = 0, 

where o = 4A A', /3 - e« - 4 AG'. 

Ex. 11. To find the locus of the free vertex of a polygon, all whose sides touch U, 
and all whose vertices but one move on V. This is reduced to the last ; for the line 
joining two vertices of the polygon adjacent to that whose locus is sought, touches 
a conic of the form aU+ bV, It will be found if X', /i'j X", /i"; X'", ft'" be the 
values for polygons of n — 1, n, and » + 1 sides respectively, that X'" = fi'fi'^, 
li" = A'X'X" {fxy!' - A'/3X"). In the case of the triangle we have X' = o, / = A'/3 \ 
in the case of the quadrilateral X'' = /S^, y!* = a (4Aa + 2/36), and from these we can 
find, step by step, the values for every other polygon. (See Pkiloaopbical Magazine, 
VoL xin., p. 837). 

Ex. 12. The trian^e formed by the polars of middle points of aides of. a given 
triangle with regard to any inscribed conic has a constant area [M. Fanre]. 

Ex. 13. Find the condition that if the points in which a conic meets the sides of 
the triangle of reference be joined to the opposite vertices, the joining lines shall form 
two sets of three each meeting in a point. Ans. abc -- 2fyh — af* -^ bff'^ — ch* = 0, 

382. Tlie theory of covariants aad invarlaDts enables us 
readily to recognize the equivalents in trilinear co-ordinates of 
certain well-known formula in Cartesian* Since the general" 
expression for a line passing through one of the imaginary 
circular points at infinity is a;±y4/(— 1) + ^? ^^^ condition that 



♦ The reader will find {Quarterly Journal of MathematicSf VoL I., p. 344) a dis- 
cussion by Mr. Cayley of the problem to find the locus of vertex of a triangle circum- 
scribing a oonic /Sf, and whose base angles move on given curves. When the curves 
are both conies, the locus is of the eighth degree, and touches S at the points where 
it is met by the polars with regard to 5 of the intersections of the two conies. 

XX 
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Xx + fiy + y should pass througk one of these points Is \* + /tt' = 0. 
In other words, this is the tangential equation of these points. 
K then 2 == be the tangential equation of a conic, we may 
form the discriminant of 2 + Ar(X" + /*'). Now it follows from 
Arts. 285, 286, that the discriminant in general of 2 + JcS! Is 

A" + JcAQ' + J(?A'e + A' A'*. 

But the discriminant of 2 + X; (X.' + ff!^ is easily found to be 

A" + AjA (a + i) + A:" (oJ - A'). 

If, then, in any system of co-ordinates we form the invariants 
of any conic and the pair of circular points, 9' = Is the con- 
dition that the curve should be an equilateral hyperbola, and 
6 =s that it should be a parabola. The condition 

(a + i)" = 4(aJ-i»), or (a-J)» + 4A" = 0, 
must be satisfied if the conic pass through either circular point ; 
and it cannot be satisfied by real values except the conic pass 
through bothj when a = 5, A = 0. 

Now the condition X* + At* = 0* implies (Art. 34) that the 
length of the perpendicular let fall from any point on any line 
passing through one of the circular points is always infinite. 
The equivalent condition in trilinear coordinates is therefore 
got by equating to nothing the denominator in the expression 
for the length of a pei*pendicular (Art. 61). The general tan- 
gential equation of the circular points is therefore 

X" + /Lt" + v* — 2/AV cos-4 - 2v\ cobB— 2\/i cobC= 0. 

Forming then the 9 and 9' of the system found by combining 
this with any conic, we find that the condition for an equilateral 
hyperbola, 9' = 0, is 

a + J + c — 2/ cos^ — 2^ cosJ5— 2A cos(7=0; 
while the condition for a parabola, 9 = 0, is 
A sinM + B sin«5 + (7 sin" (7 -i- 2i^ sin J? sin C 

+ 2G^sIn(7sin^ + 2S'sIn.4 sin5 = 0. 

^1 .1 «' 

♦ This condition also implies (Art. 26) that every line drawn through one of these 
two points is perpendicular to itself. This accounts for some apparently irrelevant 
factors which appear in the equations of certain loci. Thus if we look for the equa- 
tion of the foot of the perpendicular on any tangent from a focus o/3, (x — a)* + (y — 18)* 
will appear as a factor in the locus. For the perpendicular from the focus on either 
tangent through it coincides with the tangent itse]f . This tangent therefore is part 
of the locus. 
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The condition that the carve should pass through either circular 
point is 9'* = 49, which can in various ways be resolved into a 
sum of squares. 

383. If we are given a conic and a pair of points, the 
covariant F of the system denotes the locus of a point such, 
that the pair of tangents through it to the conic are harmoni- 
cally conjugate with the lines to the given pair of points. 
When the pair of points is the pair of circular points at in- 
finity, F denotes the locus of the intersection of tangents at 
right angles. Now, referring to the value of F, given Art. 378, 
it is easy to see that when the second conic reduces to X* + ft* ; 
that is, when A'=sB'=:l^ and all the other coefficients of the 
tangential of the second conic vanish, F is 

(7(aj* + y")-2(?a;-2i^y + -4 + 5=0, 

which is, therefore, the general Cartesian equation of the locus 
of intersection of rectangular tangents. (See p. 258). 

When the curve is a parabola (7=0, and the equation of the 
directrix is therefore 2{Gx + Fy) = A-^B. 

The corresponding trilinear equation found in the same way is 

(5+(7+2i^co8^)a?*+((7+^-f2(?cosS)/+(^+5+2£^cos(7)»" 

+ 2 (^ cos^ -F-G cos(7- E cobB) yz 

+ 2(5 cos5-(7-JTcos^-JPcosC)«ar. 

+ 2((7 cosC-JT-jPcos5-(y cos^)ay = 0. 

It may be shown, as in Art. 128, that this represents a circle^ 
by throwing it into the form 

, . . . . n . ^, /J5+(7+2J'cos^ (7+^ + 2(?cos5 
(ajsm^+ysin54«sm(7) (^ ^^^ x+ ^^^ y 

where 9 is the condition (Art. 382) that the curve should be a 
parabola. When 9 = 0, this equation gives the equation of the 
directrix. 

384. In general, S + iS' denotes a conic touching the four 
tangents common to 2 and 2'; and when h is determined so 
that 2+A:2' represents a pair of points, those points are two 
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Opposite vertices of the qaadrilateral formed by the common 
tangents. In the case where 2' denotes the circular points at 
infinitji when 2 + k^* represents a pair of points, these points 
are the foci (Art. 279). If then it be required to find the foci 
of a conic, given bj a numerical equation in Cartesian co-ordi- 
nates, we first determine k from the quadratic 

(oJ - A») «;"+ A (a + J) i-+ A" = 0. 

Then, substituting either value of A; in 2 + ^ (X* + ti\ it breaks 

up into factors (Xx' + iiy* + yz') (X«" + ^y" + vz") ; and the foci 

X* ii x" v" 
are — , ^ ; -?? , ^, . One value of k gives the two real foci^ 

and the other two imaginary foci. The same process is appli* 
cable to trilinear co-ordinates. 

In general, 2 + i(X*-ffi*) represents tangentially a conic 
confocal with the given one. Forming, by Art. 285^ the corre- 
sponding Cartesian equation, we find that the general equation 
of a conic confocal with the given one is 

From this we can deduce that the equation of common 
tangents is 

By resolving this into a pair of factors 

{(a,_«)« + (y_y3n [{X- «7 + (y-^7}, 

we can also get a, ^ j a', ^ the co-ordinates of the foci, 

r 
*. 

Ex. 1. Rnd the foci d 2^^ - 2aiy + 2y* - 2* - 8y + 11. The quadratic here is 
^Js^ + 4ifeA + A« = 0, whose roots are * = ~ A, jfc = - ^A. But A =• - 9. Using the 
yalae it; = 3, 

^X« + 21/*« + 3*« + 18/u/ + 12vX + 30X/11 + S (X^ + /i*) = S (X + 2^ + v) (SX + /a •*- v), 

showing that the foci are 1^ 2; 3, 1. The Takie 9 gives the imaginary foci 

? ± ^(- 1), 3 T J(- 1). 

Ex. 2. Find the co-ordinates of the focus of a parabola given h^ a Gartesiaii 
equation. The quadratic here reduces to a simple equation, and we find that 

(o + ft) {^X« + Bfi? + 2F/XV + 2Gv\ + 2i7X/i} - A (X« + /ti«) 
TR resolyable into factors. But these evidently must be 

«..*) (2.^.2^,) ana <"^)^ X . ^^ ^|^ m . . 

The first factor gives the infinitely distant focus, and shows that the axis of the curve 
is parallel to Fx — Gy. The second factor shows that the co-ordinates of the foco^ 
are the coefficients of X and /u in that factor. 
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Ex. 8. Find the oo-oidinates of the focus of a parabola given by the trilinear 
equation. The equation which repiesents the pair of foci is 

G'S = A (X« + /i« + v2 - 2/i*r cos^ - 2v\ cosS - 2X/x cosC). 

But the co-ordinates of the infinitely distant focus are known, from Art, 298, since it 
is the pole of the line at infinity. Hence those of the finite focus are 

e'A-A e'B-A 

-4sin-4 + 5^sin-B + GsinC* iJsinil + -Bsin£ + /^sinC 

e'C-A 

G sin J. + /"sinfi + C sinC* 

385. The condition (Art. 61) that two lines should be 
mutaallj perpendicular 

XV + /ifi' + vv' - (jiv' + fi'y) co»A - (vV + v'X) cos£ 

- (V + \» cos 0=0, 

is easily seen to be the same as the condition (Art. 293) that 
the lines should be conjugate with respect to 

X* + /A* + V* — 2/AV cos-4 — 2vX cos-B — 2X/a co8C= 0. 

The relation, then, between two mutually perpendicular lines Is 
a particular case of the relation between two lines conjugate 
with regard to a fixed conic. Thus, the theorem that the three 
perpendiculars of a triangle meet in a point, is a particular 
case of the theorem that the lines meet in a point which join 
the corresponding vertices of two triangles conjugate with re- 
spect to a fixed conic, &c. It is proved [Oeometry of Three 
Dimensions^ Chap, ix.) that, in spherical geometry, the two 
imaginary circular points at infinity are replaced by a fixed 
imaginary conic : that all circles on a sphere are to be considered 
as conies having double contact with a fixed conic, the centre 
of the circle being the pole of the chord of contact ; that two 
lines are perpendicular if each pass through the pole of the 
other with respect to that conic, &c. The theorems then, which 
in the Chapter on Projection, were extended by substituting, 
for the two imaginary points at infinity, two points situated 
anywhere, may be still further extended by substituting for 
these two points a conic section. Only these extensions are 
theorems suggested, not proved. Thus the theorem that the 
intersection of perpendiculars of a triangle inscribed in an 
equilateral hyperbola is on the curve, suggested the property 
of conies connected by the relation = 0, proved at the end 
of Art. 375, 
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It has been proved (Art. 306), that to several theorems concern- 
ing systems of circles, correspond theorems concerning systems 
of conies having double contact with a fixed conic. We give 
now some analytical investigations concerning the latter dass 
of systems. 

386. To form the condition that the line \x -{• /ly -{• vz may 
touch 8+{\'x + fi'y-{-v'zy. We are to substitute in 2, a + X'*, 
b + fA*j &c. for a, J, &c. The result may be written 

2:+{a(Atv'-AAV)* + &c.}=0, 

where the quantity within the brackets is intended to denote 
the result of substituting in 8 /iv — /tV, v\* — v'\, \fi - X'/t for 
Xy y, z. This result may be otherwise written. For it was 
proved (Art. 294), that 

(aoj* + &c.) {ax'^ 4 &c.) - {axx' + i&c.)" = A {yz* - y'^)* + &c. 

And it follows, by parity of reasoning, and can be proved in 
like manner, that 

( J[X« + i&c.) [A\^ + &c.) - (^XX'+ &c.)' = A {a [p,V - /v)*+ &c.}, 

where -4XX' + &c. is the condition that the lines '>Kjx-\-iLy'\- vz^ 
X'a? + ^y + v'z may be conjugate ; or 

^XX'+5/i/A'+Cvv' + i^(/Av' + /^V)+G^(vX' + F'X)+J?(X/A'+X>}. 

If then we denote -4X'* + &c. by 2', and -4XX' + &c. by 11; 
and if we substitute for a [}iv* — i>!yf + &c. the value just found, 
the condition previously obtained may be written 

(A + S')S-n» = 0. 

If we recollect (Art. 321) that X, /*, v may be considered as 
the co-ordinates of a point on the reciprocal conic, the latter 
form may be regarded as an analytical proof of the theorem 
that the reciprocal of two conies which have double contact, is 
a pair of conies also having double contact. This condition may 
also be put into a form more convenient for some applications, 
if instead of defining the line Xa? + /Ay + v;2j by the coefficients 
^) A*) ^) we do so by the co-ordinates of its pole with respect to /S, 
and if we form the condition that the line P' may touch S-k- P"*, 
where P' is the polar of xyz\ or axod + &c. Now the polar of 
ixiy'z' will evidently touch 8 when ;x!yz is on the curve ; and 
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in fact if in 2 we substitute for \, /a, v ; 8^^ /S^, /S, the coefficients 
of Xjj/j z ia the equation of the polar, we get A8'. And again 
two lines will be conjugate with respect to 8^ when their poles 
are conjugate ; and in fact if we substitute as before for X, /i^ v 
in n we get A^, where R denotes the result of substituting the 
co-ordinates of either of the points x'y'z\ x"y"z'\ in the equation 
of the polar of the other. The condition that P' should touch 
8+ P"* then becomes (1 + 8") 8' = i?. 

387. To find the condition that the two conica 

^+ (Xx + fjL'y + v'z)\ 8-{' {X'x + fi"i/ + v"zy, 

should touch each other. They will evidently touch if one of 
the common chords, {\'x + /I'y -|- vz) ± {\"x + fi"y 4 y"z)^ touch 
either conic. Substituting, then, in the condition of the last 
Article \' ± \" for \, &c., we get 

(A + 2') (S' ± 2n + 2'') = (2' ± n)', 
which reduced may be written in the more symmetrical form 

(A + 2')(A + 2") = (A±n)». 

The condition that 8-\-F^ and 8+F'' may touch is found 
from this as in the last Article, and is 

{l + 8'){l + 8")^{l±Ef. 

Ex. 1. To draw a conic having donble contact with 8 and touching thiee giyen 
conies /S + P'*, 8 + P"^, 8 + i^"*, also having double contact with ^Sf. Let xyz be the 
co-ordinates of the pole of the chord of contact with 8 of the sought conic 8 + P', 
then we have 

(i+>sf)(i + ^0=(i+-P')^ {i + s){i + s")={i+P"yi {i+8}(i-hS'")={i+ry; 

where the reader will observe that 8', 8"^ 8'" are known constants, but 8, P*, Ac. 
involve the co-ordinates of the sought point xyz. If then we write 1 + 8 = k^j <fec., 
we set 

It is to be observed that P', P^, P"' might each have been written with a double 
sign, and in taking the square roots a double sign may, of course, be given to 
if, ifc", *'". It will be found that these varieties of sign indicate that the problem 
admits of thirty-two solutions. The equations last written give 

k{i/- k") zzP'-P"; k {k" - Id") = P"-.JP'"i 

whence eliminating kj we get 

P' {k" - k"') + P" (k'" - F) + P'" (ifc' - FO = 0, 

the equation of a line on which must lie the pole with regard to iS^ of the chord 
of contact of the sought conic. This equation is evidently satisfied by the point 
P* = P" = P"', But this point is evidently one of the radical centres (see p. 270) 
of the conies 8+P'^, 8 + P"^ 8 + P"'\ 
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jp» P" P"' 

The eqaaUon ia also satisfied by the point "p = "p* - 'p' • ^ ^^^ ^ ^®® *^® 

geometric inteipietation of this we remark that it may be deduced from Art. 886 
that the tangential equations of 8-^ P^j 8 + P^ are respectively 

(1 + 50 2 = A (X«' + /iy' + !«')*» (l + 5")2 = A(X«" + /ty" + jrO'- 

Tri-««- X^ + My + yg' . >^' + My"' + i«" 
Hence p ± ^„ 

Tepiesent points of intersection of common tangents to 5 + P^, 8 + P^, that is to 
say, the coH)rdinateB of these points <^^ p :t p » ^c., and the polais of these pointsy 

pr pff pr ptt p/ff 

with respect to 5, are p- ± -r;? . It follows that p- = -p; — -^^ denote the pole, with 

respect to 5, of an axis of similitude (p. 270) of the three given oonios. And the 
theorem we have obtained is, — the pole of the sought chord of contact lies on one 
of the lines Joining one of the four radical centres to the pole, with regard to 8, of 
tme of the fowr axes of similitude. This is the extension of the theorem at the end 
of Art. 118. 

To complete the solution, we seek for the co-ordinates of the point of contact of 
flf + P* with 8 + P^. Now the co-ordinates of the point of contact, whidi is a centre 

of similitude of the two conies, being t — p > &c., we must substitute a; + p x' lor. 
0, &c. in the equations kkf = 1 + P*, Ac, and we get 

W = l + P' + |>Sf'; ibfc" = l + P" + pi2; AXT = 1 + P"* + p JT, 

where JZ, -R' are the results of substituting o^y^g", af"ff"z"' respectively in the polar 
of afjfs^. We have then 

i(ifc'-r) = p'-P'' + p(5*-/z); it (ifc' - iro = P' - P"' + p (iS^' - jRO, 

whence eliminating k, we have 

^{*'-p-(*^'-f)} + ^'{^"-F-(*'-§-')} + ^"{*'-F-(^'-§}. 

the equation of a line on which the sought point of contact must lie; and which 
evidentiy joins a radical centre to the point where P', P", P'" are respectively pro- 
portional to A' - p, *" - p , *"' - ^, or to 1, A'*" - /Z, J(fif" - R. But if we 

form the equations of the polars, with respect to /Sf + P^, of the three centres of 
similitude as above, we get 

(*'*" -It)P' = P'% {Jdld" -R)P'- P*^, &c, 

showing that the line we want to construct is got by joining one of the four radical 
centres to the pole, with respect to /8^ + P**, of one of the four axes of similitude. 
This may also be derived geometrically as in Art. 121, from the theorems proved, 
p, 271. The sixteen lines which can be so drawn, meet /8^ + P^ in the thirty-two 
points of contact of the different conies which can be drawn to fulfil the conditions 
of the problem.* 



* The solution here given is the same in substance (though somewhat simplified 
in the details) as that given by Mr. Cayley, CrelUy Vol. xxxix. 

Mr. Casey {Proceedings of the Royal Irish Academy, 1866) has arrived at another 
■solution from considerations of spherical geometry. He shows by the method used, 
p. 113, that the same relation which connects the common tangents of four circles 
touched by the same fifth connects also the sines of the halves of the oommon tan- 
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Ex. 2. The four oonicfl haying donble contact with a giren one S, which can be 
drawn through three fixed points, are all touched by four other conies also having double 
contact with i9.t Let 

8 = ac^ + 1/^ + z* - 2tfz ooqA - 2zx ooaB - 2xy cosC, 
then the four conies are S=(x±y±z)*f which are all touched by 

3={x cob(B - C) +y C08(C- A) + zqob(A-- J5)}«, 
and by the three others got by changing the sign of Ay B, or C, in this equation. 

Ex. 3. The four conies which touch x, y, z, and haye double contact with 8 are 
all touched by four other conies having double contact with 8, Let Mzzi(A + B + C)f 
then the four conies are 

/Sr = {a; sin(3f - A)+y mi{M- .B) + « sin (itf- C)}«, 

together with those obtained by changing the sign of A, BjOi C in the above ; and 
one of the touching conies is 

- _ f a; sin^JB sin^C y sinj^C^sin^^ z an^A sin^^* 
t Snp "*" wiiB "*" w^ r 

the others being got by changing the sign of x, and at the same time increasing B 
and C by 180°, Ac. 

Ex. 4. Find the condition that three conies Uy F, W shall all have double contact 
with the same conic. The eondition, as may be easily seen, is got by eliminating 
\« ft, v between 

AX* - e\v +e V' - ^y = 0, 

and the two corresponding equations which ex^nresa that fiV— vWt vW— \U break 
up into right lines. 

388. The theory of inyariants and covariants of a system 
of three conies cannot be fully explained without assuming some 
knowledge of the theory of curves of the third degree. 

Given three conies Z7, F, W^ the locus of a point whose polars 
with respect to the three, meet in a point is a curve of the third 
degree; which we call the Jacohian of the three conies. For we 
have to eliminate a?, y, z between the equations of the three polars 
tT,x + V^y-\-U^z = 0, F,a;+F^+F3« = 0, TF.a; + TF^ 4 TF.^ = 0, 
and we obtain the determinant 

u,{v,w,-v,w:)+v,{v,w,-r,w,)+u,{v,w,-r,w,)=o. 

It is evident that when the polars of any point with respect to 

gents of four such circles on a sphere ; and hence, as in Art. 121 (ft), that if the 
equations of three circles on a sphere (see Geometry of Three Dimensions, Chap, ix.) 
be S-L^ = Of 5 - Af 2 _ 0, /Sf - JV^2 = 0, that of a group of circles touching all three 
wHl be of the form * 

4{\ {s^ - L)} + 4{fi (-s* - m + 4{^ {8^ - ^] = 0. 

This evidently gives a solution of the problem in the text, but I have not succeeded 
in arriving at it directly. The constants X, /*, i; are, I believe, found by forming for 
each pair of conies A - n - J{(A - SO (^ - ^'% 

t This is an extension of Feuerbach's theorem (p. 126) and itself admits of 
further extension, BeelQuarterltf Journal of MathematicSf Vol. vi., p. 67. 

YY 
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Z7, Vj TTmeet in a point, the polar with respect to all conies of 
the system lU+mV+nW will pass through the same point. 
K the polars with respect to all these conies of a point A on 
the Jacobian pass through a point B^ then the line AB is cut 
harmonically by all the conies; and therefore the polar of £ 
will also pass through A* The point B is, therefore, also on 
the Jacobian, and is said to correspond to A. The line AB 
is evidently cut by all the conies in an involution whose foci 
are the points Aj B, Since the foci are the points in which two 
corresponding points of the involution coincide, it follows that 
if any conic of the system touch the line -45, it can only be 
in one of the points -4, -B; or that if any break up into two 
right lines intersecting on ABj the points of intersection must 
be either A or B^ unless indeed the line AB be itself one of 
the two lines. It can be proved directly, that if lU-h mV+nW 
represent two lines, their intersection lies on the Jacobian. 
For (Art. 292) it satisfies the three equations 

ZZ7,+mFj+nTf;=0, lU^+mV^+nW^^Oy lU^+mV^-^nW^^O; 

whence, eliminating 7, m, n, we get the same locus as before. 
The line AB joining two corresponding points oh the Jacobian 
meets that curve in a third point; and it follows from what 
has been said that AB is itself one of the pair of lines passing 
through that point, and included in the system lU+mV+nW* 
The general equation of the Jacobian is 

{ag'h")a^ + {bh'f")f+{cf9")<^ 

- Mg"H{ahr)Wl/-{[caT)+{af'g'')}a?z-{{ab'f'H [l9'h")fx 

- [[hc-h") + {hfYMz - [{cc^DHogT)] ex- [[hcY) + {ch-f')yy 

-{{aJ'c"j + 2(//A")}a^« = 0, 
where [ag'h") &c. are abbreviations for determinants. 

Ex. 1. Through four points to draw a conic to touch a given conic W, Let the 
four points be the intersection of two conies £7, Fj and it is evident that the problem 
admits of six solutions. For if we substitute a + ha\ &c. for a in the condition 
(Art. 372) that U and W should touch each other, it, as is easily seen, enters into 
the result in the sixth degree. The Jacobian of U, V, W intersects W in the six 
points of contact sought. For the polar of the point of contact with regard to W 
being also its polar with regard to a conic of the form \U+ iiV passes through the 
intersection of the polars with regard to U and F. 

Ex. 2. If three conies have a common self-conjugate triangle, th^ Jacobian 
is three right lines, Fox it ia verified at once that the Jacobian of oa* + by^ + cz\ 
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a'«* + 6y + cV, tk'*Q^ + 6'y + c"«* ifl ay« = 0. We can hence find at once the equa- 
tion of the sides of the common self-conjugate triangle of two conies, by forming 
the Jacobian oi S, S' and the coyariant F; since this triangle is also self -conjugate 
with respect to F (Art. 881, Ex. 1). 

Comparing this with the result obtained by Art. ^1, Ex. 4, we get the identical 
equation 

J* = p« - ya {es' + e'/Sf) + p (A'e5« + Ae'iS'^) + (ee' - baa') vss* 

- A'*A8* - AA'«5'« + A' (2Ae' - 0^) S^S' + A (2A'e - B'^ 83'\ 

Ex. 3. If three conies haye two points common, their Jacobian consists of a line 
and a conic through the two points. It is evident geometrically that any point on 
the line joining the two points fulfils the conditions of the problem, and the theorem 
can easily be verified analytically. In particular the Jacobian of a system of three 
circles is the circle cuttiog the three at right angles. 

Ex. 4. The Jacobian also breaks up into a line and conic if one of the quantities 
<S be a perfect square J^, For then Lm& factor in the locus. Hence we can describe 
four conies touching a given conic S at two given points {8, L) and also touching 8" ; 
the intersection of the locus with 8" determining the points of contact. 

When the three conies are a conic, a circle, and the square of the line at infinity, 
the Jacobian passes through the feet of the normals which can be drawn to the conic 
through the centre of the circle, 

388a. To find the condition that a line \x + fiy + vz should 
be cut in involution ly three conies. It appears from Art. 335 
and from the Note, p. 298, that the required condition is the 
vanishing of the determinant 

cV -2^vX +aK'*, c/A* -2yV/A +&k' cX/a -fv\ -gvfi +Av* 
cV -2jyVX H-aV, c'fi' -2fvfi +b'y% cV -fy^ - -?V +A'^' 
c'V-2/vX+aV, cV-2/V+*V, c'V-/'yX-/vA*+AV 

When this is expanded, it becomes divisible by v', and may be 
written 

V (bc'f) + fM' [caY) + v' {ab'h") + X'fi {2 [ch'f) - {hcY)] 

+ XV {2 {bfg") - {bc'h")} + m'X {2 {cg'h") - (oa/")} 

+ /.V {2 (a//) - {ca'h")} + v»X {2 {bg'h") - (oJ/" )} 

+ vV {2 {ahf') - [oiY)} + \fiy {{ab'c") - 4 {fg'h")} = 0, 

From the form of this condition, it is immediately inferred that 
any line cut in involution by three conies ?7, F, W is cut in 
involution by any three conies of the system lU+mV+nW. 
The locus of a point whence tangents to three conies form a 
system in involution, is got by writing a;, y^ z for X, /^, v in the 
preceding, and the reciprocal coefficients A^ B^ &c. instead of 
a, (, &c. 
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389. If we form the disoriminant of lU-{-mV+nWj the co- 
efficients of the several powers of Z, ?w, n will be invariants of 
the system of conies. All these belong to the class of invariants 
already considered) except the coefficient of Imn^ in which each 
term dbc of the discriminant of Z7is replaced by 

aJV + ab"c' + aVc + a'bc" + a"bc' + a"Vcj &c. 

Another remarkable invariant of the system of conies, first 
obtained by a diflferent method by Mr. Sylvester, is found by 
the help of the principle {Higher AlgehrUj p. 110), that when we 
have a covariant and a contravariant of the same degree, we 
can get an invariant by substituting differential symbols in 
either, and operating on the other. By the help of the Jacobian 
and the contravariant of the last article we get the invariant 7, 

r= {ab'cy + 4 {ah'f) {ac'f) + 4 {bcY) [la'g") + 4 [caT) {db'h") 

+ 3 {afY) [IfY) + 8 {afK') {cfK') + 8 [cg'h") hgT) 
- 8 [ag'¥) [IcT) - 8 [hJiT) {oaY) - 8 [cfg") {ah'h") 

■:M ^ -^^ +4.{abV){fgT)-8{fg'hJ. 

389a. Some of the properties of a system of three conies 
can be studied with advantage by expressing each in terms of 
four lines a;, y^ z^w: thus 

W^a"x^^'bY^c"z^-\-d'w\ 

It is always possible, in an infinity of ways, to choose a?, y, «, w 
so that the equations can be brought to the above form: for 
each of the equations just written contains explicitly three in- 
dependent constants : and each of the lines a?, y, z^ w contains 
implicitly two independent constants. The form, therefore, just 
written puts seventeen constants at our disposal, while ?7, F, W 
contain only three times five, or fifteen, independent constants. 
The equations of four lines are always connected by a relation 
of the form w = \x -)r fxy + vz^ and we may suppose that the 
constants X, &c. have been included in a?, &c., so that this rela- 
tion may be written in the symmetrical form a; + y-f« + t^ = 0. 

Let it be required now to find the condition that Z7, F, W 
may have a common pomt. Solving for a?*, y", «*, w^ between 
the equations C7'=0, F=0, TF=0, and denoting hj A^B^G^D 
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the four determinants [hdd!')^ (tfcV), [d(ib"\ {ba'c")^ we get 
a?', y", a", to* proportional to -4, -B, 0, D; and substituting in 
a? + y + « + t^ = 0, we obtain the required condition 

^^LABOD. 

The left-hand side of this equation is the square of the 
invariant T akeady found ; the right-hand side ABCD is an 
invariant which we shall call Jf, whose vanishing expresses the 
condition that it may be possible to determine Z, m^ n^ so that 
Z Z7+7wF+ 71 TF shall be a perfect square. Since M is of the 
fourth degree in the coefficients of each conic, it follows that 
four conies of the system S+ lU+mV+nW can be determined 
so as to be perfect squares (see Ex. 3, p. 327), for if we equate 
to nothing the invariant M found for 8+lUj F, TF, we have 
an equation of the fourth degree for determining L 

389J. Any three conies may in general be considered as 

the polar conies of three points with regard to the same cubic ; 

or, in other words, their equations may all be reduced to the 

form 

a (a?*- 2^«) +/8 (y*-2«a;) +7(2r*-2icy) = 0. 

If we use for the equations of the conies the forms given in 

the last article, the equation of the cubic whence they are 

derived will be 

a' V* «' to" ^ 

A + B+O+D-'-' 

and it appears that if the invariant M vanish (in which case 
either -4, Bj G or D vanishes), an exception occurs, and the 
conies cannot all be derived from the same cubic. In the 
general case the equation of the cubic may be obtained by 
forming the Hessian of the Jacobian of the three conies, and 
subtracting the Jacobian itself multiplied by T. 

If we operate with the conies on the cubic contravariant, 
or with their reciprocals oYi the Jacobian, we obtain linear 
contravariants and covariants which geometrically represent the 
points of which the given conies are polar conies, and the polar 
lines of these points with respect to the cubic. 
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CHAPTER XIX. 

THE METHOD OF INHKITESIMALS. 

390. Befesbing the reader to other works where It is 
shown how the dl£fereiitial calculus enables us readily to draw 
tangents to curves^ and to determine the magnitude of their 
areas and arcs, we wish here to give him some idea of the 
manner in which these problems were investigated by geometers 
before the invention of that method. The geometric methods 
are not merely interesting in a historical point of view; they 
afford solutions of some questions more concise and simple than 
those furnished by analysis, and they have even recently led to 
a beautiful theorem (Art. 400) which had not been anticipated 
by those who have applied the integral calculus to the recti- 
fication of conic sections. 

K a polygon be inscribed in any curve, it is evident that the 
more the number of the sides of the polygon is increased, the 
more nearly will the area and perimeter of the polygon approach 
to equality with the area and perimeter of the curve, and the more 
nearly will any side of the polygon approach to coincidence with 
the tangent at the point where it meets the curve. Now, if the 
sides of the polygon be multiplied ad infinitum^ the polygon will 
coincide with the curve, and the tangent at wiy point will coincide 
with the line joining two indefinitely near points on the curve. 
In like manner, we see that the more the number of the sides of 
a circumscribing polygon is increased, the more nearly will its 
area and perimeter approacli to equality with the area and peri- 
meter of the curve, and the more nearly will the intersection of 
two of its adjacent sides approach to the point of contact of either. 
Hence, in investigating the area or perimeter of any curve, we 
may substitute for the curve an inscribed or circumscribing 
polygon of an indefinite number of* sides ; we may consider any 
tangent of the curve as the line joining two indefinitely near 
points on the curve, and any point on the curve as the inter- 
section of two indefinitely near tangents. 
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391. Ex. 1. To find the direction of the tangent at any point 
of a circle* 

In anj isosceles triangle AOBj either base angle OB A is less 
than a right angle bj half the vertical angle ; but as the points 
A and B approach to coincidence, the D 

vertical angle may be supposed less 
than any assignable angle, therefore b^ 
the angle OBA which the tangent 
makes with the radius is ultimately ^^j 
equal to a right angle. We shall 
frequently have occasion to use the 
principle here proved, viz., that two 
indefinitely near lines of eqtial length 
are at right angles to the line joining their extremities. 

Ex. 2. The circumferences of two circles are to each other as 
their radii. 

If polygons of the same number of sides be inscribed in the 
circles, it Is evident, by similar triangles, that the bases aJ, AB^ 
are to each other as the radii of the circles, and, therefore, that 
the whole perimeters of the polygons are to each other in the 
same ratio; and since this will be true, no matter how the 
number of sides of the polygon be increased, the circumferences 
are to each other in the same ratio. 

Ex. 3. The area of a circle is equal to the radius inultiplied 
hy the semi-^rcumference. 

For the area of any triangle OAB is equal to half its base 
multiplied by the perpendicular on it from the centre ; hence the 
area of any inscribed regular polygon is equal to half the sum of 
its sides multiplied by the perpendicular on any side from the 
centre ; but the more the number of sides is increased, the more 
nearly will the perimeter of the polygon approach to equality 
with that of the circle, and the more nearly will the perpen- 
dicular on any side approach to equality with the radius, and the 
difference between them can be made less than any assignable 
quantity ; hence ultimately the area of the circle is equal to the 
radius multiplied by the semi-circumference ; or = 7rr'. 

392. Ex. 1. To determine the direction of the tangent at any 
point on an ellipse* 
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liOt P and P be two indefinitely near points on the carve, 
then FP^PF^FF^-FF:, or, 
taking FR^FP, FE^FP, we 
have PR^PE] but in the tri- 
angles PRP^ PEP, we have also 
- the base PP common, and (by 
Ex. 1, Art. 391) the angles PRP 
PEP right; hence the angle 
PPR^PPE. Now TPF is ultimately equal to PPF, since 
their difference PFP may be supposed less than any given 
angle ; hence TPF^ TPF, or the focal radii make equal angles 
with the tangent. 

Ex. 2. To determine the direction of the tangent at any point 
on a hifperlfola. 
We have 

FP^FP^FP^FP, 
or, as before, 

PR^PE. 
Hence the angle 

PPR = PPE, 
or, the tangent is the internal bisector of the angle FPF. 

Ex; 3. To determine the direction of the tangent at any point 
of a parahola. 

We have FP^PN, and FP=^P'N''j hence PR ^ P 8^ ot 
the angle NPP^ FPP. The tangent, there- ^, 
fore, bisects the angle FPN, N 

393. Ex. 1. To find the area of the para" 
lolic sector FVP. 

Since P/S = PB, and PN^ FP, we have the 
triangle FPR half the parallelogram PSNN\ 
Now if we take a number of points PP", &c. 
between V and P, it is evident that the closer 
we take them, the more nearly will the sum of 
all the parallelograms P8NN', &c., approach 
to equality with the area DVPN, and the sum of all the tri- 
angles PFit, &c., to the sector VFP\ hence ultimately the sector 
PFV is half the area 2>FP^, and therefore one-third of the 
quadrilateral i)PP^. 
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Ex. 2« Tojmdik$a/rm (^ lM segrmnt of a parabola cutoff 
by any right line. 

Draw the diameter bisecting it, then the parallelQgram FE 
is equal to PM\ since they are the com- 
plements of parallelograms about the dia- 
gonal ; but since TM is bisected at F', 
the parallelogram FN' is h^ PE\ if, 
therefore, we take a number of points 
P, Fy 1^, &c., it follows that the sum of 
all the parallelograms PM^ is double the 
sum of all the parallelograms PN\ and 
therefore ultimately that the space V'PM 
is double V'PN\ hence the area of the 
parabolic segment V'PM is to that of the parallelogram V'NPM 
in the ratio 2:3. 

394. Ex. 1. The area of an ellipse is equal to the area of a 
circle whose radius is a geometric mean between the semi-axes of 
the ellipse. 

For if the ellipse and the circle on the transverse axis be 
divided by any number of lines 
parallel to the axis minor, then 
since mb : mdi: rriV : itid :: J : a, 
the quadrilateral mbb'm' Is to 
mdd'm' in the same ratio, and the 
sum of all the one set of quad- ^\ 
lilaterals, that Is, the polygon 
Bhb'b"A inscribed in the ellipse 
is to the corresponding polygon 
DddCd'A inscribed In the circle. 
In the same ratio. Now this will 
be true whatever be the number of the sides of the polygon : If 
we suppose them, therefore, Increased Indefinitely, we learn that 
the area of the ellipse Is to the area of the circle as 5 to a ; but 
the area of the circle being = Tra", the area of the ellipse = irab. 

Cob. It can be proved, In like manner, that if any two figures 

be such that the ordinate of one Is in a constant ratio to the 

corresponding ordinate of the other, the areas of the figures are 

in the same ri^tio. 

zz 
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Ex. 2. Every diamekr of a conic bisects iJie area enclosed by 
the curve. 

For if we cmppoae a number of ordinates drawn to this dia- 
meter, ance the diameter bisects them all, it also bisects the 
trapezimn formed by joining the extremities of any two adjacent 
ordinates, and by supposing the number of these trapezia in- 
creased without limit, we see that the diameter bisects the area. 

395. Ex. 1. The area of the sector of a hyperbola made by 
joining any ttvo points of it to the centre^ is equal to the area of the 
segment made by dravring parallels from them to the asymptotes. 

For since the triangle PKG^ QLC^ the area PQG=: PQKL. 
Ex. 2. Any two segments PQLK^ R8NM^ are egual^ if 

PKxQLv.BMiSN. 
For 
PKiQLiiCLxCK^ 
but (Art. 197) 

we have, therefore, j^^/f. /"S^ ^^ \g 

BM\ 8N:: MT : NT^ c ic L " """ M 
and therefore QR is parallel to PT, We can now easily prove 
that the sectors PGQ^ RC8 are equal, since the diameter bisect- 
ing PiS, QR will bisect both the hyperbolic area PQRS, and 
also the triangles PGSj QGR. 

If we suppose the points Q^ R to coincide, we see that we 
can bisect any area PKN8 by drawing an ordinate QL^ a geo- 
metric mean between the ordinates at its extremities. * 

Again, if a number of ordinates be taken, forming a continued 
geometric progression, the area between any two is constant. 

396. The tangent to the interior of two similar^ similarly 
placed^ and concentric conic^s cuts off a constant area from ike 
exterior conic. 

For we proved (p. 213) that this tangent is always bisected 
at the point of contact ; now if we draw any two tangents, the 
angle AQA will be equal to BQB' 
and the nearer we suppose the point Q 
to P, the more nearly will the sides 
AQjA'Q approach to equality with the 
sides BQyR'Q] if, therefore, the two 
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tangents be taken indefinitely near, the triangle A QA' will be 
equal to BQB\ and the space AVB will be equal to A'VB* \ 
since, therefore, this space remains constant as we pass from any 
tangent to the consecutive tangent, it will be constant whatever 
tangent we draw. . 

Cob. It can be proved, in like manner, that if a tangent 
to one curve always cuts off a constant area from another, it will 
be bisected at the point of contact ; and^ conversely, that if it 
be always bisected it cuts off a constant area. 

Hence we can draw through a given point a line to cut off 
from a given conic the minimum area. If it were required to cut 
off a given area it would be only necessary to draw a tangent 
through the point to some similar and concentric conic, and the 
greater the given area, the greater will be the distance between 
the two conies. The area will therefore evidently be least when 
this last conic passes through the given point ; and since the tan- 
gent at the point must be bisected, the line through a given point 
which cuts off the minimum area is bisected at that point. 

In like manner, the chord drawn through a given point 
which cuts off the minimum or maximum area from any curve 
is bisected at that point. In like manner can be proved the 
following two theorems, due to the late Professor MacCullagh. 

Ex. 1 . If a tangent ABto one curve cutoff a constant arc from 
another J it is divided at the point of contact^ so that AP : PB in^ 
versdy as the tangents to the outer curve at A and B. 

Ex. 2. If the tangent AB he of a constant lengthy and if the 
perpendicular Jet fall on ABfrom the intersection of the tangents 
at A and B meet AB in Jf, then AP will ^ MB. 

397. To find the radius of curvature at any point on an ellipse. 

The centre of the circle circumscribing any triangle is the 
intersection of perpendiculars erected at the middle points of the 
sides of that triangle ; it follows, therefore, that the centre of the 
circle passing through three consecutive points on the curve is 
the intersection of two (Consecutive normals to the curve. 

Now, given any two triangles FtF^ FP'F^ and PN^ FN^ 
the two bisectors of their vertical angles, it is easily proved, by 
elementary geometry, that twice the angle PNF^PFP'-\-PFF. 
(See the first figure^ p. 352). 
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Now, since the arc of any circle is proportionai to iSke angle 

it subtends at the centre (Euc. Ti. 33), and also to the radius, 

(Art. 391), if we consider PP' as the arc of a circle, whose centre 

PF 
is Nf the angle PNP' is measured by -^^. In like manner^ 

PR 
takbg FB^FP^ PFP is measured by -^^ and we have 

2PP _ PR PR! 
PN '^Fp'^WF' 

but PR = PR^ PP vmPPF'j 

therefore, denoting this angle by ^, P^'by JJ, ZP, FP, by p, /»', 

we have 2 11 

JBsin^""/o /?* 
Hence it may be inferred that the focal chord of curvature i$ double 

the harmonic mean bettoeen the focal radii. Substituting t; for 

sin 0, 2a for p 4 p', and V* for pp\ we obtain the known valuci 

bJ-. 

ah* 

The radius of curvature of the hyperbola or parabola can be 
investigated by an exactly similar process. In the case of the 
parabola we have p infinite, and the formula becomes 

2 1 

22 Bin 6 "" p * 

I owe to Mr. Townsend the following investigation, by a 
different method, of the length of the focal chord of curvature : 

Draw any parallel QR to the tangent at P, and describe a 

circle through PQB meeting the focal r ^ 

chord PL of the conic at G. Then, by ^^ 

the circle P8.S0=Q8.8R^ and by q^ 
the conic (Ex. 2, p. 179) 

P8.SL : Q8.SB :: PL : MN; 

therefore, whatever be the circle, 

SG:SL::MN:PL] 

but for the circle of curvature the 

points 8 and P coincide, therefore PG: PL:: MN : PL ; or, the 
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foml chord of curvature is equal to the focal chord of the conic 
dravm parallel to the tangent at the point (p. 219, Ex. 4). 

398. The radius of curvature of a central conic may other- 
wise be found thus : 

Let Q be an indefinitely near point 6n the curve, QH a 
parallel to the tangent| meetmg the 
normal in 8\ now, if a circle be de- __2Ny 

scribed passing through P, Qj and 
touchmg PT at P, smce Q8 is a per- 
pendicular let fall from Q on the 
diameter of this circle, we have 
P(^—P8 multiplied by the diameter ; 

or the radius of curvature *= 51^ • ^^^j since QB is always 

drawn parallel to the tangent, and since PQ must ultimately 
coincide with the tangent, we have PQ ultimately equal to 
QR ; but, by the property of the ellipse (if we denote GP and 
its conjugate by a', J'), 

y" : a'» :: QB? : PB.BP {^2a\PB}, 

therefore QB? = —-^7 — • 

a 

Hence the radius of curvature = -7 . -^7^ • Now, no matter how 

a' pa ' 

small Pfi, PS are taken, we have, by similar triangles, their 
ratio ^^ = TTm^ "~ • Hence radius of curvature =— . 

Jra \j1 p p 

It is not difficult to prove that ai ike intersection of two con» 
focoX conies the centre of curvature of either is the pole with respect 
to the other oj the tangent to the former at the intersection, 

399. Jf two tangents he dravm to an ellipse from any point of 
a confocal ellipse^ the excess of the sum of these two tangents over 
Ifte arc intercepted between them is constant* 

For, take an indefinitely near point T*, and let fall the per- 
pendiculars TBj T8j then (see figure next page) 

PT^PB^PF + FB 

♦ This beautiful theorem was discoveied by Dr. Qraves. tSee hla TransloHon of 
Chasles'i Memoirs on Cones and Bpherkal ConicSf p. 77. 
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(for PR may be considered as the continuation of the line PP) ; 
in like manner -5jp' 

Again, since, by Art. 194, the angle 
TTB^TTS^ we have T8^T'B] 
and therefore 

Hence {PT+TQ)^{PT + TQ)^PP -^Qg ^PQ-PQ. 

Cob. The same theorem will be true of any two curves which 
possess the property that two tangents, 2!P, TQ^ to the inner one, 
always make equal angles with the tangent TT to the outer. 

400. If tvx) tangenta he drawn to an ellipse from any point 
of a confocal hyperbola^ the difference of the arcs PK^ QK is equal 
to the difference of the tangents TP^ TQ.* 

For it appears, precisely as before, that the excess of 
TP - PK over TP--PK^ TR, 
and that the excess of TQ-QK 
over TQ - QK is T8^ which is 
equal to TR^ since (Art. 189) TT 
bisects the angle -Br^S. Thedif- 

ference, therefore, between the f \ / ^A<^' 

excess of TP over PK^ and that 
of TQ over QK^ is constant ; but 
in the particular case where T 
coincides with S", both these ex- 
cesses, and consequently their dif- 
ference, vanish; in every case, therefore, TP— PK = TQ ^ QK. 

CoE. FagnanVs theorem^ " That an elliptic quadrant can be 
so divided, that the difference of its parts may be equal to the 
difference of the semi-axes," follows immediately from this 
Article, since we have only to draw tangents at the extremities 
of the axes, and through their intersection to draw a hyperbola 




* This extension of the preceding theorem was discoyered by Mr. MacCullagh. 
Dvblin Exam, Papers, 1841, p. 41 ; 1842, pp. 68, 83. M. Chasles afterwards inde- 
pendently noticed the same extension of Dr. Graves's theorem. Comptes HenduSf 
October, 1843, torn. XYii., p. 838. 
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confocal with the given ellipse. The co-ordinates of the pomts 
vrhere it meets the ellipse are found to be 

401. J^ a polygon circumscrthe a conicj and if all the vertices 
hut one move on confocal conies^ the locus of the remaining vertex 
will he a confocal conic. 

In the first place, we assert that if the vertex T of an angle 
FTQ circumscribing a conic, move on a confocal conic (see fig., 
Art. 399) ; and if we denote by a, &, the diameters parallel to 
TP, TQ ; and by a, /8, the angles TFT^ TQ f, made by each of 
the sides of the angle with its consecutive position, then aa = hfi. 
For (Art. 399) TR^TB\ but TB^TP.a^ TB^-T'Q.^, and 
(Art. 149) TP and TQ are proportional to the diameters to 
which they are parallel. 

Conversely, if aa = J/S, T moves on a confocal conic. For 
by reversing the steps of the proof we prove that TR — T8\ 
hence that TT makes equal angles with TP, TQ^ and therefore 
coincides with the tangent to the confocal conic through T; and 
therefore that T lies on that conic. 

If then the diameters parallel to the sides of the polygon be 
a, J, c, &c., that parallel to the last side being rf, we have aa= J^, 
because the first vertex moves on a confocal conic; in like 
manner h/3=^cyy and so on until we find aa==rfS, which shows 
that the last vertex moves on a confocal conic* 



* This proof is taken from a paper by Dr. Hart ; Cambridge and Dublin Mathe- 
matical Journal, Vol. IV., 198. 
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TamasJb Thiossm, Pafe 285. 

H. SnnnBB was ttie fint who (in Gtrgonn^a AnmM) diieeted ihe attention of 
geom^tan to the oompleto fignre obtained l^ jdning in eTeiy poaslble way six pointy 
on a oonic. M. Steiner'a theoremB were oorrected and extended by M. Pliicker 
{CreUe^t Jownalf YdL v., p. 274), and the subject has been more recently investigated 
by Meson. Gayky and Kurkman, the latter of whom, in pazticalar, has added seyeral 
new theosems to those already known (see Cambridff^ and Dublin Mathematical 
Journal, YoL v., p. 185). We shall in this note give a alight sketch of the more 
important of these, and of the methods of obtaining them. The greater part are 
derived \xj joining the simplest principles of the thsoiy of oombinationa with the 
following elementary theorems and their reciprocals : " If two triangles be such that 
the Unes joining corresponding vertices meet in a point {the centre of homology of the 
two triangles), the intersections of corresponding sides will Ue in one right line (their 
asm) J* *'If the interpeotions of opposite sides of three triangles be for each pahr the 
tame three points in a right line, the centres of homology of the first and aeoondf 
second and third, third and first, will lie in a right line." 

Now Wt the six points on a oonic be a, 5, c, <^ «^ ^ which we shall call the 
points P. These may be connected by fifteen right lines, oi, oe, ^., which we shall 
call the lines C. Each of the lines C (for example ah) is intersected by the fonrteen 
others ; by four of them in the xx)int a, by four in the point 6, and consequently by 
six in points distinct frcmi the points P (for example the points (od^ cd), &c) These 
we shall call the points p. There are f(»ty-five such points; for there are six on 
each of the lines C. To find then the number of points />, we must multiply the 
number of lines C by 6, and divide by 2, since two Unes C pass through every point p. 

If we take the sides of the hexagon in the order dbcdeff Pascal's theorem is, that 

the three p points, (od, <2e), {cd, fa), (6c, «/*), lie in one right line, which we may eall 

(ab»cd,ef\ 
either the Pascal abcdef or else we may denote as the Pascal {^ /% Lj ' ^ '^™^ 

which we sometimes prefer, as showing more readily the three points through which 
the Pascal passes. Through each point p four Pascals can be drawn. Thus through 
{ab, de) can be drawn abcdrfy ahfdec, aJbcedf ahfedc. We then find the total number 
of Pascals by multiplying the number of points p by 4, and dividing by 8, since 
there are three points p on each Pascal. We thus obtain the number of Pascal's 
lines = 60. We might have derived the same directly by considering the number of 
different ways of airangmg the letters ahcdef 
Ck>nBider now the three triangles whose sides are 

ah, cd, ef, (1) 

«fe, /a, he, (2) 

qf, he, ad, (3) 
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The intenections of ooiresponding sides of 1 and 2 lie on the same Pascal, therefore 
the lines joining corresponding vertices meet in a point, bat these axe the three 

Pascals, 

{ab,de,cf} fcd.Jh.be') (ef,bc,ud\ 

This is Steiner's theorem (p. 235) ; we shall call this the g point, 



fab.€ie,cf\ 
ied./a.be >• 
yef,bc, ad) 



ef. 
The notation shows plainly that on each Pascal*8 line there is only one g point ; for 

given the Pascal j , ' >. * / > the y point on it is found by writing under each term 

the two letters not already found in that vertical line. Since then three Pascals 
intersect in every point g, the number of points ^ = 20. If we take the triangles 
2, 3 ; and 1, 3 ; the lines joining corresponding vertices are the same in all cases : 
therefore, by the reciprocal of the second preliminary theorem, the three axes of the 

fai,cd,€f\ 
three triangles meet in a point. This is also a g point -I de .fa . 6c v , and Steiner 

\ef ,he , ad) 
has stated that the two g points just written are harmonic conjugates with regard 
to the oonic, so that the 20 g points may be distributed into ten pairs. The Pascals 
which pass through these two g points correspond to hexagons taken in the order 
respectively, abcfed, ajbdeb, adcbef; abcdeff afdbtd^ adcfeb; three alternate vertices 
holding in all the same position. 
Let us now consider the triangles, 

ab cd ^ (1) 

ab,ce,df'\ cd.bf.ae] ef.bd.ac] . 
de.bf.acf' a/.ee.bdi' bc.ae.df}' ^' 

ab,ce,df^ ed.bf,ae\ ef.bd.a^} .... 

cf.bd.aei* be.ac.d/r ad.ce,b/r ^^'* 
The intersections of corresponding sides of 1 and 4 are three points which lie on 
the same Pascal ; therefore the lines joining corresponding vertices meet in a poiu^. 
But these are the three Pascals, 

ab,ce,df] cd,bf,ae} tf,ac,bd\ 
cd,b/,aey rf,ac,bdP ab^df.cej 

ab.ce,df^ 
We may denote the point of meeting as the h point, 

«/• 

The notation dififers from that of the g points in that only one of the vertical 
columns oontaina the six letters without omission or repetition. On every Pascal 
there are three k points, viz., there are on 

^^ ^ f^ ab,cd.tf\ ab,cd,ef\ ab,cd,ef\ 
' f'^fy de,qf,bcK de,af,bc •, de.a/.bc>, 
' •^ ' cf,bd,ae) ac.be, df) bf,oe,ad) 

where the bar denotes the complete vertical column. We obtain then Mr. Eirkman's 
extension of Steiner's theorem: — The Pascah inieraect three by three, not only in 
Steiner's twenty points g, but also in sixty other points h. The demonstration of 
Art. 268 applies alike to Mr. Eirkman's and to Steiner's theorem. 

In like manner if we consider the triangles 1 and 5, the lines joining corresponding 
vertices are the same as for 1 and 4 ; therefore the corresponding sides intersect on 
a right line, as they manifestly do on a Pascal. In the same manner the corre- 

AAA 



ab.ce.df\ 
>int, cd,bf,ae > . 
ef.ac.bd) 
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fponding sides of 4 and 6 must intersect cm a right line, but these intersections are 
the three h points^ 



ctb,ce,clf\ ae,^,bf'\ ac,hd,ef\ 
de,bf.ac\', M.q/*.oeK d/,ae,bc[. 
cf,ae,bd) ac,b€,clf) ce,bf,ad) 



Horeorer, the axis of 4 and 5 must pass through the intersection of the axes of 

c^.cd.ef] 
If 4, and 1, 6, namely, through the g point, de,af.bc 

cf, be . arfJ 

In this notation the ff point is found by combining the complete Tertioal oolnmiis 
of the three h points. Henoe we have the theorem, ** There are twenty hues G, each 
of which p<U3es through one g and three h points" The existence of these lines 
was observed independently by Mr. Cayley and myself. The proof here given is 
Mr. Cayley's, 

It can be proved similarly that " The twenty lines G pass four by four through 
fifteen points t.** The four lines G whose g points in the preceding notation have 
a common vertical column will pass through the same point. 

Again, let us take three Pascals meeting in a point h. For instance, 



ab,ee,df] de,bf,ac] cf,(U,bd] 
de,bf,ac)' tf.ae.bdj* ab.df.ce) 



We may, by taking on each of these a point p, form a triangle whose vertices are 
{dff ac)f {bjy ae), {pd, ce), and whose sides are, therefore, 

a<i.bf,de\ bf.ce,ad\ bd,a^»rf\ 
df.as.cb}* ae,bd,cfy ce.df.ab) 

Again, we msy take on each a point h, by writing under each of the above 
Pascals af.cd.bey and so form a triangle whose sides are 

ac , bf. de \ cf. ae . bd\ df. ah . ce 
be ,cd. 



\de \ cf.ae. bd\ df. tUt .ce] 
.cf)* be.cd.afj* be^cd.af) 



But the intersections of corresponding sides of these triangles, whidi must therefore 
be on a ri^ht line, are the three g points. 



be.cd.af^ 
• J cf, ab.de > , 
ad , ef. be ) 



be.cd.af\ be.cd,af\ be.cd.cf" 
ac . bf. deVf cf.ae.bdly df. ab . ce 
df.ae.bc) ad.bf.ce) ac,ef,bd) 

I have added a fourth g point, which the symmetry of the notation shows must 
lie on the same right line j these being all the g points into the notation of which 
be.cd. a/* can enter. Now there can be formed, as may readily be seen, fifteen difterent 
products of the form be.cd.af; we have then Steiner's theorem, The g points He 
four by four on fjleen right lines I. Hesse has noticed that there is a cei-tain reci- 
procity between the theorems we have obtained. There are 60 Kirkman points h, 
and 60 Pascal lines H corresponding each to each in a definite order to be explained 
presently. There are 20 Steiner points g^ through each of which passes three Pascals 
H and one line G ; arid there are 20 lines G, on each of which lie three Kirkman 
points k and one Steiner g. And as the twenty lines G pass four by four through 
fifteen points », so the twenty points g lie four by four on fifteen lines /. The 
following investigation gives a new proof of some of the preceding theorems and 
alfM) shews what h point corresponds to the Pascal got by taking the vertices in 
the order abcdsf. Consider the two inscribed triangles ace, bdf; their sides touch 
a conic (see Ex. 4, p. 808^ therefore we may apply Brianchon's theorem to the 
hexagon whose sides are ce, df ae, bf, ac, bl. Taking them in this order, the dia- 
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*. ad\ 

.he >•» 



ee . hf, €id\ 
gonals of tlie hexagon aie the three Pascals mteniecting in the h point, df, ac . 

ae,bd,cf. 

And sinoe, if retaining the alternate sides ce, ae, aCf we permutate cyclically the other 
three, then by the reciprocal of Steiner's theorem, the three resulting Brianchon 
points lie on a right line, it is thns proved that three k pcints lie in a Jight line G, 
From the same circumscribing hexagon it can be inferred that the lines joining the 
point a to {5c, df} and d to {oo, ef} intersect on the Pascal abcdef, and that there are 
BIX such intersections on every Pascal. 

More recently Mr. Cayley has deduced the properties of this figure by consider- 
ing it as the projection of the lines of intersection of six planes. See Quarterly 
Journal, VoL IX., p. 848. 

STSTBMS of TAKGBimAL CO-ORDlNATES, Page 275. 

Through this volume we have ordinarily understood by the tangential 00K>rdinate3 
of a line /a + m)3 + ny^ the constants ^ m, n in the equation of the line (Art. 70) ; 
and by the tangential equation of a curve the relation necessary between these 
constants in order that the line should touch the curve. We have preferred this 
method becaose it is the most closely oonnected with the main subject of this volume, 
and because all other systems of tangential co-ordinates may be reduced to it. We 
wish now to notice one or two points in this theory which we have omitted to 
mention^ and then briefly to explain some other systems of tangential co-ordinates. 
We have given (Ex. 6, p. 128) the tangential equation of a circle whose centre ia 
a'j9^y' and radius r, viz. 

(/a* + m/y + ny^* = r« (P + 1»« + n* - 2m« CMA-2nloosB-2lmoi»C)z 

let us examine what the right>hand side of this equation, if equated to noUiing, 
would represent. It may easily be seen that it satisfies the condition of resolvability 
into factorfi^ and therefore r^resents two points. And what these points are may 
be seen by recollecting that this quantity was obtained (Art. 41) by writing at full 
length la + m/3 + ny, and taking the sum of the squares of the coefficients of x 
and y, I oosa + m co8/3 + ncosy, ^sina + m sin/3 + n siny. Now if o* + 6* = 0, the 
line ax + by + c is parallel to one or other of the lines «±yj(— 1) =0, the two 
points therefore are the two imaginary points at infinity on any circle. And this 
appears also from the tangential equation of a circle which we have just given : 
for if we call the two factors eo, cd', and the centre a, that equation is of the form 
a' = r'uw't showing that oi, co' are the points of contact of tangents from a. In 
like manner if we form the tangential equation of a conic whose foci are given, by 
expressing the condition that the product of the perpendiculars from these points 
on any tangent is constant, we obtain the equation in the form 

(/a' + m^ + «y') (7a" + m^' + ny") = *«««', 

showing that the conic is touched by the Hues joining the two foci to the points 
ctf, ci>' (Art. 279). 

It appears from Art. 61 that the result of substituting the tangential co-ordinates 
of any line in the equation of a point is proportional to the perpendicular from that 
point on the line ; hence the tangential equations a/3 = Jbyd, ay = k^ when inter- 
preted give the theorems proved by reciprocation Art. 311. If we substitute the 
co-ordinates of any line in the equation of a circle given above, the result is easily 
seen to be proportional to the square of the chord intercepted on the line by the 
circle. Hence if 2, 2' represent two circles, we leam by interpreting the equation 
2 = ^2' that the envelope of a line on which two given circles intercept chords 
having to each other a constant ratio is a conic touching the tangents common to 
the two circles. 



364 KOTES. 

Lastly, it k to be remarked that a Byttem of two pointa eaimot be adequately 
repreaeoted by a trilmear, nor a syBbem of two fines by a tangential eqva^oik. If 
we are giren a tangential equation denoting two points, and form, as in Art. 285, 
t)ie conesponding tzilinear equation, it wiU be f omid that we gst the square of the 
equation at the line joining the points, bat all trace of the points themselves has dis- 
appeared, Iffimilarly if we have the equation of a pair of lines intersecting in a point 
a'/S'y', the conesponding tangential equation will be found to be {la + 1»^ + ^y'Y = 0. 
In fact, a line analytically fulfils the oonditioos of a tangent if it meets a corre in 
two 0(^ddent points ; and when a conic reduces to a pair of lines, any line throng 
their intersection must be regarded as a tangent to the system. 

* The method of tangential co-ordinates may be presented in a form which does 
not presuppose any acquaintance with the trilinear or Cartesian systems. Just as 
in trilinear co-ordinates the poation of a point is determined by the mntoal ratios 
of the perpendicnlais let fall from it on three fixed lines, so (Art. 311) the position 
of a line may be determined by the mutual ratios of the perpendiculars let fall on 
it from three fixed points. If the perpendiculars let fall on a line from two points 
A, B he Xf fi, then it is proved, as in Art. 7, that the jierpeQdicular on it from the 

point which outs the line AB in the ratio of m : / is , . ^, and consequently that 

I + m 

if the line pass through that point we have IX + m/u = 0, which therefore may be 

regarded as the equation of that xx)int. Thus X + ^ = is the equation of the middle 

point of ABy \ — fi = that of a point at infinity on AB. In like manner (see 

Art. 7, Ex. 6) it is proved that /X + m/u -f- iiv = is the equation of a point O, which 

may be constructed (see fig., p. 61) either by cutting BC in the ratio n : m and AD 

in the ratio m + n :l; or by cutting AC ::l :n and BE ::/+«: i», or by cutting 

AB : : fto : / and CF : : / + m : A. Since the ratio of the triangles AOB : AOC is the 

same as that of BD : BC, we may write the equation of the point in the form 

BOC.\ + COA,ffhAOB,v = 0. 

Or, again, substituting for each triangle BOC its value p'p" sin 6 (see Art. 311] 

XflinO fisinO' v8in6^__^ 
P P P 

Thus, for example, the co-ordinates of the line at infinity are X = /u = y since all 
finite poiiits may be regarded as equidistant from it : the point /X + m/i + i»y wiU 
be at infinity when / + m + n = ; and generally a curve will be touched by the 
line at infinity if the sum of the ooe£5cients in its equation =0. So again the 
equations of the intersection of bisectors of sides, of bisectors of angles, and 
of the perpendiculars, of the triangle of reference are respectively \ + fi + v = 0, 
\BmA + fiemB + vanC=Of X tan^ + /ii tan£-h v tanC=0. .It is unnecessary to 
give further illustrations of the application of these co-ordinates because th^ diffi^ 
only by constant multipliers from those we have used already. The length of the 
perpendicular from any point on la + mfi + nyia (Art. 61) 

la' + mp + ny ' 

J(P -I- m* + n* - 2ot» cos^ - 2n/ cos5 - 2/w cosC) ' 

the denominator being the same for every point. If then j7, p\ p" be the perpen- 
diculars let fall from each vertex of the triangle on the opposite side, the perpen- 
diculars \ fi, V from these vertices on any line are respectively proportional to 
(p, mp*, np" ; and we see at once how to transform such tangential equations as were 
used in the preceding pages, vi2. homogeneous equations in ^, m^ «, into equations 
expressed in terms of the perpendiculars X, ft, v. It is evident from the actual values 
that X, fi, V are connected by the relation 

-2 + -^ + -775 r//COS^ ;7-C0S5 7C0SC=1. 

p^ p'^ p"^ p'p" p"p pp' 
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It was shown (Ark. 311) how to deduce from the trilinear equation of any curve the 
tangential equation of Its reciprocal. 

The system of three point tangential co-ordinates just explained includes under 
it two other methods at first sight very different. Let one of, the points of re- 
ference C be at infinity, then both v 
and p" become infinite, but their ratio 
remains finite and = sin COEj where 
DOE is any line drawn through the 
point 0, The equation th^i of a 
point aheady given becomes in this 
case 



sin0' n 



;+sine^=0. 



Bin0 X 

~y^^COE ■ / miCOE 

When is given every thing in this 
equation is constant except the two 



variables 



but since 




sinCOE' mnCOE' 
fonCOE = eiaODA, these two variables 

are respectively ADy BE. In other words, if we talce as co-ordinates AD, BE 
the intercepts made by a variable line on two. fixed parallel lines, then any equation 
aX + 5/x + c = 0, denotes a point ; and this equation may be considered as the form 
assumed by the homogeneous equation a\ + bfi + cp = wh&a. the point v = is 
at infinity. The following example illustrates the use of co-ordinates of this kind. 
We know from the theory of conic sections that the general equation of the second 
degree can be reduced to the form aj3 = Ifl, where a, /3 are certain linear functions 
of the co-ordinates. This is an analytioal fact wholly independent of the inter- 
pretation we give the equations. It follows then that the general equation of curves 
of the second class in this system can be reduced to the same form a/3 = It^y but this 
denotes a curve on which the points a, /3 lie and which has for tangents at these 
points the parallel lines joining a, /? to the infinitely distant point k. We have then 
the well known theorem that any variable tangent to a conic intercepts on two fixed 
parallel tangents portions whose rectangle is constant. 

Again, let two of the points of reference be at infinity, then, as in the last case, 
the equation of a line becomes 



XsinO 



+ ane^axiBOD + ane'^mnCOE, 



or, as may be easily seen, 

When the point is given, the only 
things variable in this equation are 
ADj AE, and we see that if we take 
as co-ordinates the reciprocals of the 
intercepts made by a variable line on 
the axes, then any linear equation 
between these co-ordinates denotes a 
point, and an equation of the n* degree denotes a curve of the n*** class. 

It is evident that tangential equations of this kind are identical with that form 
of the tangential equations used in the text where the co-ordinates are the coefficients 
/, m, in the Cartesian equation lx + my = l, or the mutual ratios of the coefficients 
in the Cartesian equation lx + my + n = 0. 
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Off Mr. Ca8IT'8 fobm of the Equation of a Gonic HAYnro Doublb CoisTxcr 

WITH A GIYBir OHB AND TOUOfiIKO THRBB OTHBBS^ Page 845. 

Since p. 845 was printed I have succeeded in proying the tmth of Mr. Casey's 
equation by a method analogous to that used in the case of three circles, Ex. 4, p. 130. 
Let the conic iSf be as* + y* + «•, and let // = fe + my + im?, Jf = Tas + i»'y + n'z ; then 
the condition that 5 - L\ S-M* should touch is (Art. 887) (l-/8r)(l-flf") = (l-i?)« 
where 5* = P + 1»« + n», /S" = f* + m'« + »'«, iJ = iT + mm' + nn', I write now (12) 
to denote 4(1 - /ST) (1 - /S") - (1 - i2). 

Let us now, according to the rule of multiplication of determinants, form a deter- 
minant from the two matrices containing fire columns and six rows each. 



1, 0, 
1, ^ 

1, r', m 

1, /« 



0, 
m'. 



0, 
n. 



m 



It 



n 



u 

J 



m. 



*f 



•4> 





4(1-50 
4(1 - fi") 
4(1 - fi'") 
4{i - ^4) 
4(1 - 8,) 



0, 0, 

-1, ^ 
-1, r, 
- 1, r, 
- 1, n 
-1, h, 



0, 



m' 



0, 



m 



w 



m 
m 



m 



n 

n 



9 

f 
lit 



n 



•4> 



1, 

.i(i - n 

4(1 - -s"), 
4(1 - O, 
4(1 - a,\ 
4(1 - ^*). 



The resulting determinant which must yanish since there are more rows than 
columns, is 

0, 1, 1, 1, I, 1 

4(1 - n 0, (12), (18), (14), (15) 

4(1 - -S"), (12), 0, (23), (24), (25) 

4(1 - -S"'), (13), (23), 0, (34), (35) 

4(1 - iSfJ, (14), (24), (84), 0,. (45) 

4(1 - ^5), (16), (25), (85), (45), =0, 

an identical relation connecting the invariants of five conies all having double contact 
with the same conic 5. Suppose now that the conic (5) touches the other four, 
then (15), dec. vaniah; and we leain that the invariants of four conies all having 
doable contact with 8 and touched by the same fifth are connected by the relation 

0, (12), (13), (14) 

(12), 0, (28), (24) 

(18), (23), 0, (84) 

(14), (24), (34), 



or, 



= 0, 
4{(12) (34)} ± 4{(13) (24)} ± 4((14) (23)} = 0. 



We may deduce from this equation as follows the equation of the conic touching 
three others. If the discriminant of a conic vauish, 8=1, and then the condition of 
contact with any other reduces to i2 = 1. If then a, /3, y be the coK>rdinate8 of any 
point satisfying the relation iS - X* = 0, or a^ + y« + a« - (/« + my + nzf = 0, then 






evidently denotes a conic whose discriminant vanishes and which touches 8 — L\ 
If then we are given three conies 5 — Z*, 8 — i/», 8 — N^, take any point a, /3, y 
on the conic which touches all three and take for a fourth conic that whose equa- 
tion has just been written, then the functions (14), (24), (34) are respectively 

and we see that any point on the conic touching 



1- 



1- 



1- 



•IW 4{S)' 4iS)' 

all three satisfies the relation 



4{[(23)} U{S) - L}] ± 4{[(81)} \m - ^/}] ± 4{[(12)} U{8) - K}] = 0. 
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On thb Pboblem to describe a Conic under I'ive Conditions. 

We saw (p. 131) that five conditions determine a conic; we can, therefore, in 
general describe a conic being given m points and n tangents where m + n = 5. We 
shall not think it worth while to treat separately the cases where any of these are at 
an infinite distance, for which the constnictions for the general case only require to 
be suitably modified. Thus to be given a parallel to an asymptote is equivalent to one 
condition, for we are then given a point of the curve, namely, the point at infinity on 
the given parallel. If, for example, we were required to describe a conic, given four 
points and a parallel to an asymptote, the only change to be made in the construction 
(p. 236) is to suppose the point JS at infinity, and the lines DEf QE therefore drawn 
parallel to a giv^i line. 

To be given an asymptote is equivalent to two conditions, for we are then given 
a tangent and its point of contact, namely, the point at infinity on the given 
asymptote. To be given that the curve is a parabola is equivalent to one condition, 
for we are then given a tangent, namely, the line at infinity. To be given that the 
curve is a circle is equivalent to two conditions, for we are then given two points of 
the curve at infinity. To be given a focus is equivalent to two conditions, for we are 
then given two tangents to the curve (p. 228), or we may see otherwise that the focus 
and any three conditions will determine the curve ; for by taking the focus as origin, 
and reciprocating, the problem becomes, to describe a circle, three conditions being 
given; and the solution of this, obtained by elementary geometry, may be again 
reciprocated for the conic. The reader is recommended to construct by this method 
the directrix of one of the four conies which can be described when the focus and 
three points are given. Again, to be given the pole^ with r^ard to the conic^ of any 
given right line^ is equivalent to two conditions ; for three more wiU determine the 
curve. For (see figure, p. 143) if we know that P is the polar of RR'y and that Tis a 
point on the curve, T', the fourth harmonic, must also be a point on the curve ; or 
if OThe a tangent, OT' must also be a tangent ; if then, in addition to a line and its 
pole, we are given three points or tangents, we can find three more, and thus determine 
the curve. Hence, to be given the centre (the pole of the line at infinity) is equivalent 
to two conditions. It may be seen likewise that to be given a point on the polar of a 
given point is equivalent to one condition. For example, when we are given that the 
curve is an equilateral hyperbola, this is the same as saying that the two points 
at infinity on any circle Ue each on the polar of the other with respect to the curve. 
To be given a self -con jugate triangle is equivalent to three conditions ; and when a 
self -con jugate triangle with regard to a parabola is given three tangents are given. 

Given five points, — We have shown, p. 236, how by the ruler alone we may deter- 
mine as many other points of the curve as we please. We may also find the polar 
of any given point with regard to the curve ; for by the help of the same Example we 
can perform the construction of Ex. 2, p. 143. Hence too we can find the pole 
of any line, and therefore also the centre. 

Five tangents. — We may either reciprocate the construction of p. 236, or reduce 
this question to the last by Ex. 4, p. 236. 

Four points and a tangent,— We have already given one method of solving this 
question, p. 300. As the problem admits of two solutions, of course we cannot expect 
a construction by the ruler only. We may therefore apply Camot's theorem (Art. 313), 

Ac . Ac\ Ba . Ba'. Cb.Ch' = Ab, Ab'. Be , Be'. Ca . Ca'. 

Let the four points a, a', b, b' be given, and let ^5 be a tangent, the points c, c' will 
coincide, and the equation just given determines the ratio Ac^ : Bc^y everything else in 
the equation being known. This question may also be reduced, if we please, to those 
which follow ; for given four points, there are (Art. 282) three points whose polars are 
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given ; hftTing also then a tangent, we can find three other tangents immediat^y, 
and thus hare four points and four tangents. 

Fowr tangents and a point.-^ThJE is either redaced to the last hj reciprocation, or 
hy the method jnst described ; for given four tangents, there are three points whose 
polars are given (p. 143). 

l%r€e points and two tangewts^^^lt is a particular case of Art. 344, that the pair of 
points where any line meets a conic, and where it meets two of its tangents, belong to 
a system in involntion of which the point where the line meets the chord of contact \& 
one of the fod. If, therefore, the Une joining two of the fixed points a, (, be cut by 
the two tangents in the points A^ B^ the chord of contact of those tangents passes 
through one br other of the fixed points /*, F*, the fod of the system (a, ft. A, B), (see 
Ex., Art 286). In like manner the chord of contact must pass through one or other 
of two fixed points Cr, G* on the Une joimng the given points a, c. The chord must 
therefore be one or other of the four lines, FG, FG', F'Gj F'G^ j the problem, there- 
fore, has four solutions. 

Two points and three tangents. — The triangle formed by the three diords of contact 
has its vertices resting one on each of the three given tangents ; and by the last case 
the sides pass each through a fixed point on the line joining the two given points ; 
therefore this triangle can be constructed. 

To be given two points or two tangents to a 'conic is a particular case of bdng 
given that the conic has double contact with a given conic. For the problem to 
describe a conic having double contact with a given one, and touching three lines, or 
else passing through three points, see pp. 289, 345. Having double contact with two, 
and passing through a given jwint, or touching a given line, see p. 251. Having 
double contact with a given one, and touching three other such conies, see p. 344. 

Os STSTBMS or Coirios satibvying Fovk CoiminoNB. 

If we are only given four conditions, a system of difiterent conies can be described 
satisfying them all. The properties of systems of curves, satisfying one condition 
lees than is sufficient to determine the curve, have been studied by Be Jonqui^res, 
Chasles, Zeuthen, and Oayley. Beferences to the original m^noirs will be found 
in Mr. Cayley's memoir {Phil. Trans., 1867, p. 76). Here it will be enough briefly 
to state a few results following from the application of K. Chasles' method of 
characteristics. Let /i be the number, oi conies satisfying four conditions, which 
pass through a given point, and v the number which touch a given line, then ft, v 
are said to be the two characteristics of the system. Thus the characteristics of 
a system of conies passing through four points are 1, 2, since, if we are given an 
additional point, only one conic will satisfy the five conditions we shall then have ; 
but if we are given an additional tangent two conies can be determined. In like 
manner for three points and a tangent, two points and two tangents, a point and 
three tangents, four tangents, the characteristics are respectively (2, 4), (4, 4), (4, 2), 
(2, 1). We can determine a priori the order and class of many lod connected with 
the system by the help of the principle that a curve will be of the n^ order, if it meet 
an arbitrary Une in n real or imaginary points, and wiU be of the n^ class if through 
an arbitrary point there can be drawn to it » real or imaginary tangents. Thus the 
locus of the pole of a given line with respect to a system, whose characteiistics are 
/i, V will be a curve of the order v. For, examine in how many points the locus can 
meet the given Une itself. When it does, the pole of the line is on the line, or 
the line is a tangent to a conic of the system. By hypothesis this can only happen 
in V cases, therefore v is the degree of the locus. This result agrees with what has 
been already found in particular cases, as to the order of locus of centre of a 
conic through four points, touching four Unes, <&c. In Uke manner let us investigate 
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ike <srder of the locus of the fod of conies of the system. To do this let us generalize, 
the question, by the help of the conception of foci explained Art. 279, and we shall 
see that the problem is a particular case of the following: Given two points A, B 
to find the order of the loons of the intersection of either tangent drawn fvom A to 
a conic of the system with one of the tangents drawn from B, Let us examine in 
how many points the locus can meet the line AB ; and we see at once that if a point 
oft the locus be on ^jS, this line must be a tangent to the conic. Consider then any 
conic touching AB in a point T^ then the tangent AT meets the tangent BT in the. 
point r, which is therefore on the locus : and likewise the tangent A T meets the 
second tangent from B in the point B, and the tangent BT meets the second tangent - 
from A in the point A, Hence every conic which touches AB gives three points 
of the locus on AB, The order of the locus is therefore Sv, and A and B are each 
multiple points of the order v. Thus the locus of fod of conies toudiing four lines 
is a cubic passing through the two circular points at infinity. If one of the con- 
ditions be that all the conies should touch the line AB, then it will be seen that 
any transversal through A is met by the locus in v points distinct from A, and that 
A itself also counts for v : hence the locus is in this case only of the order 2v ; which 
is therefore the order of the locus of foci of parabolas satisfying three conditions. 

A>n important prindple in these investigations is that if two points A, A' on a 
Tight line so correspond that to any position of the point A correspond m positions of 
JL', and to any position of A! correspond n positions of A, then m m + n cases A 
:and A' will coincide. This is proved as In Arts. ^$36, 340. Ijet the line on which 
Ay A' lie be taken for axis of x ; then the abscisssB Xy x' of these two points are con- 
Jiected by a certain relation, which by hypothesis is of the m^^ degiee in a;' and 
the «'*» in x, and Will become therefore an equation of the {m + n)^ degree if we 
make x — x'. 

To illustrate the application of this piinciple, let us examine theotrder of the locus 
of points whose pdar with respect to a fixed conic is the same as that with respect 
to some A:>nicQf the system; and let us enquire how many points of the locus can lie 
on a given line. Consider two points A, A' on the line, such that the polar of A 
with respect to the fixed conic coinddes with the polar of A' with respect to a conic 
of tiie system, and the problem is to know in how many cases A and ^'jcan coindde. 
Now first if ^ be fixed, its polar with respect to the fixed conic is £zed ; the locus 
*of poles of this last line with respect to conies of the system, is, by the^rst theoiem, of 
the order Vj and therefore determines by its intersections with the given line * positaons 
of A', Secondly, examine how many positions of A correspond to any fixed position of 
A', By the redprocal of the first theorem, the pclars of A' with respect to conies of 
the system, envelope a curve whose Glass is ./u, to which therefore /a tangents can be 
drawn through the pole of the given Hue A A' with respect to the fixed conic. It 
follo^ then, that ix positions of A correspond to any position of A*. Hence, in /ia + j^ 
liases the two coincide, and this will be the order of the req[uired Ikx^iis. 

Hence we can at once determine how ma&y eonics of the system can touch a fixed 
oconic : for the point yoi contact is one which has the same polar with respect to the 
fixed conic and to a conic of the system ; it is therefore one .of the intersections of the 
-fixed conic with the locus last found ; and there may evidently be 2 (/* + *) such 
intersections. We have thus the number of conies which touch a fixed conic, and 
satisfy any of the «3mtems ^f conditions, lour jpodnts, three points and a tangent, tw« 
points and two tangents, dec, the numbers being xespectively 6, 12, 16, 12, 6. Fron 
these numbers again we£nd the<eharacteristics of the system of conies vhieh touch a 
fixed conic and also satisfy three other conditions, three points, two points ^nd a 
tangent, dec; these charactedstics bei^g xespectively (6, 12), (12, i6), (16, 12), (12, 6)< 
We find hence in the same manner the number of conies of the respective systems 
^hich will touch a second fixed conic, to be 36, 66, 56, 86. And thus again we harfi 

BBB 
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the dumicteristtcs of Bystems of conies touching two fixed conies, and also satisfying 
the conditioDs two points, a point and a tangent, two tangi^ts ; viz. (36, 56), (56, 56), 
(56, 86). In like manner we have the number of conies of these respective egrstems 
which will touch a third fixed conic, viz. 184^ 224, 184. The characteristics then 
of the systeniB three conios and a point, three conies and a line are (184, 224), 
(224, 184). And the numbers of these to touch a fourth fixed conic, are in each case 
816, so that finally we ascertain that the number of conies which can be described to 
touch fiye fixed conies is 8264. For further details, I refer to the memoirs already 
cited, and only mention in conclusion that 2v — /ii conies of any system reduce to 
a pair of lines, and 2fi - v to a pair of points. 



INDEX. 



Angle, 

between two lines whose Cartesian 

equations are given, 21, 22. 
ditto, for trilinear equations, 60. 
betweoi two lines given by a single 

equation, 69. 
between two tangents to a conic, 161, 

201, 268. 
between two conjugate diameters, 164. 
between asymptotes, in terms of ^- 

centricity, 159. 
between focal radius vector and tan- 
gent, 174. 
subtended at focus by tangent from 

any point, 177, 195. 
Mibtended at limit points of system of 

circles, 279. 
theorems respecting angles subtended 

at focus proved by reciprocation, 272. 

by spherical geometry, 819. 
theorems concerning angles how pro- 

jected, 309, 311. 
Anharmonic ratio, 

fundamental theorem proved, 55. 
what, when one point at infinity, 283. 
of four lines whose equations are 

given, 56, 293. 
property of four points on a conic, 

229, 240, 276, 306. 
of four tangents, 241, 276. 
of three tangents to a parabola, 287. 
these properties developed, 284, &c. 
properties derived from projection of 

angles, 311, 312. 
of four points on a conic when equal 

to that of four others on same 

conic, 241, 242. 
on a different conic, 241, 291. 
of four points equal that of their 

polars, 260. 
of four diameters equal that of thdr 

conjugates, 290. 
of se^ents of tangent to one of three 

conies having double contact, by 

other two, 807. 
Apollonins, 316. 
Arc, 

line cutting off constant arc from 

curve where met by its envelope, 355 . 
theorems concerning arcs of conies, 358. 
Area, 

of a polygon in terms of co-ordinates 

of its vertices, 31, 128. 
of a triangle^ the equations of whoso 

sides are given, 32. 



Area, 

of triangle inscribed in, or circum- 
scribing a conic, 201, 208. 

of triangle formed by three normals, 
209. 

constant, of triangle formed by join- 
ing ends of conjugate diameters, 
154, 164. 

constant, between any tangent and 
asymptotes, 182. 

of polar triangles of middle points of 
sides of fixed triangle with regard 
to inscribed conic, £&7. 

of triangles equal, formed by drawing 
from end of each of two diameters 
a parallel to the other, 168. 

found by infinitesimals, 352. 

constant, cut from a conic by tangent 
to similar conic, 354. 

line cutting off from a curve constant 
area bisected by its envelope, 355. 
Asymptotes, 

defined as tangents through centre 
whose points of contact are at in- 
finity, 150. 

are self-conjugate, 162. 

are diagonals of a parallelogram whose 
sides are conjugate diameters, 180. 

general equation of, 260, 328. 

and pair of conjugate diameters form 
harmonic pencil, 284. 

portion of tangent between, bisected 
by curve, 180. 

equal intercepts on any chord between 
curve and, 181, 300. 

constant length intercepted on by 
chords joining two fixed points to 
variable, 182, 282, 286. 

parallel to, how cut by same chords, 
286. 

by two tangents and their chord, 286. 
bisected between any point and its 
polar, 283. 

parallels to, through any point on 
curve include constant area, 182, 
282, 286. 

how divide any semi-diameter, 286. 
Axes, 

of conic, equation of, 151, 

lengths, how found, 153. 

constructed geometrically, 156. 

how found when two conjugate dia- 
meters are given, 168. 

of reciprocal curve, 279. 

axis of parabola, 185. 
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Axes, 

of simiUtude, 108, 212, 270. 
radical, 99, 126. 

Biaecton of angles between lines given by 

a single Equation, 71. 
of sides or angles of a triangle m«et 

in a point, 5, 84, 54. 
BobiUieron equations of oonic inscribed in, 

or circumscribing a triangle, 120. 
Boole on invariant functions of co^dents 

of a oonic, 1&4, 
Brianchon's theorem, 233, 268, 362. 
Bumside, theorems or proofs by, 80, 209, 

210, 231, 235, 245, 261, 329. 

Camot, theorem of transversals, 277, 306^ 

367. 
Cartesian, equations, a case of trilinear, 64. 
Casey, theorems by, 113) 126, 130, 344, 366. 
Cayley, theorems and proofs by, 129, 330, 

337, 344, 360, 862, 368. 
Centre, 

of mean position of ghren points, 50. 

of homology, 59. 

radical, 99, 270, 

of simiUtude, 105, 213, 270, 

chords joining ends of radii through 
• cs. meet on radical axis, 107,2 12, 238. 

of conic, coordinates of, 138, 148. 

pole of line at iniinity, 150, 284. 

now found, given five points, 236. 

of system in involution, 296. 

of curvature, 219, 357. 
Chasles, theorems by, 283, 288, 292, 358, 368. 
Chord of conic, perpendicular to line join- 
ing focus to Its pole, 177, 309. 

which touches confocal conic, propor- 
tional to square of parallel semi- 
diameter, 201, 210. 
Chords of intersection of two conies, equa- 
tion of, 322. • 
<liicle, equation of, 14, 75, 87. 

tangential equation of, 1 20, 124, 1 28,363. 

passes through two fixed imaginary 
points at infinity,. 227, 313. 

circumscribing a triangle, its centre 
and equation, 4, 86, 118, 128, 276. 

inscribed in a triangle, 122, 276. 

having triangle of reference for self • 
conjugate triangle^ 243L 

through middle points of sides (see 
Feuerbach), 86, 122. 

which cuts two at constant angles, 
touches two fixed drcles, 103. 

touching three others, 110, 114, 130, 
279. 

cutting three at right angles, 102, 128, 
347. 

circumscribing triangle formed by 
three tangents to a parabola, passes 
throughfocus, 196,203, 263, 273, 308. 

circumscribing triangle fonned by two 
tangents and chovd, 231. 

circumscribing triangle inscribed in. a 
conic, 209, 321. 

circumscribing, or inscribed, in a self • 
conjugate triangle, 329. 



Circles dretunscribing triangles formed by 

four lines, meet in a point, 235. 
when five lines are given, the five 

such points lie on » circle, 235. 
tangents, area, and arc found by in- 
finitesimals, 351. 
Cii^nmscribing triangles, six vertices of 

two He on a conic, 308, 362. 
Class of a curve, 142. 
Common tangents to two drcles, 104, 106, 

252. 
to two conies, 832. 
their eight points of contact lie on a 

conic, 332. 
Condition that^ 

threr points riionld be on a right 

line, 24. 
three^ Unes meet in a point, 32, 34. 
four convergent lines should form 

harmonic pencil, 56. 
two lines should be perpendicular, 

21, 59, 341. 
a right line should pass through a 

fixed point, 50. 
equation of second degree shoidd re- 
present right lines, 72, 144, 148, 

150, 255. 

a circle. 75, 121, 839. 

a parabola, 136, 263, 338. 

an equilateral hyperbola, 164, 838. 
equation of any degree represent right 

lines, 74. 
two circles should be concentric, 77. 
fo\a points should lie on a circle, 86. 
intercept by circle on a line should 

subtend a right angle at a given 

point, 90. 
two circles should cut at right angles, 

102, 335. 
a line should touch a conic, 81, 147, 

255, 328. 
two conies should be similar, 213. 
two conies should touch, 324, 348. 
a point should be inside a conic, 250. 
two lines should be conjugate with 

respect to a conic, 256. 
two pairs of points should be harmonic 

conjugates, 293. 
four points on a conic should lie on a 

circle, 218. 
a line be cut harmonically by two 

conies, 294. 

in involution by three conies, 347. 
three pairs of lines touch same conic, 

258. 
three pairs of points form system in 

involution, 298. 
a triangle may be inscribed in one 

conic and circumscribed to another, 

330. 
a triangle self -con jugate to one may 

be inscribed or circumscribed to 

another, 328. 
three conies have double contact with 

same conic, 345. 

have a common point, 348. 

may include a perfect square hi their 
syzygy, 849w 
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Condition that, 

lines joining to yertices of triangle 
points where conic meets sides 
should form two sets of three, 337. 
Cone, sections of, 314. 
Conf ocal conies, 

cut at right angles, 175, 310, 

may be considered as inscribed in 

same quadrilateral, 228. 
most general equation of, 340. 
tangents from point on (1) to (2) 
equally inclined to tangent of (1), 
176. 
pole with regard to (2) of tangent to 

(1) lies on a noimal of (1), 198. 
used in finding axes oi reciprocal 

curve, 279. 
in finding centre of curvature, 357. 
properties proved by reciprocation, 

279. , 
length of arc intercepted between 
tangent from, 357. 
Conjugate diameters, 141. 

their lengths, how related, 154, 163. 
triangle included by, has constant 

area, 154, 164. 
form harmonic pencil with asymp- 
totes, 284. 
at given angle, how constructed,. 166. 
construction for, 207. 
Conjugate hyperbolas, 159. 
Conjugate Imes, conditions for, 266. 
Conjugate triangles, homologous, 91, 92. 
Continuity, principle of, 313. 
Covaiiants, 333. 

Criterion, whether three equations repre- 
sent lines meeting in a point, 34. 
whether a point be within or without 

a conic, 250. 
whether two conies meet in two real 
and two imaginary points, 325. 
Curvature, radius of, expressions for its 
length, and construction for,. 217, 
857. 
circle of, equation of, 223. 
centre of, co-ordinates of, 219% 

De Jon^ui^'res, 368. 
JDetermtnant notation^ 128i 
Diagonals of quadrilateral, 

middle points lie in a Hne, 26, 62, 205. 
circles described on, as diameters, have 
common radical axis, 231. 
Diameter, polar of point at infinity on its 

conjugate, 284. 
Director circle, 258, 339. 

when four tangents are given, have 
common radical axis, 265. 
Directrix, 173. 

of parabola, equation of, 258, 339. 
is locus of rectangular tangents, 194, 

258, 339. 
passes through intersection of per- 
pendiculars of circumscribing tri- 
angle, 201, 236, 263, 278, 329. 
Discriminant defined, 255. 

method of forming, 72, 144, 148, 150. 
Distance between two points, 3, 10, 128. 



Distance of two points from centre of 

circle proportional to distance of 

each from polar of other, 93. 
when a rational function of co-ordi« 

nates,. 173. 
of four points in a plane, how cou' 

nected, 129. 
Double contact, 215, 223. 

equation of conic having d. c*. with 

two others, 261. 
tangent to one cut harmonically by 

other, and chord of contact, 300, 307. 
properties of two conies having d. c. 

with a third, 231, 269. 
of three having d. c. with a fourth, 

232, 252, 270. 
tangential equation of, 342. 
condition two should touch, 343^. 
problem to describe one such conic 

touching three others, 343, 345, 366r 
Duality, principle of, 266. 

Eccentric angle, 206, <fec., 232. 

in terms of corresponding focal angle,^ 

209. 
of four points on & circle, how con^ 

nected, 218. 
Eccentricity, of conic given by general 

equation, 159. 
depends on angle between asymp- 
totes, 159. 
Ellipse, origin of name, 180, 316, 

mechanical description of, 172, 207, 
area pf, 353. 
Envelope of 

line whose equation involves indeter- 

minates in second degree, 246, <fcc. 
line on which sum of perpendiculars 

from several fixed points is con- 
stant, 95. 
given product or sum or difference of* 

squares of perpendiculars from two- 

fixed points, 248. 
base of triangle *given vertical angle 

and sum of sides, 249. 
whose sides pass through fixed points* 

»nd vertices move on fixed lines, 248, 
and inscribed in given conic, 239, 269,. 

307. 
which subtends constant angle at fixed 

point, two sides being given in 

position, 273. 
polar of fixed point with regard to a 

conic of which four conditions are 

given, 260, 269. 
polar of centre of circle touching two 

given, 279. 
chord of conic subtending constant 

angle at fixed point, 244, 272, 273. 
perpendicular at extremity of radius 

vector to circle, 194. 
asymptote of hyperbolas having same 

focus and directrix, 273. 

given three points and other asymp- 
tote, 261. 
line joining corresx>onding points of 

two homographic systems 

on different lines, 290. 
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Envelope of 

on a oooie, 242, 291. 
free side of ioscnbed polygon, all the 

rest pasafaig tluongh fixed points, 

239, 289. 
base of triangle inscribed in one conic, 

two of whose sides touch another, 

806. 
leg of giTen anharmonie pencil under 

diiferpnt conditions^ 812. 
ellipse given two conjugate difuneters 

said sum of their squares, 249. 
Equation, its meaning when co-ordinates 

of a givok |x)int are substituted in 

it ; for a right line, circle, or conic, 

29, 84, 127, 230. 
ditto for tangential equation, 363. 
pair of bisectors of angles between 

two tines, 71. 
of radical azi» of two circles, 98, 127. 
common tangints to two circles, 104, 

106, 2d^ 
circle through three points, 86, 128. 
cutting three circles orthogonally, 

102, 128. 
touching three circles, 114, 130, 366. 
inscribed in or circumscribing a tri- 
angle, 118, 12a, 276. 
haying triangle of reference self- 

conju^te^ 243. 
tangential of circle, 128. 363. 
tangent to circle or conic, 80, 141, 253. 
polar to circle or conic, 82, 142, 254. 
pair of tangents to conic from any 

point, 85, 144, 257. 

where conic meets given line, 260. 
asymptotes to a conic, 260, 328. 
chords of intersection of two comcs,322. 
circle osculating conic, 223. 
conic through five points, 222. 
touching five lines, 262. 
having double contact with two given 

ones, 251. 
having double contact with a given one 

and touching three others, 345, 366. 
through three points, or touching three 

lines, and having given centre, 256. 

and having given focus^ 276. 
reciprocal of a given one, 281, 335, 342. 
directrix or director circle, 258, 339. 
lines joining point to intersection of 

two curves, 259, 295. 
four tangents to one conic where it 

meets another, 336. 
curve parallel to a conic, 325. 
evolute to a conic, 220, 326. 
Jacobian of three conies, 346. 
Equilateral hyperbola, 163. 
general condition for, 338. 
given three points, a fourth is given, 

204, 278, 329. 
circle circumscribing self-conjugate 

triangle passes through centi-e, 204, 

329. 
Euler, expression for distance between 

centres of inscribed and circum- 
scribing circles, 331 . 
Evolutes of conies, 220, 326. 



Fagnani*8 theorem on axes of oonics, ^5S, 

Faure, theorems by, 329, 337. 

Eeuerbach, relation connecting four points 

on a circle, 87, 206. 
theorem on circles touching four lines^ 

126, 128, 301, 345. 
Fixed point, the following lines pas» 

tnrough a 
ooeffidenta in whose equation are con' 

nected by relation of first degree, 50. 
base of triangle, given vertical angle 

and sum of redprocals of sides, 48. 

whose sides pass through fixed 
points, and vertices move on three 
converging lines, 48, 
line sum of whose distances from fixed 

points is constant, 49. 
polar of fixed point with respect to 

circle, two points given, 100. 

with respect to conic, four points 
given, 148, 259, 269. 
chord of intersection with fixed centre 

of circle through two points, 100. 
of two fixed lines with conic through 

four points, one lying on each line, 

290. 
chord of contact given two points and 

two lines, 251, 
chord subtending right angle at fixed 

point on conic, 170, 259. 
when product is constant of tangents of 

parts into which normal divides 

subtended angle, 170. 
given bisector of angle it subten<£s at 

fixed point on curve, 310. 
perpendicular on its polar, from point 

on fixed perpendicular to axis, 178. 
Focus, see Contents, pp. 171-179, 198-200. 
infinitely small circle having double 

contact with conic, 230. , 
intersection of tangents from two fixed 

imaginary points at infinity, 228. 
equivsdent to two conditions, 367. 
co-ordinates of, given three tangents, 

263. 

when conic is given by general equa- 
tion, 228, 340. 
focus and directrix, 173, 229, 
theorems concerning angles subtended 

at, 272, 319. 
focal properties investigated by pro- 
jection, 308. - 
focal radii vectores from any point 

have equal difference of reciprocals, 

201. 
line joining intersections of focal nor- 
mals and tangents passes through 

other focus, 200. 
locus of, given three tangents to a 

parabola, 196, 203, 263, 273, 308. 
given four tangents, 263, 265. 
given four points, 206, 276. 
given three tangents and a point, see 

Ex. 3, p. 276. 
of section of right cone, howfound, 319. 
of systems in involution, 297. 

Gaultier of Tours, 99. 
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Gergonne, on drde touching thiee others, 

110. 
Graves, theorems by, 321, 357. 

Harmonic, section, 56. 

what when one point at infinity, 288. 
properties of quadrilateral, 57, 305. 
property of poles and polars, 85, 143, 

283, 285, 306. 
pencil formed by two tangents and 

two oo-^polar lines, 143, 284. 
by asymptotes and two conjugate 

diameters, 284. 
by diagonals of inscribed and circum- 
scribing quadrilateral, 231. 
by chords of contact and common 
chords of two conies haying double 
contact with a third, 231. 
properties deriyed from projection of 

nght angles, 309, 310. 
condition for harmonic pencil, 293. 
condition that line should be cut bar- 

monicaUy by two conies, 294. 
locus of pomts whence tangents to two 
conies form a harmonic pencil, 294. 
Hart, theorems and proofs by, 123, 125, 

126, 252, 359. 
Heame, mode of finding locus of centre, 

given four conditions, 256. 
Hennes, on equation of conic circumscrib- 
ing a trianglei 120. 
Hesse, 362. 

Hexagon (see Brianchon and Pascal)^ 
property of angles of circumscnbing, 
258, 277. 
Homogeneous, equations in two variables, 
meaning of, 67. 
trilinear equations, how made, 64. 
Homo^^hic systems, 57, 63. 

cnterion for, and method of forming, 

292. 
locus of intersection of corresponding 

lines, 260. 
envelope of line joining oorresponding 
points, 290, 291. 
Homologous triangles, ^9. 
Hyperbola, origin of name, 180, 316. 
area of, 354. 

ImaginaxY, lines and points, 69, 77. 

circular points at infinity, equation 

of, 338. 
every line through either perpen- 
dicular to itself, a38. 
Infinity, line at, equation of, 64. 
touches parabola, 224, 278, 318. 
centre, pole of, 150, 284. 
Inscription in conic of triangle or polygon 
whose sides pass through fixed 
points, 239, 261. 269, 289. 
Intercept on chord between curve and 
asymptotes equal, 181, 300. 
on asymptotes constant by lines Join- 
ix^ two variable points to one fixed, 
182. 236. 
on axis of parabola by two lines, equal 
to projection of distance between 
then: poles, 190, 281, 



Intercept on x>arallel tangents by variable 

tangent, 167, 275, 287, 365. 
Invariants, 154, 323. 
Inversion of curves, 114. 
Involution, 295. 

Jacobian of thi«e conies, 345, Ac 
Joachimsthal, 

relation between eccentric angles of 

four points on a circle, 218. 
method of finding points where line 
meets curve, 283. 

Kirkman*8 theorems on hexagons, 360. 

Latus rectum, 179. 

limit points of system of circles, 101, 279. 

Locus of 

vertex of triangle ^ven base and a 

relation between lengdis of sides, 

89, 47, 172. 
and a relation between angles, 39, 47, 

88, 107. 
and intercept by sides on fixed line, 288. 
and ratio of parts into which sides 

divide a fixed parallel to base, 41. 
vertex of given triangle, whose base 

angle moves along fixed lines, 197. 
vertex of triangle of which one base 

angle is fixed and the other moves 

along a given locus, 51, 96. 
whose sides pass through fixed points 

and base angles move along fixed 

lines, 41, 42, 237, 268, 287. 
generaUzations of the last problem, 288. 
of vertex of triangle wnich circum- 
scribes a given conic and whose 

base angles move on fixed lines, 

239, 307, 336. 
generalizations of this problem, 337. 
common vertex of several triangles 

given bases and sum of areas, 40. 
vertex of right cone, out of which 

siven conic can be cut, 319. 
point cutting in given ratio parallel 

chords of a circle, 157. 

intercept between two fixed lines, on 
various conditions, 39, 40, 47. 

variable tangent to conic between 
two fixed tangents, 265, 311. 
point whence tangents to two circles 

have given ratio or sum, 99, 252. 
taken according to different laws on 

radii vectores through fixed point, 

52. 
such that 2fnr* = constant, 88. 
whence square of tangent to circle is 

as product of distances from two 

fixed lines, 229. 
cutting in given anharmonic ratio, 

chords of conic through fixed point, 

308. 
on perpendicular at height from base 

equ^ a side, given base and sum of 

sides, 59. . . 

such that triangle formed by joinmg 

feet of perpendiculars on sides of 

triangle has constant area, 119. 
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Locos of, 

point on line of g^ren direction meeting 

sides of triangle, so that oc^^zoa^ob. 

286. 
on lines cut in given anharmonio ratio, 

of which other three describe right 

lines, and line itself touches a conic, 

311. 
chords throng which subtend right 

angle at point on conic, 259. 
whenoe tangents to two conies form 

harmonic penciL 294. 
whose polars with respect to three 

conies meet in a point, 345. 
middle point of rectangles inscribed in 

triangle, 43. 

of parallel chords of conic, 138. 

of convergent chords of circle, 96. 
intersection of bisector of vertical 

angle with perpendicular to a side, 

given base and sum of sides, 51. 
of perpendicular on tangent from 

centi^, or focus, with focal or central 

radius vector, 198. 
focal radius vector with corresponding 

eccentric vector; 209. 
of perpendiculars to sides at extremity 

of base, given vertical angle and 

another relation, 47. 
of perpendiculars of triangle given base 

and vertical angle, 88. 
of perpendiculars of triangle inscribed 

in one <x>nic and circumscribing 

another, 329. 
eccentric vector with corresponding 

normal, 209. 
corresponding lines of two homogra- 

phic pencils, 260. 
polars with respect to fixed conies of 

points which move on right lines, 

260. 
intersection of tangents to a conic 

which cut at right angles, 161, 166, 

258, 339. 

to a parabola which cut at given 
angle, 202, 246, 273. 

At extremities of conjugate dia- 
noeters, 198. 

iwhoseehord subtends constant angle 
at focus, 272. 

from two points, which cut a given 
line harmonically, 340. 

•each or both on one of four given 
tangents, 290, 308. 

at two fixed points on a conic satisfy- 
ing two other conditions, 209, 308. 

various other conditions, 204. 
intersection of normals at extremity 

of focal chord, 200. 
•or chord through fixed point, 203, 323. 
ioot of perpendicular from focus on 

tangent, 176, 193. 

<on normal of parabola, 203. 

•on chord of circle subtending right 
angle at given point, 91. 
extremity of focal subtangent, 178. 
centre of circle making given inter- 
cepts on given lines, 197, 



Lbcus of, 

centre of inscribed ciix^le given base 

and sum of sides, 197. 
of circle cutting three at equal angles, 

108. • 
of circumscribing circle given vertical 

angle, ^9. 
of circle touching two given circles, 

279, 308. 
centre of conic (or pole of fixed line) 
given four points, 148, 243, 256, 
260, 290, 308. 
given four tangents, 243, 256, 265, 

269, 809, 327. 
given three tangents and sum of 

squares of axes, 205. 
four conditions, 256, 368. 
pole of fixed line with regard t» sys- 
tem of oonfocals, 198, 310. 
pole with respect to one conic of tan- 
gent to another, 198, 266. 
focus of parabola given three tan- 
gents, 196, 203, 263. 273, 308. 
focus given four tangents, 263, 265. 
given four points, 206, 276. 
given three tangents and a point, 276* 
given four conditions, 369. 
vertices of self -conjugate triangle, com- 
mon to fixed conic, and variable of 
which four conditions are given, 369, 
MacCullagh, theorems by, 209, 319, 355^ 

357. 
MacLaurin's mode of generating conies, 

236, 240, 287, 288. 
Malfatti's problem, 252. 
Mechanical construction of conies, 172; 

183, 192, 207. 
Middle points of diagonals of quadrilat«- 

i^ in one line, '26, 62. 
Miguel, on cirdes circumscribing triangles 

formed by five lines, 238. 
Mobius on tangential coordinates, 26'6» 

on harmonic properties, 283. 
Moore, deduction of Steiner's theorem from 

Brianchon's, 236. 
Mulcahy, on angles subtended at focus, 819. 

Newton's method of generating conies, 288. 

Normal, 168, Ac. 323. 

Number of terms in general equation, 74. : 

of conditions to determine a conic, 131 . 

of intersections of two curves, 214. 

of solutions of problem to describe a 
conic touching five others, 370. 

Orthogonal systems of dides, 102, 128, 

335 347. 
Osculating cixde, 21<6, 223. 

three pass through given point on 

curve, 218. 

Pappus, 180, 283, 316. 
Parabola (see Contents, pp. 184-196, 
204-203). 

origin of name, 180, 316. 

has tangent at infinity, 224, 278, 818. 

co-ordinates of focus^-228, 263, 841. 

equation of directrix, 258, 389. 
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Parallel to conic, equation of, 325. 
Parameter, 179, 186, 191. 

same for reciprocals of equal circles, 
274. 
Pascal's hexagon, 234, 268, 289, 307. 
Perpendicular, equation and length, 26, 60. 

condition for, 59. 

extension of relation, 342. 

from centre and foci on tangent, 164, 
174, 193. 
Plucker, 266, 360. 

Polar co-ordinates and equations, 9, 36, 
87, 95, 166, 179, 196. 

poles and polars, properties of, 92, 143. 

polar, equation of, 82, 142, 254. 

pole of given line, co-ordinates of, 256. 

polar reciprooAls, 266, &c. 

point and polar equivalent to two 
conditions, 367. 
Poncelet, 101, 266, 289, 802. 
Projection, 303, 321. 

Quadrilateral, 

middle points of diagonals lie on 
a right line, 26, 62. 

circles having diagonals for diameters 
have common i^dical axis, 266. 

harmonic properties of, 67, 305, 

inscribed in conies, 143, 307. 

sides and diagonals of inscribed quad- 
rilateral cut transversal in involu- 
tion, 300. 

diagonals of inscribed and circum- 
scribed form harmonic pencil, 231. 

Radical axis and centre, 99, 122, 212, 270. 
Radius of circle circumscribing triangle 

inscribed in conic, 202, 321. 
Radius o£ curvature, 216. 
Reciprocals, method of, 66, 264-282, 342. 

Sadleir, theorems by, 178. 
Self -conjugate triangles, 91. 

circle haying triangle of reference for, 

243. 
of equilateral hyperbola, 204. 
vertices of two ue on a conic, 310, 329. 
equation of conic referred to, 227, 242. 
common to two conies, 246. 
-determination of, 336, 347. 
Serret on locus ' of centre given four 

tangents, 205. 
SimiHtude, centre of, 105, 212, 270. 



Similar conies, 211. 
condition for, 213. 

have points common at infinity, 225. 
tangent to one cuts constant area 
from other, 354. 
Steiner,' 

theorem on triangle circumscribing 

parabola, 201, 236, 263, 278, 329. 
on points whose osculating circle 

passes through given point, 218. 
theorems on Pascal's hexagon, 235, 

360. 
solution of Malfatti's problem, 2^2. 
Subnormal of parabola constant, 191. 
Supplemental chords, 166. 
Systems of circles having common radical 
axis, 100. 
of conies through four points cut a 
transversal in involution, 300. 
Tangent, general definition of, 78. 
to circle, length of, 84. 
to conic constructed geometrically, 

143. 
determination of points of contact, 

five tangents given, 236. 
variable, makes what intercepts on 

two parallel tangents, 107, 175. 
or on two conjugate diameters, 167. 
of parabola, how divides three fixe<l 
tangents, 287. 
Tangential equations, 65, 264, <fec., 363, 
(fee. 
of inscribed and circumscribing circles, 

120, 124, 275. 
of circle in general, 128, 363. 
of conic in general, 147, 249. 
of imaginary circular points, 337. 
of confocal conies, 340, 363. 
of points common to four conies, 331. 
interpretation of, 363. 
Townsend, theorems and proofs by, 241, 

289, 355. 
Transformation of co-ordinates, 6, 9, 151, 

323. 
Transversal, how cuts sides of triangle, 35. 
Camot's theorem of 
met by system of conies in involu- 
tion, 300. 
Triangle circumscribing, vertices of two 

lie on a conic, 308. 
Trilinear co-ordinates, 57, 60, 253. 

Zeuthen, 368. 
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and Social Science. By Charles Bray. 
Second Edition. 8vo. 9«. 

A Manual of Anthropology, or Science 
of Man, based on Modem Research. By 
the same Author. Crown 8vo. Gs. 

On Foroe, its Mental and Moral Corre- 
lates. By the same Author. 8vo. 5«. ' 

Time and Space; a MetaphyBical 

Essay. By Shadworth H. Hodgsox. 
870. price 16«. 

The Discovery of a New World 

of Being. By George Thomson. Post 
8yo. 6«. 

A Treatise on Human Nature; 

being an Attempt to Introduce the Expe- 
rimental Method of Reasoning into Moral 
Subjects. By David HtraiE. Edited, with 
Notes, &c, by T. H. Grbeit, Fellow, and 
T. H. GrosE) late Scholar, of Balik>l Col 
lege, Oxford. [/n the press. 

Essays Moral, Political, and Li- 
terary. By David Hume. By the same 
Editors. [/« the press. 

*»* The above wiU form a new edition of 
David Hume's Philosophical Works, com- 
plete in Four Volumes, but to be had in Two 
separate Sections as announced. 



Astronomy^ Meteorology y Popular Geography^ ^r. 



Outlines of Astronomy. By Sir 

J. F. W. Herschel, Bart. M.A. Eleventh 
Edition, with 9 Plates and numerous Dia- 
grams. Square crown 8vo. 12s, 

Schellen's Speotrtim Analysis, in 

its Application to Terrestrial Substances 
and the Physical Constitution of the Hea- 
venly Bodies. Translated by Jane and 
C. Lassell ; edited, with Notes, by W. 
HuGGms,LL.D. F.R.S. With 18 Plates 
(6 coloured) and 223 Woodcuts. 8vo. 28«. 

The Sun ; Buler, Light, Fire, and 

Life of the Planetary System. By Riokabd 
A. Pbocior, B.A. F.B.A.S. With 10 PlotM 
(7 coloured) and 107 Woodcuts. Crown 
8vo. price 14«. 

SBCuni ttnd lt« BytteiiL Ify Vba rikne 
Author. 8vo. with 14 Plates, 14«. 



Navigation and Naatieal As- 
tronomy (Practical, Theoretical, Scientific> 
for the use of Students and Practical Men. 
By J. Mebrifield, F.B.A.S. and H. 
EVEBS. 8vo. lit. 

Celestial Objects for Common 

Telescopes. By T. W. Webb, M.A. F.iLA.S. 
New Edition, revised and enlarged, with 
Map of the Moon and Woodcuts. ICmo. 
price 7s. Qd, 

A New Star Atlas, for; the Library, 
the School, and theJObaervator}', in Twelve 
Circular Maps (with ;Two Index Plates). 
Intended as a Companion to * Webb's Celes- 
tial Objects for Common Telescopes.' With 
* Letterpress Introduction on the Study of 
the SUn, ilfaistrated by 9 Diagrams. By 
BicHABD A. PROcrmB, BJl. Hon. Sec 
B*A3* Cxoittt 8fOw 5#. 
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Other Worlds than Ours; the 

Plurality of Worlds Studied under the 
Light of Recent Scientific Researches. By 
R. A. Proctor, B.A. F.R.A.S. Second 
Edition, revised and enlarged; ^vith 14 
Illustrations. Crown 8vo. 10«. 6 J. 

A General Dictionary of G^eo- 

graphy, Descriptive, Physical, Statistical, 
and HLttorical ; forming a complete 
Gazetteer of the World. By A. Keith 
Jt>n2JSTOir, F.R.S.E. New Edition. 8vo. 
price 31«. Cc/. 

Essays on Astronomy. By Richard 

A. Proctor, B.A. Hon. Sec. R.A.S. Detli- 
catcd, by permission, to the Astronomer- 
Rovdl. 8vo. with 10 Plates and 20 Wood 
Engra>'ing?, price 12«. 



A Manual of Geography, Physical, 

Industrial, and Political. By W. Hughes, 
F.R.G.& Prof, of Geog. in King's Coll. and in 
Queen's Coll. Lond. With 6 Maps. Fcp. 7^. 6d. 

Maunder's Treasury of Geogra- 
phy, Physical, Historical, DescriptiTe, and 
Political Edited by W. Hughes, F.R.G.S. 
With 7 Maps and 16 Pktes. Fcp. 6s. 

The Public Schools Atlas of 

Modem Geography. In Thirty-one Maps, 
exhibiting clearly the more important 
Physical Features of the Countries deli- 
neated, and Noting all the Chief Places of 
Historical, Commercial, and Social Interest. 
Edited, with an Introduction, by the Rev. 
G. Butler, M.A. Imperial quarto, price 
3«. Cd. sewed ; 55. cloth. 



Natural History and Popular Science. 



Ganot's Elementary Treatise on 

Physics, Experimental and Applied, for the 
«se of Colleges and Schools. Translated and 
Edited with the Author's sanction by 
E. Atkinson, Ph.D. F.C.a New Edition, 
revised and enlarged ; with a Coloured Plate 
and 726 Woodcuts. Post 8vo. 15«. 

Text-Books of Science, Mechanical 
a«d Physical. Edited by T. if. Goodeve, 
M.A. The following may now be had, 
price Bs. Qd, each : — 

1. Goodkve's Mechanism. 

2. Bloxau's Metals. 

3. Miller's Inorganic Chemistry. 

4. Griffin's Algebra and Trigonometry. 

5. Watsox's Plane and Solid Geometry. 

6. Maxwell's Theory of Heat. 

7. Mbrrifield's Technical Arithmetic 

and Mensuration. 

Dove's Law of Storms, considered in 
connexion with the ordinary Movements of 
the Atmosphere. Translated by R. H. 
Scott, M.A. T.C.D. 8vo. 10«. Gd. 

The Correlation of Physical 

Forces. By W. R. Grove, Q.C. V.P.RS. 
Fifth Edition, revised, and Augmented by a 
Discourse on Continuity. 8vo. 10*. 6d. 
The DUcourse^ separately, price 2«. 6d. 

Natural Philosophy for General 

Readers and Young Persons ; being a Course 
of Physics divested of Mathematical For- 
mula, expressed in the language of daily 
life, and illustrated with Explanatory 
Figures, familiarly elucidating the Prin- 
ciples and Facts. Translated and edited 
from Ganot's * Cours de Physique,' with the 
Author's sanction, by E. Atkinson, Ph.D. 
F.C.S. Crown 8vo. with Woodcuts, 7a. 6c?. 



Heat a Mode of Motion. By Pro- 
fessor John Tyvdall, LL.D. F.R.S. Fourth 
Edition. Crown 8vo. ivith Woodcuts, 
price 10«. 6<iL 

Sound : a Course of Eight Lectures de- 
livered at the Royal Institution of Great 
Britain. By Professor John Ttndall, 
LL.D. F.R.a New Edition, with Portrait 
aAd Woodcuts. Crown 8vo. 9«. 

Researches on Diamagnetism 

and Magne-Crystallic Action ; including 
the Question of Diamagnetic Polarity. By 
Professor Tyndall. With 6 Plates and 
many Woodcuts. Bvo, 14*. 

Notes of a Course of Nine Lec- 

tiures on Light, delivered at the Royal 
Institution, a.d. 1869. By Professor Tyn- 
dall. Crown 8vo. 1«. sewed, or Is, Gd. 
cloth. 

Notes of a Course of Seven Lec- 
tures on Electrical Phenomena and Theorie.<«, 
delivered at the Royal Institution, a.d. 1870. 
By Professor Tyndall. Crown 8vo. 1«. 
sewed, or Is, Qd, cloth. 

A Treatise on Electricity, in 

Theory and Practice. By A. De La Rive, 
Prof, in the Academy of Geneva. Trans- 
lated by C. V. Walker, F,R.S. 3 vols. 
8vo. with Woodcuts, £3. 13s, 

Fragments of Science. By Johk 

Tyndall, LL.D. F.R.S. Third Edition. 
8vo. price 14*. 

Light Science for Leisure Hours; 

a Scries of Familiar Essays on Scientific 
Subjects, Natural Phenomena, &c. By 
R. A. Proctor, B.A. F.R.A,S. Crown 8vo. 
price Is. 6d. 
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Xiigllt: its Influence on Life and Health. 
By FoKBES WiNSLOw, M.D. D.C.L. Oxon. 
(Hon.) Fq>. 8to. Bs, 

Van Dor Hoeven's Handbook of 

ZooLOOT. Translated from the Second 
Dutch Edition by the Ber. W. Clabk, 
M.D. F»R.S. 2 vols. 8yo. with 24 Hates of 
Figures, 60«. 

Professor Owen's Leotures on 

the Comparative Anatomy and Physiology 
of the Invertebrate Animals. Second 
Edition, with 235 Woodcuts. 8yo. 2l5. 

Tlie Comparatiye Anatomy and 

Physiology of the Vertebrate Animals. By 
Richard Owen, F.R.S. D.C.L. With 
1,472 Woodcuts. 8 vols. 8vo. £3 13». 6J. 

Kirby and Spence's Introduction 

to Entomology, or Elements of the Natural 
History of Insects. Crown 8vo. 5«. 

Homes without Hands; a Descrip- 
tion of the Habitations of Animals, cUssed 
according to their Principle of Construction. 
By Rev. J. G. Wood, M.A. F.L.S. With 
about 140 Vignettes on Wood. 8vo. 21s. 

Strange Dwellings; a Description 

of the Habitations of Animals, abridged 
from * Homes without Hands.' By J. 6. 
Wood, M.A. F.L.S. With a New Frontis- 
piece and about 60 other Woodcut Illus- 
trations. Crown 8vo. price 7«. Qd, 

Bible A""^^^*^^" ; & Description of every 
Living Creature mentioned in the Scrip- 
tures, from the Ape to the CoraL By 
the Rev. J. G. Wood, M.A. FX.S. With 
about 100 Vignettes on Wood. 8vo. 21«. 

The Harmonies of Nature and 

Unity of Creation. By Dr. G. Hartwig. 
8vo. with numerous Illustrations, 18s. 

The Sea and its Iiiiring 'Wonders. By 

the same Author. Third Edition, enlarged. 
8vo. with many Illustrations, 21s. 

The Tropical "World. By the same Authw. 
With 8 Chromoxylographs and 172 Wood- 
cuts. 8vo. 21s. 

The Subterranean "World. By the same 
Author. With 3 Maps and about 80 Wood- 
cut niustrationsy including 8 fall size of 
page. 8vo. price 21s. 

The Polar World : a Popular Description of 
Man and Nature in the Arctic and Antarctic 
Regions of the Globe. By the same Author. 
With 8 Chromoxylographs, 3 Maps, and 85 
Woodcuts. 8vo. 21s. 



Insects at Home; a Popular Ac- 
count of British Insects, their Stmeturi^ 
Habits, and Transformations. By the 
Rev. J. G. Wood, M.A. F.L.S. With 
upwards of 700 Illustrations engraved ea 
Wood, 1 coloured and 21 full size of page. 
8vo. 21s. 

The Origiu of Civilisation and 

the Primitive Condition of Man ; Mental 
and Social Condition of Savages. By Sir 
John Lubbock, Bart. M.P. F.R.S. Second 
Edition, revised, with 25 Woodcuts. 8vo. 
price 16s. 

The Primitive Inhabitants of 

Scandinavia. Containing a Description ef 
the Implements, Dwellings, Tombs^ and 
Mode of Living of the Savages in the North 
of Europe during the Stone Age. By Svor 
NiLSsbx. 8vo. Plates and Woodcuts, 18s. 

A F&miliar History of Birds. 

By E. Stanley, D.D. late Lord Bishop of 
Norwich. Fcp. with Woodcuts, 8s. Gd, 

Maunder's Treasury of Natural 

History, or Popular Dictionary of Zoology. 
Revised and corrected ,by T. S. Cobbold, 
M.D. Fcp. with 900 Woodcuts, 6s. 

The Elements of Botany fol 

Families and Schools. Tenth Edition, re- 
vised by Thomas Moore, F.L.S. Fcp. 
with 164 Woodcuts, 2s. Qd. 

The Treasury of Botany, or 

Popular Dictionary of the Vegetable King- 
dom ; with which is incorporated "a Glos- 
sary of Botanical Terms. Edited by 
J. LiNDLET, F.R.S. and T. Moore, F.L.S. 
Pp. 1,274, with 274 Woodcuts and 20 Sted 
Plates. Two Parts, fcp. 8vo. 12s. 

The Hose Amateur's Guide. By 

Thomas Rivers. New Edition. Fcp. 4s. 

IiOudon'sEnoydopsddia of Plants ; 

comprising the Specific Character, Descrip- 
tion, Culture, History, &c. of all the Plants 
found in Great Britain. With upwards of 
12,000 Woodcuts. 8vo. 42s. 

Maunder's Scientific and Lite-i 

rary Treasury ; a Popular EncydopaBdia pf 
Science, Literature, and Art. New Edition, 
in part rewritten, with above 1,000 new 
articles, by J. Y. Johnson. Fcp. 6s. 

A Dictionary of Science^ Litera^ 

ture, and Art. Fourth Edition^ re-edited 
by the late W. T. Brande (the Author} 
and George W. Cox, M.A. 3 vols, medium 
8vo. price 68s. doth. 
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ChemisUnj, Medicine^ Surgery^ and the Allied Sciences^ 



A Biotionary of Obemifltry and 

the Allied Branches of other Sciences. By 
Qbrbt Watts, F.C.S. assisted by eminent 
Scientific and Practical Chemists. 5 vols. 
8to. prioe £7 Z$. 



8Qp9lem«nt ; bringing the Beoord ofChemioal 
Dlmovery down to the end of the year 1869 ; 
inehniing also sereral Additions to, and 
GorreetioDe of, formor results which have 
appeared in 1870 and 1871. By the same 
Author, assisted by eminent Scientific and 
Practical Chemists^ Contributors to the 
Original Work. 8t<». di«. 6<i. 

Besearolies In M<deculaT Physios 

by Maans of Radiant Heat; a Series of 
Memoirs collected ftom the Philosophical 
Transactions. By John Ttndall^ LL.D. 
JJLS. 1 vol. 8vo. [/n the prvs. 

Elements of Chenustry, Theore- 

tiaal and PracticaL By William: A. 
MiLiiKB, M J). LL.D. Professor of Chemis- 
try, King's College, London. Fourth Edi- 
tion. 3 vols. 8vo. £3. 

Part I. Chemical Physics, 15«. 

Part II. Inorganic Chbmistby, 21«. 

Part III. Organic Chemistry, 24s. 

A Course of Practical Chemistry, 

for the use of Medical Students. By 
W. Odling, M.B. F.R.S. New Edition, with 
70 new Woodcuts. Crown 8ro. 7#. 6d, 

Outlines of Chemistry; or, Brief 

Notes of Chemical Facts. By the same 
Author. Crown 8vo. 78. 6d. 

IiOOtures on Animal Chemistry Delivered 
at the Royal College of Physicians in 1865. 
By the same Author. Crown 8vo. 4*. 6rf. 

Select Methods in Chemical 

Analysis, chiefly Inorganic. By William 
Crookks, F.R.S. With 22 Woodcuts. 
Crown 8yo. price 12». 6d, 

Chemical Notes for the laeoture 

Room. By TnoaiAs Wood, F.CS. 2 vols, 
crown Svo. I. on Heat, &c price bs, 
II. on the Metals, price 5«. 

The Diagnosis, Pathology, ancL 

Treatment of Diseases of Women ; including 
the Diagnosis of Pregnancy. By Gbaily 
Hewitt, M.D. &c. President of the Ohste- 
trical Society of London. Second Edition, 
enlarged; with 116 Woodcuts. 8yo. 248. 

On the Surgical Treatment of 

Children's Diseases. By T. Holmes, M.A. 
&c late Surgeon to the Hospital for Sick 
Children. Second Edition, with 9 Plates 
and 112 Woodcuts. 8vo. 21«. 



Leotosefl on the DiaeflBBa of In- 

fiBcy and ChikUiBod. By Chables West, 
ILD. &c. Fifth Edition. 8to. lOs. 

On Some Disorders of the Ker- 

Tous System in Childhood. Being the 
Lumleian Lectores delivered before the 
Royal CoU^e of Physidana in March 1871. 
fiy Charlks West, M.D. Crown Svo. bs. 

ZiOotareB on the Pr ii iuip i eB and 

Practice of Physic. By Sir Thokas Wat- 
Boy, Bart. M.D. Physician-in-Ordinary to 
the Queen. Fifth Edition, thoroughly re- 
vised. 2 vols. 8vo. price 36«. 

laeotnrea on Surgical Pathology. 

By Sir James Paoet, Bart F.R.S. Third 
Edition, revised and re-edited by the Author 
and Professor W. Turner, MJB. Svo. with 
131 Woodcuts, 21a. 

Cooper's Dictionary of Practical 

Surgeiy and Encydopedia of Suigical 
Science. New E^Ution, bnmght down to 
the present time. By S. A. Lane, Stngeon to 
St. Mary's Hospital, &c aanaled by various 
Eminent Surgeons. Vol. IL Svo. com- 
pleting the work. [ Jn thepre8A. 

On Chronic BronohitiSy eepedally 

as connected with Gout, Emphysema, and 
Diseases of the Heart By £. Hkaplam 
Greenhow, M.D. F.B.C JP. &c. 8vo. 7s. 6d. 

The Climate of the South of 

Fhmoe as Suited to Invalids ; with Notices 
of Mediterranean and other Winter Sta- 
tions. By C. T. Williams, MJL M.D. 
Ozon. Physician to the Hospital for Con- 
sumption at Brompton. Second Edition. 
Crown Svo. 6«. 

Pulmonary Consumption ; its 

Nature, Varieties, kad Treatment : with an 
Analysis of One Thousand Cases to exem- 
plify its Duration. By C. J. B. Williasb, 
M.D. F.R.S. and C. T. Williams, M.A. 
M.D. Oxon. Physicians to the Hospital for 
Consumption at Brompton. Post 8ro. 
price 108, Gd. 

Anatomy^ DeseriptlTe and Sur- 
gical. By Henrt Grat, F.R.S. With 
about 410 Woodcuts ftom Dissections. Fifth 
Edition, by T. Holhbb, MJL Cantab. With 
a New Introduction by the iEditor. Boyal 
Svo. 2S8, 

The House I Live in ; or, Popular 

Illustrations of the Structure and Functions 
of the Human Body. Edited by T.G.Girtin. 
New Edition, with 25 Woodcuts. 16mo. 
price 28, Sd, 
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A System of Surgery, Theoretical 

and Practical, in Treatises by Various 
Authors. Edited hj T. Holmes, M.A. &c. 
Surgeon and Lecturer on Surgery at St. 
George's Hospital, and Surgeon-in-Chief to 
the Metropolitan Police. Second Edition, 
thoroughly revised, Tfith numerous Illus- 
trations. 6 vols. 8vo. £5 6*. 

dinical Lectures on Diseases of 

the Liver, Jaundice, and Abdominal Dropsy. 
By C. MuRCHisoN, M.D. Kiysician to the 
Middlesex Hospital. Post 8vo. ^ith 25 
Woodcuts, 10». 6d. 

Physiological Anatomy and Phy- 
siology of Man. By the late R. B. Todd, 
M.D. F.R.S. and W. Bowman, F.R.S. of 
King's College. With numerous Illustra- 
tions. Vol. II. 8vo. 25«. 

Vol. I. New Edition by Dr. Lioxel S. 
Beale, F.R.S. in course of publication, 
with nuineious Illu&trations. Parts I 
and II. price 7s. 6d. eaeh. 



Outlines of Physiology, Human 

and Comparative, By John Mabsiiall, 
F.R.C.S. Professor of Surgery in University 
College, London, and Surgeon to the Uni- 
versity College Hospital. 2 vols, crown 8vo. 
with 122 Woodcuts, 32*. 

Copland's Biotionary of Praotieal 

Medicine, abridged from the larger work, 
and throughout brought down to the pre- 
sent state of Medical Science. 8vo. S6«. 

Dr. Pereira's Elements of KCateria 

Medica and Therapeutics, abridged and 
adapted for the use of Medical and Phar- 
maceutical Practitioners and Students ; and 
comprising all the Medicines of the British 
Pharmacopoeia, with such others as are 
frequently ordered in Prescriptions or tc- 
quired by tlie Physician, Edited by Pro- 
fessor Bentley, F.L.S. <fec. and by Dr. 
Rkdwoop, F.C.S. &c. With 125 Woodeut 
Illustrations. 8vo. price 25s. 



ITie Fine Arts, and Mlmtrated Editions. 



In Fairyland ; Pictures from the Elf- 
World. By Richard Doyle. With a 
Poem by W. Allingham. With Sixteen 
Plates, containing Thirty-six Designs 
printed in Colours. Folio, Sis. Qd. 

Albert Dnrer, his Iiife and 

Works ; including Autobiographical Papers 
and Complete Catalogues. By William 
B. Scott. With Six Etchings by the 
Author and other Illustrations. 8vo. 16a. 



Half-Hour Lectures on the His- 
tory and Practice of the Fine and Orna- 
mental Arts. B3'. W. B. Scott. Second 
Edition. Crown 8vo. with 60 Woodcut 
Illustrations, Ss. 6d. 

The Chorale Book for England: 

the Hymns Translated by Miss C. Wink- 
worth ; the Tunes arranged by Prof. W. 
S. Bennett and Otto GoLDscmfiDT. 
Fcp. 4to. 12«. 6rf. 

The New Testament, illustrated with 

Wood Engravings after the Early Masters 
chiefly of the Italian School. Crown 4to. 
63*. cloth, gilt top ; or £5 bs. morocco. 

The Life of Van Symbolised by 

the Months of the Year in their Seasons 
and Phases. Text selected by Richaud 
PiGOT. 25 Illustrations on Wood from 
Original Designs by John Leighton, 
F.S.A. Quarto, 42*. 



Cats' jand Farlie's Moral Vm.- 

blems ; with Aphorisms, Adages, and Pro- 
verbs of all Nations: comprising 121 Illus- 
trations on Wood by J. Leighton, F.SwA.. 
with an appropriate Text by B. Pigot. 
Imperial Svo. 31«. 6dL 

Sacred and Legendary Art. By 

Mrs. jAMESoyr. 6 vols, square crown Svo. 
price £6 15s. Gd. as follows : — 
iLesonds of thd Baints ami Martyrs. 
Kew Edition, with 19 Etchings and 187 
Woodcuts. 2 vols, price 31«. Qd. 

Iiegends of fhB Mona&tio Orders. New 

Edition, with 11 Etchmgs and 88 Woodcuts. 
1 vol. price 21*. 

XiQgends of tlie Hadoxuia. New Edition, 
with 27 Etchings and 1G5 Woodcuts. 1 
vol. price 21«. 

The History of Our Lord, with that of His 
Types and Precursors. Completed by Lady 
Eastlake. Revised Edition, with 13 
Etchings and 281 Woodcuts. 2 vols, 
price 42«. 

Lyra Ctermanica, the Christian Year. 
Translated by Cathebinb Winkworth, 
with 126 Illustrations on Wood drawn by 
J. Leiqhton, F.S.A. Quarto, 21s. 

X;yTa G-ennanioa. the Ghiistfan Life. 
Translated by Catherine Wikkw^bth; 
with about 200 Woodcut Illustrations by 
J. Leighton, F.S.A. and other Artists. 
Quarto, 21«. 
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The Useful ArtSj Manufactures^ ^r. 



Gwilt'8 EnoyolopsBdia of Arohl- 

tectnre, with above 1,600 Woodcuts. Fifth 
Edition, with Alterations and considerable 
Additions, by Wyatt Papwokth. 8yo. 
price 52«. 6</. 

A Manual of Architecture : being 

a Concise History and Explanation of the 
I^Cnicipal Styles of European Architecture, 
Ancient, Mediseval, and Kenaissanoe ; with 
their Chief Variations and a Glosury of 
Technical Terms. By Thomas Mitcuell. 
With 150 Woodcuts. Crown 8vo. 10s. 6d 

Hiatory of the G-othio Revival; 

an Attempt to shew how far the taste for 
Mediaeval Architecture was retained in 
England during the last two centuries, and 
has been re-developed in the present. By 
C. L. Eastlakic, Architect. With 48 
Illustrations (36 fidl size of page). Im- 
perial 8vo. price 31«. 6<f. 

Hints on HoiiBehold Taste in 

Furniture, Upholster}', and other Details. 
By Charles L. Eastlake, Architect. 
Seoond Edition, with about 90 Illustrations. 
Square crown 8vo. 18«. 

Iiathes and Turning, Simple, Me- 
chanical, and Ornamental. By W. Henry 
NoBTHCOTT. With about 240 Illustrations 
on Steel and Wood. 8vo. 18«. 

Principles of Mechanism, designed 

for the use of Students in the Universities, 
and for Engineering Students generally. 
By R. Willis, M.A. F.R.S. 4c. Jacksonian 
Professor in the Univ. of Cambridge. Second 
Edition ; with 374 Woodcuts. 8vo. 18«. 

Handbook of Practical Tele- 

gr^hy. By R. S. Culley, Memb. Inst. 
C.^. Engineer-in-Chief of Telegraphs to 
the Post-Office. Fifth Edition, revised and 
enlarged ; with 118 Woodcuts and 9 Plates. 
Svo. price 14*. 

lire's Dictionary of Arts, Manu- 
factures, and Mines. Sixth Edition, re- 
^wittcn and greatly enlarged by Robert 
Hunt, F.R.S. assisted by numerous Con- 
tributors. With 2,000 Woodcuts, 3 vols. 
medium 8vo. £4 14<. Qd. 

Cate<diism of the Steam Engine, 

ia its various Applications to Mines, Mills, 
Steam Navigation, Railways, and Agricul- 
ture. By JoMf BouBNK, C.E. New Edi- 
tion, with 89 Woodcuts. Fcp. 6«. 



Encydopsedia of Civil Engineer- 
ing, Historical, Theoretical, and Practical 
By E. Cresy, C.E. With above 3,000 
Woodcuts. 8vo. 42«. 

Treatise on Mills and Millwork* 

By Sir W. Fairbairn, Bart. F.R.S. New 
Edition, with 18 Plates and 322 Woodcuts. 
2 vols. 8vo. 32s. 

Useftil Information for Ihigineers. By 
the same Author. First, Second, and 
Third Series, with many Plates and 
Woodcuts. 3 vols, crown 8vo. 10s. 6d. each. 

The Applloation of Cast and 'Wronsfat 
Iron to Building Purposes. By the same 
Author. Fourth Edition, with 6 Plates and 
118 Woodcuts. 8vo. 16s. 



Iron Ship Building, its 

and Progress, as comprised in a Series of 
Experimental Researches. By Sir W. Fair- 
RAIRX, Bart. F.R.S. With 4 Phites and 
130 Woodcuts, 8vo. 18». 

A Treatise on the Steam Engine, 

in its various Applications to Mines, Mills, 
Steam Navigation, Railways, and Agri- 
culture. By J. Bourne, C.E. New Edition; 
with Portrait, 37 Plates, and 546 Woodcuts. 
4to. 42«. 

Becent Improvements in the 

Steam-Engine. By Joiix Bourxe, C.E. 
New Edition, including many New Ex- 
amples, with 124 Woodcuts. Fcp. 8vo. Gs, 

Bourne's Examples of Modem 

Steam, Air, and Gas Engines of the. most 
Approved Types, as employed for Pumping, 
for Driving Machinery, for Locomotion, 
and for Agriculture^ minutely and prac- 
tically described. In course of publication, 
to be completed in Twenty-four Parts, price 
2«. 6d. each, forming One Volume, with 
about 50 Plates and 400 Woodcuts. 



A Treatise on the Screw 

peller, Screw Vessels, and Screw Engines, 
as adapted for purposes of Peace and War. 
By John Bourne, C.E. Third .Edition, 
with 54 Plates and 287 Woodcuts. jQuarto, 
price 63v. 

Handbook of the Steam Engine. 

By John Bourne, C.E. forming a Key to 
the Author's Catechism of the Steam Engine. 
With 67 Woodcuts. Fcp. 9*. 

A History of the Machine- 

Wrought Hosiery and Lace Manufactures. 
By WiLTJAM Felkin, F.L.S. F.S.S. With 
several Illustrations. Koyal 8vo. ?1». 
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Mitchell's Manual of Fractioal 

Assaying. Third Edition for the most part 
re-written, with all the recent Discoveries 
incorporated. By W. Crookes, F.R.S. 
With 188 Woodcuts. Svo. 28s. 

Tlie Art of Ferfamery ; the History 
and Theory of Odours, and the Methods of 
extracting the Aromas of Plants. By Dr. 
PiESSE, F.C.S. Third Edition, with 63 
Woodcuts. Crown Svo. 10«. 6J. 

Bayldon's Art of Valuing Bents 

and Tillages, and Claims of Tenants upon 
Quitting Farms, both at Michaelmas and 
Lady-Day. Eighth Edition, revised by 
J. C. Morton. Svo. 10«. 6rf. 

On the Manufacture of Beet- 

Koot Sugar in England and Ireland. By 
William Crookes, F.R.S. With 11 Wood- 
cuts. Svo. 85. 6rf. 



Practical Treatise on MetaUurgy, 

adapted from the last German Edition ot 
Professor Kerl's Metallurgy by W. 
Crookes, F.R.S. &c. and E. RShrio, 
Ph.D. M.E. 3 vols. Svo. with 625 Wood- 
cuts, price £1 19s. 

Loudon's Enoydopeedia of Agri- 
culture*, comprising the Laying-out, Im- 
provement, and Management of Landed 
Property, and the Cultivation and Economy 
of the Productions of Agriculture. With 
1,100 Woodcuts. Svo. 21«. 

Iioudon's Enoydopaedla of G-ardening : 

comprising the Theory and Practice of 
Horticulture, Floriculture, Arboriculture, 
and Landscape Gardening. With 1,000 
Woodcuts. Svo. 21». 



Religious and 3foral Works. 



Authority and Conscience ; a Free 

Debate on the Tendency of Dogmatic 
Theobgy and on the Characteristics of 
Faith. Edited by Coxway Morel. Post 
Svo. 7». Qd. 

Reasons of Faith ; or, the Order of the 
Christian Argument Developed and Ex- 
plained. By the Rev. G. S. Drew, M.A. 
Second Edition, revised and enlarged. Fcp. 
Svo. 6«. 

Christ the Consoler; a Book of Com- 
fort for the Sick. With a Preface by the 
Ikight Rev. the Lord Bishop of Carlisle. 
Small Svo. 6«. 

The True Doctrine of the Eucha- 
rist. By Thomas S. L. Vogan, D.D. 
Canon and Prebendary of Chichester and 
Rural Dean. Svo. 1S«. 

The Student's Compendium of 

the Book of Common Prayer ; being Notes 
Historical and Explanatory of the Liturgy 
of the Church of England. By the Rev. H. 
Allden Nash. Fcp. Svo. price 2«. 6c?, 

Synonyms of the Old Testament, 

their Bearing on Christian Faith and Prac- 
tice. By the Rev. Robert B. Girdle- 
stone, M.A. Svo. price 15«. 

Fundamentals; or, Bases of Belief 
concerning Man and God : a Handbook of 
Mental, Moral, and Religious Philosophy. 
By the Rev. T. Griffith, M.A, Svo. 
price 10s. 6d, 

An Introduction to the Theology 

of the Church of England, in an Exposition 
of the Thirty-nine Articles. By the Rev. 
T. P.Boultbee, LL.D. Fcp. Svo. price C*. 



Christian Sacerdotalism, viewed 

from a La^nnan's standpoint or tried by 
Holy Scripture and the Early Fathers; 
with a short Sketch of the State of the 
Church from the end of the Third to the 
Reformation in the beginning of the Six- 
teenth Century. By John Jardine, M.A. 
LL.D. Svo. S». 6rf. 

Prayers Selected from the Col- 
lection of the late Baron Bunsen, and 
Translated by Catherine Winkworth. 
Part I. For the Family. Part II. Prayers 
and Meditations for Private Use. Fcp. 
Svo. price 85. 6d, 

Churches and their Creeds. By 

the Rev. Sir Philip Perrino, Bart, late 
Scholar of Trin. Coll. Cambridge, and 
University Medallist. Crown Svo. 10*. Cd. 

The Truth of the Bible ; Evidence 

from the Mosaic and other Records of 
Creation; the Origin and Antiquity of 
Man ; the Science of Scripture ; and from 
the Archaeology of Different Nations of the 
Earth. By the Rev. B. W. Savile, M.A. 
Crown Svo. 7». 6d. 

Considerations on the Bevision 

of the English New Testament. By C J. 
Ellicott, D.D. Lord Bishop of Gloucester 
and Bristol. Post Svo. price 55.6cf. 

An Exposition of the 89 Articles, 

Historical and Doctrinal. By E. Harold 
Browne, D.D. Lord Bishop of Ely. Ninth 
Edition. Svo. IQa, 

ICxamination-Questions on Bishop 
Browne's Exposition of the Articles. By 
the Rev. J. Goble, M.A. Fcp. S«. Sd. 
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TbA Voyage and Shipwreck of 

St Paul ; with Dittertationa on the Ships 
and Navigation of the Andente. B}* James 
Smith, F.R.S. Crown 8vo. Charts, 10». 6<f. 

The Life and ESpistles of 8t. 

Paul. By the Rev. W. J. Conybeare, 
M.A. and the Very Rev. J. S. Howson, 
D.D. Dean of Chester. Three Editions : — 

Library Edition, with all the Original 
Illustrations, Maps, Landscapes on Steel, 
Woodcuts, &c. 2 vols. 4to. 48». 

Inter^iediate Edition, with a Selection 
of Maps, Plates, and Woodcuts. 2 vols. 
square crown 8vo. 81«. 6d, 

STUDENT*fl Edition, revised and con- 
densed, with 46 Illustrations and Maps. 1 
vol. crown 8vo. 95. 

Evidence of the Truth of the 

Christian Religion derived from the Literal 
Fulfilment of Prophecy. By Alexander 
Keith, D.D. 37th Edition, with numerous 
Plates, in square 8vo. 128. 6d.\ also the 
39th Edition, in post 8vo. with 5 Plates, 6t, 

fUhe History and Pestiny of the "World 
and of the Church, according to Scripture. 
By the same Author. Square 8vo. with 40 
Illustrations, 10«. 

The History and Iiiterature of 

the Israelites, aecorcUng to the Old Testa- 
ment and the Apocrj'pha. By C. De 
KoTHScniLD and A. De Rothschild. 
Second Edition. 2 vols, crown 8vo. 125. Gd, 

Vol. I. The Historical BookSf 7s. 6d. 
Vol. II. The Prophetic and Poetical WriUngs, 
price 55. 
Abridged Edition, in 1 vol. fcp. 8vo. 35. 6rf. 

Ewald'fi History of Israel to the 

Death of Moses. Translated from the Ger- 
man. Edited, with a Preface and an Ap- 
pendix, by Russell Mabtinbau, M.A. 
Second Edition. 2 vols. 8vo. 24s. Vols. III. 
and IV. edited by J. E. Carpenter, M.A. 
price 2l5. 

The See of Borne in the Middle 

Ages. By the Rev. Oswald J. Rbichel, 
B.C.L. and M.A. 8vo. 18«. 

The Pontificate of PiuB the Kinth ; 

beidg the Third Edition, enlarged and 
continued, of * Rome and its Ruler.* By 
J. F. Maguire, M.P. Post 8vo. Portrait, 
price 125. Gd. 

Ignatius Loyola and the Early 

Jesuits. By Stewart Rose New Edition, 
revised. 8vo. with Portrait, I65. 

An Introduction to the Study of 

the New Testament, Critical, Exegetical, 
and Theological. By the Rev. S. Davidson, 
D.D. LL.D. 2 vols. 8vo. 80.*. 



A Critioal and Granunaticai Com- 
mentary on St. Paul's EfMstles. ByO. J. 
Ellicott, D.D. Lord Bishop of Gloucester 
and Bristol. 8to. 

Galatians, Pourth Bdition, 85. ed. 
Xipliositns* Fourth Edition, %8. 6<{. 
Pastoral Xpistlefl, Fourth Edition, 10«. 6d. 
FhiUiqpiaas, Oolowiaaa, and Philemon, 
Third Edition, IO5. 6<2. 

Tlieasaloniazis. Third Edition, 75. M, 

Historical Lectureson the lofe of 

Our Lord J€sus Christ : being the Hulsean 
Leotures for 1850. By C. J. Ellicott, D.D. 
Lord Bishop of Gloucester and Bristol. 
Fifth Edition. 8vo. 125. 

TheGreek Testament; withSTotes, 

Grammatical and Exegetical. By the Rev. 
W. Webster, M.A. and the Rev. W. F. 
Wilkinson, M.A. 2 vols. 8vo. £2. 45. 

SCome's Introduction to the Cri- 
tical Study and Knowledge of the Holy 
Scriptures. Twelfth Edition ; with 4 Maps 
and 22 Woodcuts. 4 vols. 8vo. 425. 

The Treasury of Bible Know- 
ledge; being a Dictionary of the Books, 
Persons, Places, Events, and other Matters 
«f which mention is made in Holy Scrip- 
ture. By Rev. J. Aybe, M.A. With 
Maps, 15 Plates, and numerous Woodcuts. 
Pop. 8vo. 65. 

Every-day Scripture Difficulties 

explained and illustrated. By J. E. Pbes- 
OOTT, M.A. I. Matthew and Mark ; IX. Ltd^ 
and John. 2 vols. 8vo. price 95. each. 

The Pentateuch and Book of 

Joshua Critically Examined. By the Right 
Rev. J. W. Colenso, D.D. Lord Bishop of 
Natal. Crown 8vo. price 65. 

Paut VI, The Later Legislation of the 

Peatateuch. 8vo. 245. 

The Formation of Christendom. 

By T. W. Allies. Parts I. and II. ^yo. 
prioe 125. eadi. 

Foux Discourses of Chrysoatom, 

chiefly on the parable of the Rich Man and 
Lazarus. Translated by P. Allen, B.A. 
Crown 8vo. 35. 6d. 



Jeremy Taylor's Entire 

WorkB; with Life by Bishop Hebbb. 
■Revised and corrected by the Bat. C. P. 

Eden. 10 vols. £5. 55. 

England and Christendom. By 

Archbishop Manning, D.D. Post 8vo. 
price IO5. 6c?. 
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thoughts fjoT the Age. Br Euzabbtb 

M. StBWELL, Author of 'Amy Herbert.' 
New Edition. Fcp. 8vo. price 61. 

Fassing Thoughts on Beligion. By the 
same Author. Fcp. B*. 6d. 

Gelf-ezamination before Ooxxfinnation. 
By the same Author. S2ino. Is. 6dL 

Tliouglits for the Holy "Week, for Young 
Persons. By the same Author. New 
Edition. Fcp. 8to. 2s. 

Beadings for a Month. Preparatory to 

Confirmation from Writers of the Early and 
English Church. By the same. Fcp. 4«. 

Readings for Every Day in Ijent, com- 
piled from the Writings of Bishop Jerebiy 
Taylor. By the same Author. Fcp. 5s. 

Preparation for the Holy Commwiion; 

the Devptions chiefly from the works of 
Jeremy Taylor. By the same. 32mo. 3s. 

Frinoiples of Education drawn from 

Nature and Revelation, and Applied to 
Female Education in the Upper Classes. 
By the same Author. 2 vols. fcp. 12s. 6rf. 



Singers and Songs of the Ohurch, 

being Biographical Sketches of the Hymn- 
Writezs in ill the principal Collections; 
with Notes on their Psalms and Hymns. 
By J06IAH Miller, M.A. Post 8vo. 10s. Qd. 

' Spiritual Songs * for the Sxtndays 

and HoUdays throughout the Year. By 
J. S. B. M0N8ELL, LL.D. Vicar of Egham 
and Rural Dean. Fourth Edition, Sixth 
Tlioosand. Fcp. price 4s. 6d. 

The Beatitudes, By the same Author. 
Third Edition, rertoed. Fcp. 8s. 6d, 

His Presence not his Memory, 1855, 
By the same Author, in memory of his Son. 
Sixth Edition. 16mo. Is. 

Lyra Germanioay translated from the 
German by Miss C. Winkworth. Fikst 
Series, the Christian Tear, Hymns for the 
Sundays and Chief Festivals of the Church ; 
Second Series, the Christian Life, Fcp. 
870. price ds. Bd. each Series. 

EndeavoTirs after the Christian 

Life; Discourses. By James Martineau. 
Fourth Edition. Post 8vo. price 7s. Gd. 



Travels, Voyages, ^^e. 



How to See Norway. By Captain 

J. R. Campbell. With Map and 5 Wood- 
cuts. Fcp. 8vo. price 5s« 

Pau and the Pyrenees. By Count 

Henry Russeli^ Member of the Alpine 
Club. With 2 Maps. Fcp. 8vo. price 5s. 

Scenes in the Sunny South; In- 

duding the Atlas Mountains and the Oases 
of the Sahara in Algeria. By Lieut.-Col. 
the Hon. C. S. Ybrsker, M.A. Com- 
mandant of the Limerick Artillery' Militia. 
2 vols, post 8vo, price 21s. 

Hours of Exercise in the Alps. 

By John Ttndall, LL.D., F.R.S. Second 
Edition, with Seven Woodcuts by E. Whym- 
per. Crown 8vo. price 12s. 6rf. 

travels in the Central Caucasus 

and Bashan, including Visits to Ararat and 
Tabreez and Ascents of Kazbek and Elbruz. 
By Douglas W. Freshfield, Square 
orown 8vo. with Maps, &c., 18s. 

'Oadore or Titian's Country. By 

JosiAH GiLBEST, ouc of the Authors of the 
'Dolomite Mountains.' With Map, Fac- 
simile, and 40 Illustrations. Imp.8yD. 81t. Sd . 



The Playground of Europe. By 

Leslie Stephen, late President of the 
Alpine Club. With 4 Illiistrations on Wood 
by E. Whymper. Crown 8vo. 10s. 6d. 

Westward by Bail ; the New Route 
to the East. By W.F.Rae. Second Edition, 
Post 8vo. with Map, price 10s. Qd. 

Zigzagging amongst Dolomites; 

with more than 300 Illustrations by the 
Author. By the Author of ' How we ^ent 
tiie Summer.' Oblong 4to. price 15s. 

The Dolomite Mountains. Ezcur- 

siens through Tyrol, Carinthia, Carniola, 
and Friuli. By J. Gilbert and G. C. 
Churchill, F.R.G.S. With numerous 
Illustrations. Square crown 8vo. 21s. 

How we Spent the Summer; or, 

a Voyage en Zigzag in Switzerland and 
Tyrol with some Members of the Alpine 
Club. Third Edition, re-drawn. In oblong 
4to. with about 800 Illustrations^ 15s. 

Pietures in Tyrol and Elaewhere. 
From a Family Sketch-Book. By the 
«ame Author. Second Edition. 4to. with 
many lUustratioss, 21i. 
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Beaten TraokB; or, Pen and PoQcil 
Sketches in Italy. By the Author of < How 
we spent the Summer/ With 42 Plates of 
Sketches. Svo. 16«. 

The Alpine Club Map of the Chain 

of Mont Blanc, from an actual Survey in 
1803—1864. By A. Adams - Reillt, 
F.R.G.S. M.A.C. In Chiomolithography on 
extra stout drawing paper 28in. x 17in. 
price 10^. or mounted on canras in a folding 
case, 12«. 6cf. 

History of Disoovery in our 

Anstraladan Colonies, Australia, Tasmania, 
and New Zealand, firom the Earliest Date to 
the Present Day. By Wilixvm Howitt. 
2 vols. 8vo. with 8 Maps, 20«. 

Viflita to Remarkable Places: 

Old Halls, Batae-FiddB, and Scenes illus- 
trative of striking Passages in English 
History and Poetry. By the same Author. 
2 vols, square crown 8vo. with Wood En- 
gravings, 25s. 



Guide to the Pyrenees, for the use 

of Mountaineers. By Charles Packe. 
Second Edition, with Maps, &c. and Appen- 
dix. Crown 8vo. 7s. 6d. 

The Alpine Guide. By John Ball, 
M.R.IJL late President of the Alpine Club. 
Post 8vo. with Maps and other Illustrations. 

Qnide to the ISastem Alps, price lOs.Gd, 

Qnide to the 'Western Alps, including 
Mont Blanc, Monte Rosa, Zermatt, &c. 
price 6s, 6d 

Guide to the Central Alps, includimg 
all the Oberlsnd District, price 7«. 6d, 

Introduotion on Alpine Travelling in 
general, and on the Geology of the Alp?, 
price If. Either of the Three Volumes or 
Parts of the Alpine Guide may be had with 
this iNTBODUcmoN prefixed, price Is, extra 

The Bnral Life of England. 

By William Howitt. Woodcuts by 
Bewick and Williams. Medium 8vo. 12«. Sd- 



Works of Fiction. 



Popular Bomances of the Middle 

Ages. By Gkoroe W. Cox, M.A. Author 
of * The Mythology of the Ar}*an Nations ' 
&c. and Eustace Hinton Joxes. Crown 
8vo. 10«. 6d. 

Hartland Forest ; a Legend of North 

Devon. By Mrs. Brat, Author of *The 
White Hoods,' <Life of Stothard,* &c. Post 
8to. with Frontispiece, 4«. 6d, 

Novels and Tales. By the Right 

Hon. Benjamin Disraeli, M.P. Cabinet 
Editions, complete in Ten Volumes, crown 
8vo. price 6«. each, as follows : — 



LOTIIAIR, 6s, 

coningsbt, 68, 
Sybil, 6«. 
Tancred, 6s. 



Venetia, 6s, 
Alroy, Ixion, &c. 6s, 
YouNo Duke, &c. 6s, 
Vivian Grey, 6s. 

Contarini Fleming, Ac, 6s, 

Henrietta Temple, 6s, 



A Visit to my Discontented Cou- 
sin. Reprinted, with some Additions, from 
Eraser* s Magazine. Crown 8yo. price 7s. 6d. 

Stories and Tales. By E. M. Sewell. 

Comprising Amy Herbert ; Gertrude ; the 
EarVs Daughter ; the Experience of Life ; 
Cleve Hatt'f Ivors ; Katharine Ashton ; Mar- 
garet Perdval ; Laneton Parsonage ; and 
Ursula. The Ten^Works complete in Eight 
Volumes, crown 8vo. bound in leather and 
contained in a Box, price Two Guineas. 



Our Children's Story. By One of 

their Gossips. By|tiie Author of * Voyage 
en Zigzag,^ ^c. Small 4to. with Sixty 
Illustrations by the Author, price 105.6ef. 

Cabinet Edition, in crown 8vo. of 

Stories and Tales by Miss Srwell : — 



Amy Herbert, 2s. 6d. 
Gertrude, 2«. 6d. 
Earl's Daughter, 

2s, 6d, 
Experience of Life, 

2s. 6d 
Cleve Hall, 3«. 6d, 
Ivors, 3«. 6d, \ 



Katharine Asht</n, 
3x. 6d, 

Margaret Perci- 
NAL, 5s. 

Laneton Parson- 
age, 8s. 6d. 

Ursula, 4s. 6d. 



IL Glimpse of the "World. Fcp. 7s. 6d, 
Journal of a Home Iiife. Post 8to. 9s. 6d. 

After Iiife ; a Sequel to the 'Journal of a Home 
Life.' Post 8to. lOs. 6<;. 

The Giant ; a Witch's Story for English 
Bo3's. Edited by Miss Sewell, Author of 
* Amy Herbert,' &c. Fcp. 8vo. price 5«. 

TTnole Peter's Fairy Tale for the XlXth 
Century. By the same Author and Editor. 
Fcp. 8vo. Is, 6d, 

Wonderftil Stories from Norway, 

Sweden, and Iceland. Adapted and arranged 
by Julia Goddard. With an Introductoiy 
Essay by the Rev. G. W. Cox, M.A. and 
Six Illustrations. Square post Sro. 6s. 
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The Modern Novelist's Library. 

Each Work, in crown 8vo. complete in a 
Single Volume : — 

Melville's Gladiators, 2«. boards ; 2s. Bd, 

cloth. 
■ Good for Nothing, 2«. boards ; 

2s. 6d. cloth. 

Holmbt House, 2s, boards; 



^s. 6d, doth. 

Interpreter, 2«. boards; 2s. Qd. 



doth. 

Ejlte Coventry, 2s, boards ; 

2s. 6d, cloth. 

Queen's Maries, 2s. boards; 



2s, Sd, cloth. 
Trollope's Warden, la. Qd. boards; 2s, 

cloth. 
Barchbster Towers, 2». boards; 

2s. Bd. doth. 

Bramley-Moore's Six Sisters of the 
Valleys, 2s. boards; 2s. Gd, doth. 



leme ; a Tale. By W. Steuart Trench, 
Author of * Realities of Irish Life.' Second 
Edition. 2 vols, post 8vo. price 2ls. 

The Home at Heatherbrae; a 

Tale. By the Author of <Everley.' Fcp. 
8vo. price 5s, 

Becker's GkQlus ; or, Eoman Scenes of 
the Time of Augustus. Post 8vo. 7s. 6d, 

Becker's Charicles : lUustrative of 

Private Life of the Ancient Greeks. Post 
8vo. 7s, Bd, 

Tales of Ancient Greece. By George 

W. Ck)X, M.A. late Scholar of Trin. Coll. 
Oxford. Crown 8vo. price 6s, firf. 

Cabinet Edition of Nov.els and 

Tales by G. J. Whyte Melville : — 

DiGBY Grand, 5s, iHolmby House, 5s, 
Kate Coventry, Ss.JQueen's Maries, G«. 
General Bounce, 65. The Interpreter, 5s. 
Good for Nothing, piice 65. 



Poetry and The Drama. 



A Vision of Creation ; a Poem. 

With an Introduction, Geological and Cri- 
tical. By Cuthbert Colling wood, M.A. 
and B.M. Oxon. F.L.S. &c. Author of 
* Rambles of a Naturalist on the Shores and 
\fttien of the Chiaa Seas ' &c. Crewa 8vo. 
price 7s, 6d, 

The Story of Gautama Buddha 

and his Creed; an Epic. By Richard 
Phillips. Square fcp. 8vo. 6s, 

Ballads and Lyrics of Old France; 

with other Poems. By A. Lang, Fellow of 
Merton College, Oxford. Square fcp. 8vo. 
price 5s, 

Songs of the Sierras. By Joaquin 
Miller. New Edition, revised by the 
Author, Fcp. 8vo. 6s, 

Thomas Moore's Poetical Works, 

with the Author's last Copyright Addi- 
tions : — 
Shamrock Edition, price Ss, 6d, 
People's Edition, square cr, 8vo. 10». 6d, 
Library Edition, Portrait & Vignette, 148, 

Moore's Lalla Bookh, Tenmel's Edi- 
tion, with 68 Wood Engravings from 
Original Drawings and other Illustrations. 
Fcp. 4to. 2U, 

Moore's Irish Melodies, Maclise's 

Edition, with 161 Steel Plates from Original 
Drawings. Super-royal 8vo. 81«. 6d. 

Miniature Edition of Moore's Irisli 
Melodies, with Maclise's Illustrations (as 
above), reduced in Lithography. Imp. 
16mo. lOs, 6d, 



Southey's Poetical Works, with 

the Author's last Corrections and copyright 
Additions. Library Edition. Medium 8vo. 
with Portrait and Vignette, lis. 

Lays of Ancient Boxm ; vitth ivrt^ 

and the Armada, By the Rt^t Hon. Lord 
Macaulat. 16mo. is. 6d, 

Iiord Maoanlay's Iiays of Ancient 
Rome. With 90 Illustrations on Wood, 
Original and firom the Antique, from 
Drawings by G. Scharf. Fcp. 4to. 21*. 

Miniature Edition of Iiord Macaulay's 
Laj's of Ancient Eome, with Scharfs 
Illustrations (as above) reduced in Litho- 
graphy. Imp. 16mo. IO9. 6d. 

Gk>ldsmith's Poetical Works, Illus- 
trated with Wood Engravings from Designs 
by Members of the ETciirxa Club. Imp. 
16mo. 7s. 6d. 

John Jerningham's Journal. Fcp. 

8vo. price ds. 6<1 

The Mad War Planet, and other 

Poems. By William Howitt, Author of 
'Visits to Remarkable Places,' &c, Fcp. 
8vo. price 5s, 

Eucharis ; a Poem. By F. Kegixald 

Statham (Francis Reynolds), Author of 
'Alice Rushton, and other Poems* and 
*Glaphyra, and other Poems.' Fcp. 8yo. 
price Bs, 6d. 

Poems of Bygone Years. Edited 

by the Author of 'Amy Herbert.' Fcp. 
8vo. 6*. 

c 
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Poems. By Jaikir Iitqblow. Fifteenth 
Edition. Fcp. 8to. 6«. 

Poems by Jean Ingelow. With 

nearly 100 lUostrationB fay Eminent 
Artbts, engrayed on Wood by Dalzisl 
Brothers. Fq>. 4to. 21f . 

A Story of Doom^ and other Poemi. 
By Jeam Inoklow. Tluid Edition. Fcp. 
price 5«. 

Bowdler's FamJly Shakspearo, 

cheaper Genuine Edition, complete in 1 vol. 
large type, with 36 Woodcut IllnstrationS) 
price lis. or in 6 pocket vols. 8«. Sd. each. 



Horatli Opera, Library Edition, with 
Copious English Notes, Marginal Eefeienoe» 
and Yarious Readings. Edited by the Rev. 
J. £. ToNOE, M.A. 8yo. 21«. 

The JBneid of Virgil TransLited into 
English Verse. By John CoNiNOTOif, M.A. 
Corpus Professor of Latin in the University 
of Oxford. New Edition. Crown 8ro. 9*. 

Works by Edward Yardley :— 

Fantastic Stories, fcp. 3a. Gd. 
Melusine and other Poems, fcp. 5s, 
Horace's Odes translated into English 

Verse, crown 8vo. 6s. 
Supplementary Stories and Poems, 

fcp. Ss, 6d, 



a»*rib^^l^ 



Eural Sports ^c. 



Eaoyolopeedia of Bural Sports ; 

a Complete Account, Historical, Practical, 
and Descriptive, of Hunting, Shooting, 
Fishing, Racing, &c. By D. P. Blaine. 
With above 600 Woodcuts (20 from Designs 
by John Leech). Svo. 21a. 

The Dead Shot, or Sportsman's Com- 
plete Guide ; a Treatise on the Use of the 
Gun, Dog-breaking, Pigeon-shooting, &c. 
By Marksman. Fcp. with Plates, 5s. 

A Book on Angling: being a Com- 
plete Treatise on the Art of Angling in 
eyery branch, including full Illustrated 
Lists of Salmon Flies. By Francis Francis. 
New Edition, with Portrait and 15 other 
Plates, plain and coloured. Post Svo. 15«. 

Wiloooks's Sea-Fisherman: com- 
prising the Chief Methods of Hook and Line 
Fishing in the British and other Seas, a 
glance at Nets, and remarks on Boats and 
Boating. Second Edition, enlarged, with 
80 Woodcuts. Post Svo. 12«. 6df. 

The Fly- Fisher's Entomology. 

By Alfred Ronalds. With coloured 
Representations of the Natural and Artifi- 
cial Insect. Sixth Edition, with 20 coloured 
Plates. Svo. lis. 

The Book of the Boaoh. By Gre- 

TiLLE Fennell, of * Thd Fisld.' Fop. 8vo. 
price 25. Qd, 

Horses and Stables. By Colonel 

F. FrrzwTOBAM, XV. the King's Httssars. 
With 24 Plates of Woodcut Illustrations, 
containing very ntunerous Figtim. 8yo. 15s. 

The OZy his Diseases and their Treat- 
ment ; with an Essay on Parturition in the 
Cow. By J. E. Dossmr, M.R.C.y.a. Qn-Wh 
^0. with Illustrations, 7s. 6dL 



A Treatise on Horse-shoeing and 

Lameness. By Joseph Gamgee, Veteri- 
nary Surgeon, formerly Lecturer on the 
Principles and Practice of Farriery in the 
New Veterinary College, Edhibuigh. 8vo., 
with 55 WoodcutS) 16«. 

Blaine's Veterinary Art : a Treatise 

on the Anatomy, Physiology, and Curative 
Treatment of the Diseases of the Horse,. 
Neat Cattle, and Sheep. Seventh Edition, 
revised and enlarged by C. Steel. 8vo. 
with Plates and Woodcuts, ISs, 

Yonatt on the Horse. Eevised and 

enlarged by W. Watson, M.R.C.V.& Svo^^ 
with numerous'Woodcuts, 12s. Qd. 

Youatt on the Doe;. (By the same Author.)- 
Svo. with numerous Woodcuts, 6«. 

The Dog in Health and Disease 

By Stonehenge. With 70 Wood En- 
gravings. New Edition. Square crown 
Svo. lOs, 6d. 

The Gh^eyhoiind. By the same Author. 
Revised Edition, with 24 Portraits of Grey- 
hounds. Square crown Svo. 10«. 6cL 

TheHorse*s lE'oot, and howto keep 

it Sound. By W. Mn^s, Esq. Ninth Edt- 
lion, with lUtistrations. Imp. 9vo. 12f. 6dl 

▲ Plain Treatise on iSorse-^alioelns. By 

the same Author. Sixth Edition, post Svo. . 
with Biustrations, 2s, Qd, 

Stables aad Stable Fittisga. Bg the SHne. . 
Imp. Svo. with 13 Plates, 15«. 

Bemarke on Horties' ^elith, ftda^essed to - 
Purchasers. By the sMne> Post Svt>. 1*. 6cr ' 



KEW WORKS PUBLISHED BY LONGMAJ^S and CO. 



19 



Works of Utility and 
The Law of Nations Considered 

as Independent Political Communities. By 
Sir Travers Twibs, D.CL. 2 toIs. 8yo. 
SOt. or separately, Pabt I. P«ace, 12». 
Pakt II. Wear, 18». 

TPhe Theory and Practice of 

Banking. By Henry Dunning Macleod, 
M.A. Barrister-at-Law. Second Edition, 
entirely remodelled. 2 vols. 8vo. 30*. 

M'CuUoch's Dictionary, Prac- 
tical, Theoretical^ and Historicidy of Com- 
merce and Commercial Navigation. New 
Edition, revised throughout and corrected 
to the Present Time ; with a Biographical 
Kotioe of the Author. Edited by H. G. 
Reid, Secretary to Mr. M^Culloch for many 
years. 8vo. price 635. cloth. 

Modem Cookery for Private 

Families, reduced to a System of Easy 
Practice in a Series of carefully-tested Re- 
ceipts. By Eliza Acton. Newly revised 
and enlarged; with 8 Plates, Figures, and 
150 Woodcuts. Fcp. 6«. 

A Practical Treatise on Brewing ; 

with Formulae for Public Brewers, and In- 
structions for Private Families. By W. 
Black. Fifth Edition. 8vo. 10«. Gcf. 

Maunder's Treasury of Enow- 
ledge and Library of Reference : comprising 
an English Dictionary and Grammar, Uni- 
versal Gazetteer, Classical Dictionary, 
Chronology, Law Dictionary, Synopsis of 
the Peerage, Useftd Tables, Ac. Fcp. 6*. 

Chess Openings . By F. W. Longman, 
Balliol College, Oxford. Fcp. 8vo. 2«. GcT. 

Hints to Mothers on the Manage- 
ment of their Health during the Period of 
Pregnancy and in the Lying-in Room. By 
Thomas Bull, M.D. Fcp. 5*. 

The Maternal Management of 

Children in Health and Disease. By Thomas 
Bull, M.D. Fcp. 5». 



General Information. 

The Cabinet Lawyer; a Popular 

Digest of the Laws of England, Civil, 
Criminal, and Constitutional. Twenty-third 
Edition, corrected and brought up to the 
Present D^te. Fcp. 8vo. price 7«. 6<f. 

How to Nurse Sick Children; 

containing Directions which may be found 
of service to all who have charge of the 
Young. By Charles West, M.D. Second 
Edition. Fcp. 8vo. 1«. G<i. 

Notes on Lying-in Institutions ; 

with a Proposal for Organising an Institu- 
tion for Training Midwives and Midwifery 
Nurses. By Floeence Nightingale. 
With 6 Plans. Square crown 8vo. 7s. 6rf. 

Notes on Hospitals. By Flobencb 

Nightingale. Third Edition, enlarged; 
with 13 Plans. Post 4to. 18». 

Collieries and Colliers: a Handbook 

of the Law and Leading Cases relating 
thereto. By J. C. Fowler, Barrister. 
Second Edition. Fcp. 8vo. 7«. 6d. 

Cotilthart's Decimal Interest 

Tables at Twenty-four Different Rates not 
exceeding Five per Cent. Calculated for the 
use of Bankers. To which are added Com- 
mission Tables at One-eighth and One- 
fourth per Cent. 8vo. 15*. 

Willich's Popular Tables for As- 

certaining the Value of Lifehold, Leasehold, 
and Church Property, Renewal Fines, &c. ; 
the Public Funds ; Annual Average Price 
and Interest on Consols from 1731 to 1867 ; 
Chemical, Geographical, Astronomical, 
Trigonometrical Tables, &c. Post 8vo. 10«. 

Pewtner's Comprehensive Speci- 
fier; a Guide to the Practical Specification 
of every kind of Building- Artificer's Work ; 
with Forms of Building Conditions and 
Agreements, an Appendix, Foot-Notes, and 
Index. Edited bj' W. Youxo, Architect. 
Crown 8vo. 6*. 



Periodical Publications. 



The Edinburgh Review, or Cri- 
tical Journal, published Quarterly in Janu- 
ary, April, July, and October. 8vo. price 
6«. each Number. 

19'otes on Books : An Analysis of the 
Works published during each Quarter by 
Messrs. Longmans & Co. The object is to 
enable Bookbuyers to obtain such informa- 
tion regarding the various works as is usu- 
ally afforded by tables of contents and ex- 
planatory prefaces. 4to. Quarterly. Gratia. 



Fraser's Magazine. Edited by Ja^izs 

Anthony Froude, M.A. New Series, 
published on the 1st of each Month. 8vo. 
price 28. Qd. each Number. 

The Alpine Journal ; A Kecord of 

Mountain Adventure and Scientific Obser- 
vation. By Members of the Alpine Club. 
Edited by Leslie Stephen. Published 
Quarterly, May 81, Aug. 31, Nov. 80, Feb. 
28. 8vo. price 1«. 6d. each Number. 
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Knowledge for the Young. 



TheSteppingStonetoKnowledge: 

ContainiBg upwards of Seven Hundred 
Qaestions And Answers on Miscellaneoas 
Subjects, adapted to the capacity of Infant 
Minds. By a Mother. New Edition, 
en]arg«d and improved. 18mo. price Is. 

The Bteppins Stone to Geography: 
Containing several Hundred Questions and 
Answers on Geographical Subjects. 18mo. l^. 

The Stepping Stone to Xhiglish History: 
Containing several Hundred Questions and 
Answers on the History of England, l^. 

The Stepping Stone to Bible Enow- 
ledge: Containing several Hundred Ques- 
tions and Answers on the Old and New 
Testaments. 18mo. Is. 

The Stepping Stone to Biography: 

Coctaiuing several Hundred Questions and 
Answers on the Lives of Eminent Men and 
Women. 18mo. 1«. 



Second Series of tlie Stepping 

Stone to Knowledge: containing upwards 
of Eight Hundred Questions and Answer; 
on Miscellaneous Subjects not contained u 
the First Sebies. t8mo. 1«. 

The Stepping Stone to French Fronun 
elation and Conversation : Containing seve 
ral Hundred Questions and Answers. B] 
Mr. P. Sadler. 18mo, Is, 

The Stepping Stone to Snglish Gram 
mar : Containing several Hundred Question 
and Answers on English Grrammar. B; 
Mr. P. Sadler. 18mo'. 1«. 

The.Stepping Stone to Ifatural History 
Vertebrate or Backboned Animau 
Part I. Mammalia ; Part IU Birdi, Rtp 
tile9, Fuihet, 18mo. Is. aach Part. 
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ACTOir'8 Modern CSookery 19 

Allies on Formation of Christendom 14 

Allen's Discourses of Chrysostom 14 

Alpine Guide (The) 16 

' Journal 19 

Abkold's Manual of English Literature .. 5 

Authority and Conscience 13 

Autumn Holidays of a Country Parson .... 6 

Atre's Treasury of Bible Knowledge 14 

Bacoit's Essays by "Whatelt 6 

Life and Letters, by Spbddiso .. 4 

"Works 6 

Bain's Mental and Moral Science 7 

on the Senses and Intellect 7 

Ball's Guide to the Central Alps 16 

• Guide to the 'Western Alps 16 

. Guide to the Eastern Alps 16 

Batldon's Bents and Tillages IS 

BeatenTracks 16 

Becker's Charicles and Oallus 17 

Benpet's Sanskrit-English Dictionary .... 6 

Bernard on British Neutrality i 

BisssT on Historical Truth 8 

Black's Treatise onBrewing 19 

Blacklet's German-English Dictionary . . 6 

Blaine's Eural Sports 18 

Veterinary Art 18 

Bloxam's Metals 8 

Booth's Saint-Simon .S 

Boultbeb on 89 Articles 13 

Boxtrne on Screw Propeller 12 

— *4 Catechism of the Steam Engine . . 12 

Examples of Modem Engines .. 12 

Handbook of Steam Engine .... 12 

Treatise on the Steam Engine .... 12 

— ImproTcments in the same 12 

Bowdlbr's Family Shaksfearb 18 

Botd's B«miniscenoe8 8 

Bra]ilet*Moore*8 Six Sisters of the Valley 17 
Brande's Dictionary of Science, Literature, 

and Art , 9 

brat's Manual of Anthropology 7 

Philosophy of Necessity 7 

OnForoe 7 

(Mrs.) Hartland Forest 16 

Browne's Exposition of the 89 Articles .... 18 

BRUNEL'sLifeOfBRITNBL 8 

BucKLB's Histoiy of Civilisation i 

Bull's Hints to Mothers 19 

. Maternal Management of Children . . 19 

Bunsen's God in History 8 

• Prayers 13 

Burkb's Vicissitudes of Families 4 

Burton's Christian Church .,.,, 3 



Cabinet Lawyer 19 

Campbell's Norway 1* 

Carnota's Memoirs of Pombal 8 

Cates's Biographical Dictionary 4 

■ -- and Woodward's Encyclopoedia B 

Cats and Farlie's Moral Emblems 11 

Changed Aspects of Unchanged Truths 6 

Chesney 's Indian Polity 2 

— Waterloo Campaign 2 

Chorale Book for England II 

Christ the Consoler 13 

Clovgh's Litres from Plutarch 2 

CoLENSO (Bishop) on Pentateuch and Book 

of Joshua 14 

Collingwood's Vision of Creation 17 

Commonplace Philosopher in Town and 

Country C 

Conington's Translation of Virgil's ^neid 18 

Contanseau's Two French Dictionaries . . 6 
CoNYBBARE andjHowsoN'sLife and Epistles 

of St.Paul 14 

Cooper's Surgical Dictionary 19 

Copland's Dictionary of Practical Medicine 11 

Coulthart's Decimal Interest Tables .... 19 

Counsel and Comfort from a City Pulpit .. 6 

Cox's (G.W.) Aryan Mythology 8 

Tale of the Great Persian War 2 

Tales of Ancient Greeee .... 17 

. and Jones's Popular Ro- 
mances 16 

Crest's Eno^clopaidia of Civil Engineering Vi 
Critical Essays of a Country J^rson ......'.." 6 

Crookes on Beet-Boot Sufl^ar 18 

.- ^'8 Chemical Analysis 10 

Culley's Handbook of Telegraphy 12 

Cusack's Student's History of Ireland .... 8 



D'AuBiGN^'s History of the Beformation in 

the time of Calvin 

Davidson's Introduction to NewTestament 14 

Dead Shot (The), by Marksman 18 

Db la Bite's Treatise on Electricity 8 

Dbnison's Vice-Regal Life 1 

Disraeli's Lord George Bentinck 8 

— Novels and Tales ig 

Dobson on the Ox IB 

Dove's Law of Storms 8 

Doyle's Fairyland u 

Drew's Bieasons for Faith 13 

Dyer's City of Bome 8 

Eastlake's Gothic Revival 18 

. Hints on Household Taste .... 12 

Edinburgh Review 19 

Elements of Botany 
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Ellicott on New Test«ment ReviBion .... 18 

— '8 Commentary on Ephesians .... 14 

__^^____~»-__ Galatians .... 14 

Pastoral Epist. 14 

Philippians.Ac 14 

Tbessalonians 14 

's Lectures on life of Christ .... 14 

EiriLD'B History of Israel 14 

FAiXBAiRir^s Application of Cast and 

Wrought Iron to Buildius 12 

— ^-^— Information for Engineers .... 12 

Treatise on Blills and Millifork 12 

Iron Shipbuilding 12 

7abai>A.t'b Life and Letters 4 

Fabbas'b Chapters on Language 6 

Pamilies of Speech 7 

FBiznr on Hosiery ft Lace Manufactures. . 12 

PmrBL'sBookoftlieBoaoh 18 

PiTZWTGiUH on Horses and Stables 18 

Fowlbb's Collieries and Colliers 19 

FSAVCIS'S Fishing Book 16 

Fbasbb's Magazine . i 19 

Fbbshpibld's Travels in the Caucasus .... 15 

Fboudb's History of England 1 

Short Studies 6 

Gamobs on Horse-Shoeing 18 

Gasot'b Elementary Physics 8 

— — Natural Philosophy 8 

GlAHT(The) 16 

Gii.BBBT*B Cadore 15 

—— and Chubciiili.'s Dolomites .... 15 

Gxrdlbstoitb's Bible Synonyms 13 

Gxbtih'b House I Live In 10 

Gxedbtonb'b life of Whitbfibld 4 

Qodsasd'b Wonderful Stories 16 

Goldsmith's Poems, Illustrated 17 

Goodbye's Mechanism 8 

Gbahajc's Autobiography of MiLTOxr 8 

— — View of Literature and Art .... 2 

Gxavt's Ethics of Aristotle 5 

■ Home Politics 2 

QraTer Thoughts of a Country Parson 6 

Ghnqr's Anatomy 10 

Gbebvhow on Bronchitis 10 

Gbiffik's Algebra and Trigonometry .... 8 

(Sbivfith's Fundamentals 18 

Gbotb on Correlation of Physical Forces . . 8 

Qtoutet's Chapters of French History .... 2 

Gwilt'b EncydopsBdia of Architecture .... 12 



Hamfden'b (Bishop) Memorials 3 

Hare on Election of Bepresentatives 5 

Hastwio's Harmonies of Nature... 9 

Polar World 9 

■ ■ Sea and its Living Wonders .... 9 

^ Subterranean World 9 

Tropical World 9 

Hbbsohbl'b Outlines of Astronomy 7 

Hbwitt on the Diseases of Women 10 

I^DOSOir'sTime and Space 7 

Theory of Practice 7 

Holland's Recollections 3 

HOLMBS's Surgical Treatment of Children . . 10 

System of Surgery 11 

Home (The) at Heathcrbrae 17 



HoBiTB's Introduction to the Scriptures .. 14 

How we Spent the Bummer 15 

Howitt'b Australian DiscoT«ry.« 16 

Mad War Planet 17 

Rural life of England 16 | 

— — — Visits to Remarkable Places .... 16 j 

Ht^BNBB's Pope Sixtus 4 

HuoHEs's Manual of G^eography ». 8 i 

HuMB'sEssays 7 ! 

Treatise on Human Nature 7 ' 



InNE's History of Rome 3 

Ihgelow's Poems is 

Story of Doom is 



jAMBSoir's Legends of Saints and "Mxttyn . . 11 

Legends of the Madonna 11 

-^— Legends of the Monastic Orders 11 

Legends of the Saviour 11 

Jabdiitb's Christian Sacredotalism 13 

John Jebntnoham's Journal 17 

Johnston's Geographical Dictionary 8 

Jones's Royal Institution 4 



Ealibch'b Commentary on the Bible 5 

Hebrew Grammar 5 

Keith on Destiny of the World 14 

' Fulfilment of Prophecy • • • • 14 

Kbbl'b Metallurgy, by Cbookeb and 

RShbio 13 

EiBBT and Spencb'b Entomology 9 



Lano's Ballads and Lyrics 17 

Latham's English Dictionary ^ 5 

Lbcky's History of European MofbIb 3 

Rationalism s 



Leaden of PublielOpInion 4 

Leisure Hours in Town 6 

Lessons of Middle Age «.. 6 

Lewes's Biographical History of Philosophy 3 

LiDDELL and Scott's Greek-English Lexicon 6 

Abridged ditto 6 

Life of Man Symbolised 11 

LiNDLET and MoOBB's Treasury of Botany 9 

Lonoman's Edward the Third 1 

Lectures on Histoiy of England 1 

ChessOpeni*^ 19 

LotTDON's Encydopodia of Agriculture .... 13 

' GflLrdening 13 

■ Plants 9 

Lubbock's Originlof Civilisation 9 

Lira Germanica 11, 15 



Macaulay's (Lord) Essays 3 

History of England . . 1 

Lays of Ancient Borne 17 

Miscellaneous Writings 6 

Speeches 5 

Woriu 1 

MACLEOD'S Elements of Political Eoonomy 4 

Dlctionaxy of Political Economy 4 

Theory and Practice of Banking 19 

McCulloch's Dictionary of Commerce . > > > 19 
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